Math |28 lecture 9

Cartan’s criterion for solvability and Weyl’s theorem on
the complete reducibility of semi-simple Lie algebras.



Review of facts from linear algebra.

Let u be a linear transformation on a finite dimensional complex vector space V.
Then there are operators s and n which are polynomials in u where s is
semi-simple and n is nilpotent and are characterized by u= s+n and ns=sn .

Define
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with p copies of V' and ¢ copies of V", Let v € End(V') act on V™ by

—u” and on V,, by derivation, so , for example.
up=u®@1@1-10u" @1-121eu".

Proposition 1 If u = s +n is the decomposition of u then u,, =

Spg 1 Npg 15 the decomposition of .



Rewew continued.

If ¢ :k — k is a map. we define ¢(s) by o(s )”i — o(N;). If
we choose a polynomial such that P(0) = 0, P(A;) = ¢(\;) then
P(u) = o(s).

Proposition 2 Suppose that ¢ is additive. Then

{_Q}(Hjj;:q — U{ ptfj
As an immediate consequence we obtain

Proposition 3 Notation as above. If A C B C V), 4 with upsB C A
then for any additive map, &(s),, 83 C A

PI‘DpDSltlDﬂ 4 (over C) Let u = s +n as above. If tr(ugp(s)) =0
for &(s) =5 then u is nilpotent.

Proof. trug(s) =Y m;NA; =Y mi|A|?. So the condition implies
that all the \; = 0. QED



Cartan’s criterion.

Let g € End(V) be a Lie subalgebra where V' is finite dimensional
vector space over C. Then

g is solvable &  tr(zy) =0Vr g, ye< g gl

Proof. Suppose g 1s solvable. Choose a basis for which g is upper
triangular. Then every y € [g.g| has zeros on the « _1::1.;_},:_:11::1.1, Hence
tr(xy) = 0. For the reverse implication. it is enough to show that
lg. gl is nilpotent, and, by Engel, that each u € [g. g| is nilpotent. So
1t 1s enough to show that trus = 0. where s 1s the semisimple part
of u. by Proposition 4 above. If it were true that s € g we would be
done. but this need not be so. Write

U= Z i




Proof of Cartan’s criterion, continued.

= Z['F'ﬁ'r r.‘-'f‘.?']*
Now for (L, [I’}? e E]][HIFJ

tr(la.blc) = tr(abc — bac)
— tl’(' bea — bac)
— tr(blc.al) so

tr(us) = Z’[l ri o yils
— Z tr (:‘_ug; [F, ;fr?-]j.

So it is enough to show that ads: g — [g,g]. We know that adw :
g — |g.g]. and we can, by Lagrange interpolation, find a polynomial
P such that P(u) =35. The result now follows from Prop. 3:

Since End(V') ~ Vi 1. take A = [g.g| and B = g. Then adu = uy 4
so w112 C [g,g[ and hence 51,g C [g.g] or [s.x] € [g.g] Vo €
g. QED



Solvable ideals.

Ifiis an ideal of g and g/i is solvable. then D"/ (g/i) = 0 implies that
D"g 1. If i itself is solvable with D""i = 0, then D"+t g = (.
So we have proved:

Proposition 5 Ifi C g is an ideal, and both i and g/i are solvable.
50 15 &.



The radical.

ot d 4 e solvable ideals. then (1 1) /5 e 1 /(A7) is solvable. hes
If 1 and j are solvable 1deals, then (14j)/j ~ 1/(1M]) 1s solvable, being
the homomorphic 1mage of a solvable algebra. So. by the previous
proposition:

Proposition 6 Ifi andj are solvable ideals in g so is 1+ ]. In par-
ticular, every Lie algebra g has a largest solvable ideal which contains
all other solvable ideals. It is denoted by rad g or simply by r when

g is fired.

An algebra g 1s called semi-simple 1if rad g = 0. Since D1 1s
an ideal whenever i is (by Jacobi’s identity), if r % 0 then the last
non-zero Dr is an abelian ideal. So an equivalent definition is: g
1s semi-simple if it has no non-zero abelian ideals.

We shall call a Lie algebra simple 1f 1t 1s not abelian and 1f 1t
has no proper ideals. We shall show in the next section that every
semi-simple Lie algebra is the direct sum of simple Lie algebras in a
unique way.



Invariant bilinear forms
on a Lie algebra.

A bilinear form ( . ) : g x g — k is called invariant if

([;f; -;;]. :—.:) -+ (-_r;. [;:; :-;]) =0 Vr.y, zeg. (2)

Notice that if (, ) is an invariant form, and i is an ideal, then it is

agaln an ldeal.



Invariant bilinear forms from
representations, the Killing form.

One way of producing invariant forms 1s from representations:
if(p. V') is a representation of g, then

1s 1nvariant. Indeed.
([, y]. ’Ejf-’ + (v, [z, ”EDF’

= t{(p(x)p(y) — p(W)p(2))p(2)) + () (p(x)p(z) = p(=)p(x))}

= tr{plx)p(y)p(z) — ply)p(z)p(x)}
— ().

In particular, if we take p = ad, V = g the corresponding bilinear
form is called the Killing form and will be denoted by ( ., ).. We
will also sometimes write (., y) instead of (x.y),.



Theorem 6 g is semi-simple if and only iof its Killing form is non-
degenerate.

Proof. Suppose g 1s not semi-sinple and so has a non-zero abelian
ideal, a. We will show that (z.y), = 0 Ve € a.y € g. Indeed, let
o = adrady. Then ¢ maps g — a and a — 0. Hence In terms
of a basis starting with elements of a and extending, it (is upper
triangular and) has 0 along the diagonal. Hence tro = 0. Hence if g
1s not semisimple then its Killing form 1s degenerate.



Conversely, suppose that g 1s semi-sunple. We wish to show that
the Killing form is non-degenerate. So let u := ;:'f:,;L —{r|tradrady =
OVyegt It x €u,z € g then

tr{ad[z. z]ady} = tr{adradzady —adzadrady)}
= tr{adr(adzady —adyadz)}
— traduxad|z. y]
= 0,

so u is an ideal. In particular, try(adx, ad yy) = trg(adg x adg y) for
r.,y € u, as can be seen from a block decomposition starting with a
basis of u and extending to g.

If we take v € Du, we see that tradulDadu = 0. so adu 1Is
solvable by Cartan’s criterion. But the kernel of the map u — adu
1s the center of u. So if adu 1s solvable, so 1s u. QED



The decomposition of a semi-
simple Lie algebra.

Proposition 7 Let g be a semisimple algebra, i any ideal of g, and i+
its orthocomplement with respect to its Killing form. Then init = 0.

Indeed, i M it is an ideal on which tradzady = 0 hence is solvable
by Cartan’s criterion. Since g is semi-simple. there are no non-trivial
solvable 1deals. QED

Therefore

Proposition 8 FEuvery semi-simple Lie algebra 1s the direct sum of
stmple Lie algebras.

Proposition 9 Dg = g for a semi-simple Lie algebra.

(Since this is true for each simple component.)



The decomposition of a semi-
simple Lie algebra, continued.

Proposition 10 Let ¢ : ¢ — s be a surjective homomorphism of a
semi-simple Lie algebra onto a simple Lie algebra. Then if ¢ = P g;
15 a decomposition of g into simple ideals, the restriction, ¢; of ¢
to each summand is zero, except for one summand where it 1s an
wsomorphism.

Proof. Since s 1s sunple, the image of every ¢; 1s 0 or all of s. It ¢;
1s surjective for some 2 then it 1s an 1somorphism since g; 1s simple.
There 1s at least one ¢ for which 1t 1s surjective since ¢ 1s surjective. On
the other hand, it can not be surjective for for two ideals, g;, g; i # J
for then ¢|g;.g;] =0 #[s,s] =s. QED



Complete reducibility of semi-
simple Lie algebras.

Theorem 7 [WTE}'].] E'f.-‘r:?"_f_; ﬁﬂ.'ﬁhi dimensional ?'r:j}?'{i:-.-'r:-'n.Efrf.ﬁ'ﬁrm. uf (1
semi-simple Lie algebra is completely reducible.

Proof.

. It p: g — EndV Is injective, then the form ( ., ), 1s non-
degenerate. Indeed, the 1deal consisting of all 2 such that
(x.y), =0 ¥y € g is solvable by Cartan’s criterion, hence 0.



The Casimir element.

The Casimir operator. Let (¢;) and (f;) be bases of g which
are dual with respect to some non-degenerate invariant h]]]llf:ta.l'
form, (,). So (e;, f;) = 0;;. As the form is non-degenerate and
invariant, 1t defines a map ot

g2eg— Endg: =@ ylw) = (y, w)r.

T'his map 1s an 1somorphism and 1s a g morphism. Under this

map.
Y i@ filw) =) (w. fi)e; =w

by the definition of dual bases. Hence under the mmverse map
Endg—gog

the identity element, id, corresponds to > e; @ f; (and so this
expression is independent of the choice of dual bases).

Set
C:=Y e;-ficeU(L).



under the mverse map Endg—gog

the identity element, id, corresponds to ) e; @ f; (and so this
expression is independent of the choice of dual bases). Since
id is annihilated by commutator by any element of End(g).
we conclude that > . e; @ f; 1s annihilated by the action of all
(adr)y =adae@ 1+ 1®@ade, x € g. Indeed. for x.e. f.y € g
we have

(adz)2le® f))y = (adre@ fH+e@adaf)y

(

(foy)lz. el + (= fl.y)e
(foy)le.e] = (f |z, y))e by (2)
= ((adaz)(e@ f)—(e® f)ladx)) y.

(= Z{?‘:i - fi € U(L).

Thus C is the image of the element ) . e; @ f; under the multi-
plication map g ® g — U(g). and is independent of the choice
of dual bases. Furthermore, ' 1s annihilated by ad x acting on
U(g). In other words. it commutes with all elements of g, and
hence with all of U(g);: it is in the center of U(g).



The Casimir element and the
Casimir operator.

The C' corresponding to the Killing form is called the Casimir
element. its image in any representation is called the Casimir
operator.

3. Suppose that p: g — EndV is injective. The (image of the)

central element corresponding to (. ), defines an element of
End V' denoted by €', and

tl’ (?Jr_: — tlr 1'“( Z “-e': .}[F‘ )
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The key proposition.

Proposition 11 Let 0 =V — W — k — 0 be an exact sequence of
g modules, where g is semi-simple, and the action of g on k 1is trivial
(as it must be). Then this sequence splits, i.e. there s a line in W
supplementary to V' on which g acts trivially.

The proof of the proposition and of the theorem 1s almost 1dentical
to the proot we gave above for the special case of si(2). We will need
only one or two additional arguments. As in the case of sl(2). the
proposition 1s a speclal case of the theorem we want to prove. But
we shall see that 1t 1s sufficient to prove the theorem.



Proof of proposition. It is enough to prove the proposition for
the case that V" i1s an irreducible module. Indeed, if V] is a submodule.
then by induction on dim V' we mayv assume the theorem i1s known
for 0 = V/Vi, — W/V], — k — 0 so that there is a one dimensional
invariant subspace M in W/V, supplementary to V/V; on which the
action 1s trivial. Let NN be the inverse image of M in W. By another
application of the proposition. this time to the sequence

00—V —=N—=M-—=10

we find an invariant line, P. in N complementary to Vy. So N =
Vi& P. Since (W/Vy) = (V/Vy) & M we must have PNV = {0}. But
since dim W = dim V 4+ 1. we must have W =V & P. In other words
P is a one dimensional subspace of W which is complementary to V.



Proof of the proposition, concluded.

Next we can reduce to proving the proposition for the case that
g acts faithtully on V. Indeed, let 1 = the kernel of the action on
V. For all x € g we have, by hypothesis, W C V., and for x € i

we have zV = 0. Hence D1 acts trivially on W. But i = D1 since i
is semi-simple. Hence i acts trivially on W and we may pass to g/i.

This quotient 1s again semi-simple, since i 1s a sum of some of the
simple 1deals of g.

So we are reduced to the case that V' 1s irreducible and the action.
p, ot g on V 1s injective. Then we have an ivariant element €', whose
mage m End W must map W — V since every element of g does.
(We may assume that g # 0.) On the other hand, €', # 0. indeed
its trace 1s dim g. 'T'he restriction of ', to V' can not have a non-
trivial kernel, since this would be an mvariant subspace. Hence the
restriction ot €', to V' is an isomorphism. Hence ker €', : W — V 1s an
invariant line supplementary to V.. We have proved the proposition.



Proof of theorem from proposition. Let 0 — E' — FE be an
exact sequence of g modules, and we may assume that £’ £ 0. We
want to find an invariant complement to £’ in ££. Define W to be the
subspace of Homy (E. E’) whose restriction to E’ is a scalar times the
identity. and let V' C W be the subspace consisting of those linear
transformations whose restrictions to E’ is zero. Each of these is a
submodule of End(FE). We get a sequence

00—V —-W —=F—=10

and hence a complementary line of invariant elements in W. In par-
ticular. we can find an element. 7" which is invariant. maps £ — E’.
and whose restriction to E’ is non-zero. Then ker 7' is an invariant
complementary subspace. QED



As an 1illustration of construction of the Casimir operator consider
g = sl(2) with

L 0 0 1 0 0
f“':(o —1)= {_(0 0)* f:(1 [J)‘

tr(ad h)? =28
tr(ade)(ad f) =4

Then

so the dual basis to the basis h.e, f is h/8, f/4,¢/4, or, if we divide
the metric by 4, the dual basis is h/2, f. ¢ and so the Casimir operator
C' 1S

| 1
Ef? +ef 4+ fe = 2 2+ h+2fe.

T'his coincides with the €' that we used 1in Chapter II.



