Math |28 Lecture |4

Serre’s theorem.

We have classified all the possibilities for an wreducible Cartan
matrix via the classification of the possible Dvnkin diagrams. The
four major series 1n our classification correspond to the classical sim-
ple algebras we introduced m Chapter I1I. The remaining five cases
also correspond to simple algebras - the “exceptional algebras™. Each
deserves a discussion on its own. However a theorem of Serre cnaran-
tees that starting with any Cartan matrix. there 1s a corresponding
semi-simple Lie algebra. So even before studying each of the simple
algebras in detail, we know i advance that they exist. We present
Serre’s theorem in this chapter.



Unbroken strings of roots.
Recall that if o and 3 are roots,

(3, a)

(v, cv)
and the string of roots of the form 7 + ja is unbroken and extends
from

G —ra to 4 ga where r—q = (7, a).

In particular, if a. 7 € A so that 7 — a is not a root, the string is

where

Thus -
({I(I.fﬁ ) N Il"';jl ) +1 flill-j’ — {]i
fore, € g,. ¢35 € g5 but

(ad e)es £ 0 for 0 <k < —(3.a).
if e, =0, ez #0.



The Serre relations.

Soit A ={ay,...,a,t we may choose

— ¥ —
¢i € goys [i €8 a,

so that

cenerate the algebra and
hivhi] = 0. 1<id,j,</{
[f’;* f
[‘r'r’* -f_f
[fh_f*_j-: = (.)€
his ;] = —(aj.00) fi
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Serre’s theorem.

hish;)] = 0, 1<i,j.</{ (1)
[f'i._r'~ fa = ), (2)
e, fi]l = 0 i#j (3)
hive;] = H{aj,ai)e; (4)
hifi] = —laj,a0)f, (5)
(ad ¢;) (@0t le = 0 £ (6)
(ad fp) "t =0 i # ] (7)

Serre’s theorem says that this is a presentation of a (semi-)simple
Lie algebra. In particular. the Cartan matrix gives a presentation of
a simple Lie algebra. showing that for every Dynkin diagram there
exists a unique simple Lie algebra.



The first five relations.

Let £ be the free Lie algebra on 3f cenerators.

If g is a semi-simple Lie algebra with generators and relations (1)
(7). we have a unique homomorphism f — g where X, — ¢;. Y, —
fi. Z; — h;. We want to consider an intermediate algebra, m. where
we make use of all but the last two sets of relations. So let T be the
ideal in f generated by the elements

Zi. Zi). [ X Y5 = 0025, | Zi, Xj] — (o, a0) Xy, [ ZiY5] + (o, aq)Y

We let m := f/I and denote the image of X; in m by z; ete.
We will first exhibit m as Lie subalgebra of the algebra of endo-
morphisms of a vector space. We will then find that there is a ho-

momorphism of m onto our desired Lie algebra sending @ — e, y +—

f, z+—h.



The action of the Z.

So consider a vector space with basis vq..... ve and let A be the
tensor algebra over this vector space. We drop the tensor product
signs in the algebra, so write

"{"h ",i".li;_‘2 < ee s

for any finite sequence of integers with values from 1 to £. We make
A mnto an f module as follows: We let the Z; act as derivations of A.
determined by its actions on generators by

Z;J_ — 0. Z'_J."l“-,i — —{{'l’__;_. {'l"_J.'}"!‘_.j;,

So if we define
Cij = {{'l’;_. {'l’_}'}

we have

Zi(viy - rvg,) = —(Ciyg + -+ cig)(vig - vg,).



The action ofY.

Zi(viy - vi) = —(Ciyj o+ i) vy - v3,).

The action of the Z, is diagonal in this basis, so their actions commute.
We let the Y; act by left multiplication by v;. So

}’-}..-313-.1 IR
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and hence

7 _ - s £ N T
[Z.?}j] — —f“}; — —ﬁx{’l'_f'iﬂ'é:f q

as desired. We now want to define the action of the X, so that the

relations analogous to (2) and (3) hold.



The action of X.

We now want to define the action of the X, so that the
relations analogous to (2) and (3) hold. Since Z;1 = 0 these relations
will hold when applied to the element 1 if we set

and
Xjv; =0 ¥Yi, j.

Suppose we define

X(vpvy) = —0ipCq50,.
Then
Z-.i}(_j (,"‘3}:"31:;:' — 5_;’;:‘5'-'{;_;'{'-'{;'&Wq — :}( ( Upl q)
while
AX_-j Zi (_"‘3";:?1z;) — "i_;'pf'-'q_,f (_('-m' + ffz;é)wq — _(_‘rf,i:;i + '-f'-'f;f.)*X_r'(.:'! ‘_;"'31:*;)*
Thus

[Zs }{ ]( ,:'!‘f;] — C .'}L (*ﬂr:‘f1 )



In general. define

Xj(vpy - ) = v (Xj(Vpy - 0p, ) —0p i (Cpoit FCp i ) (Vpy - - Uy )
(3)
for t > 2. We claim that

Z@JT{ ( py ottt "i-‘;;t} — _[ﬂg_:]a' T Ty {jtj-}{ ( oyt "3--’3_:t)*

Indeed, we have verified this for the case t = 2. By induction. we may
assume that X;(v,, ---v,,) 1s an eigenvector of Z; with eigenvalue
Cpyi -+ ¢y — ¢ Multiplying this on the left by v, produces the
first term on the right of (8). On the other hand, this multiplication
produces an eigenvector of Z; with eigenvalue ¢,,; +---+¢p,; —¢;j;. As
for the second term on the right of (&), it j £ py it does not appear.
It j =py then ey + -4 ¢p,i — ¢ji = Cpyi + -+ + €p,5. S0 In either
case, the right hand side of (8) is an eigenvector of Z; with eigenvalue
Cpi + o+ cp,i — cji. But then

[Zi* }{j] — <{'1'2_.l-|;..{'1'21'>}{j



The action of m on A.

We have defined an action of £ on A whose kernel contains

I. hence descends to an action of m on A.

Let ¢ : m — End A denote this action. Suppose that 2 := a1z +
.-+ 4+ agze for some complex numbers aq,....a, and that ¢(z) = 0.
The operator ¢(z) has eigenvalues

— E f.{j(f;__,'

when acting on the subspace V of A. All of these must be zero. But
the Cartan matrix is non-singular. Hence all the a; = 0. This shows
that the space spanned by the z; is in fact /-dimensional and spans

an (-dimensional abelian subalgebra of m. Call this subalgebra z.



The image of the XY, and Z.

Now consider the 3/-dimensional subspace of f spanned by the
XY, and Z;, 1 = 1...., f. We wish to show that 1t projects onto
a of dimensional subspace of m under the natural passage to the
quotient f — m = f/i. The 1mage of this subspace 1s spanned by
i y; and z;. Since ¢(x;) % 0 and &(y;) # 0 we know that x; # 0 and
y; = 0. Suppose we had a linear relation of the form

Z a;r; + Z bity; + 2 = 0.

"€ z such that a,;(z") # 0 and a;(2") # a;(2") for

Choose some z' €
any 1 = j. 1his 1s possible since the a; are all linearly imndependent.
Bracketing the above equation by z’ gives

Iy I
E oz Jagr; — E ai(z ) biy; =0

by the relations (4) and (5). Repeated bracketing by z" and using the
van der Monde (or induction) argmment shows that a; = 0, b; = 0 and
hence that z = 0.

We have proved that the elements z;,y;, z; In m are limearly m-
dependent.



The element
i @iy [ [ @] - ]
is an eigenvector of z; with eigenvalue
Ciyi T 1 Cigie
For any pair of elements g and A of z* (or of h*)
= A

denotes the fact that A—p = >~ k;ja; where the k; are all non-negative
integers.
For any A € z* let m, denote the set of all m € m satistying

[z.m| = Az)m ¥z € z.

Then we have shown that the subalgebra x of m generated by z1, ..., 2y
is contained in



A decomposition of m.

Similarly, the subalgebra y of m generated by the y; lies in
m_ :— @ m)_.
A<D

In particular, the vector space sum
Y+ 2+ X

1s direct since z € my. We claim that this is in fact all of m. First
of all, observe that it is a subalgebra. Indeed. [y;, x;] = —d;;2; lies in
this subspace. and hence

[y?* [_j_r_'-f-1 } [ C [Ift—l* .Ir-.l'.i] . s ] X f':”. .If_ :_} 2,



The decomposition of
m.

Thus the subspace v +z+x is closed under ad #; and hence under any
I y (75 .
product of these operators. Similarly for ad x;. Since these generate
the aleebra m we see that v +z + x = m and hence
g y

x=m,; and y=m_.
We have shown that
m—=1im_ < Z7 I

where z 1s an abelian subalgebra ot dimension f, where the subalgebra

m . is generated by xq.....x¢. where the subalgebra m_ is generated
bv yi....,ye, and where the 3¢ elements xq, ..., 2o, y1 ... .y 2100 ... T

are linearly independent.



An identity in m .

There is a turther property of m which we want to use in the next
section in the proof of Serre’s theorem. For all i #£ j between 1 and /
define the elements xz;; and v;; by

rij = (ad ;r-,c)_f}jfrl(-f-'_;')- yij = (ad ".Ué)_ﬂj#l (Y5)-

Conditions (6) and (7) amount to setting these elements, and hence
the ideal that they generate equal to zero. We claim that for all k
and all 7 £ j between 1 and ¢ we have

ad xp(yi;) =0 (9)

and

ad yp(x;;) = 0. (10)



Proof of

ad xp.(yi;) =0 (9)

where
)—f:ji-l—l (

yij = (ad y; i)

By symmetry, it is enough to prove the first of these equations. 1f
e # ¢ then [x).y;] =0 by (3) and hence

ad xp(yi;) = (ad -'_.g.,-_)_‘”jﬁl[;r;,iy_.j] — (ad ;;__,—_)_‘””Jrlﬁﬁ.jh.j
by (2) and (3). If k& #£ j this is zero. If & = j we can write this as
(ad ;) “"(ad y;)h; = (ad y;) ey

If ¢;; = 0 there is nothing to prove. If ¢;; # 0 then ¢;; # 0 and in fact
is strictly negative since the angles between all elements of a base are
obtuse. But then

(ad y;) "7ty = 0.



Completion of the
proof.

[t remains to consider the case where & = i. The algebra gen-

erated by x;,y z; is isomorphic to sl(2) with [z, y;| = 2. [z, 2] =
21, |z, yi) = —2y;. We have a decomposition of m into weight spaces

for all of z, in particular into weight spaces for this little si(2). Now
[z, y;] = 0 (from (3)) so y; is a maximal weight vector for this s/(2)
with weight —c¢;; and (9) is just a standard property of a maximal
welght module for s[(2) with non-negative integer maximal weight.



The ideals I, J, and K.

Let k be the ideal of m generated by the x;; and y,; as defined above.
We wish to show that
g:=m/k

is a semi-simple Lie algebra with Cartan subalgebra h = z/k and
root system ¢. For this purpose, let i now denote the ideal in m
generated by the x;; and j be the ideal in m_ generated by the y;;
so that

i+jCk.



-

j 18 an 1deal of m.

We claim that j is an ideal of m. Indeed, each y;; is a weight
vector for z, and |z,m_] € m_. hence [z.j] € j. On the other
hand, we know that [z, m_| C m_ +z and [z, y;;] = 0 by (9). So
(ad xp)j C j by Jacobi. Since the z; generate m, Jacobi then implies
that lm.j] € j as well, hence j is an ideal of m. Similarly. i is an
ideal of m. Hence i+ j is an ideal of m., and since it contains the
venerators of k. it must coincide with k. 1.e.

k=i+j.

In particular, z Mk = {0} and so z projects isomorphically onto an
(-dimensional abelian subalgebra ot g = m/k. Furthermore, since
jnm, ={0} andinm_ = {0} we have



A decomposition of @.

g=1n_ B h & In (ll)
as a vector space where
n =m_/j, and n, =m,/i

and n, is a a sum of weight spaces of h, summed over A = 0 while
n_ is a sumn of weight spaces of h with A < 0. We have to see which
welght spaces survive the passage to the quotient. The sl(2) generated
by ;. y;. z; 1s not sent into zero by the projection of m onto g since
z; 1s not sent into zero. Since sl(2) is simple. this means that the
projection map is an isomorphism when restricted to this sl(2). Let
us denote the images of x;, 4. zi by e;. fi, hi. Thus g is generated by
the 3¢ elements

(S [P (S _fl ..... f; : h.li C e .rI.F.;r

and all the axioms (1)-(7) are satisfied.



Enter the Weyl group.

We must show that g is finite dimensional, semi-simple, and has
$ as its root system.

First observe that ad e; acts nilpotently on each of the genera-
tors of the algebra g, and hence acts locally nilpotently on all of g.
Similarly for ad f;. Hence the automorphism

7, = (expad ¢;)(ad — f;)(expad ¢;)

is well defined on all of g. So if s; denotes the reflection in the Weyl
oroup W corresponding to i, we have



o 1s finite dimensional

Notice that each of the m, is finite dimensional., since the dimen-
sion of my for A = 0 is at most the number of wavs to write A as
a sum of successive vy, each such sum corresponding to the element
i iy [ cas, |- o]0 (Im particular my, = {0} for k > 1.) Simi-
larly for A < 0. So it follows that each of the g, is finite dimensional.
that

dimg,, =dimg, YwelW

and that

g =0 for k#—1,0,1.

Furthermore, g, is one dimensional, and since every root is conjugate
to a simple root, we conclude that

dimg, =1 VYa e &.



g\ = {0} for \#£0, \¢& ®.

Indeed, suppose that g, # {0}. We know that A is not a multiple of
a for any o € ®. since we know this to be true for simple roots, and
the dimensions of the g, are invariant under the Weyl group, each
root being conjugate to a simple root. So A~ does not coincide with
any hyperplane orthogonal to any root. So we can find a € A+ such
that (a, ) # 0 for all roots. We may find a w € W which maps u
into the positive Weyl chamber for A so that (a;. ) = 0 and hence
(cvi.wp) >0fori=1,..., (. Now

dimg, = dimg,

and for the latter to be non-zero. we must have

WA = Z kia

with the coefficients all non-negative or non-positive integers.



WA = Z kia

with the coeflicients all non-negative or non-positive integers. But

0= (A pu) = (wA, wp) = Zﬁ- 1)

with (g, p) > 0 ¥i. Hence all the &; = 0.



Completion of the proof of

Serre’s theorem.
So

dimg =+ Card o.

We conclude the proot if we show that g is semi-simple, 1.e. contains
no abelian ideals. So suppose that a is an abelian ideal. Since a is an

ideal, it is stable under h and hence decomposes into weight spaces.
It g, Nna+#£ {0}, then g, € a and hence [g_..g.] € a and hence
the entire sl(2) generated by g, and g_, is contained in a which is
impossible since a is abelian and s/(2) is simple. So a € h. But then
a must be annihilated by all the roots, which implies that a = {0}
since the roots span h*. QED



