Math 128 Lecture 7

The root structure of the classical algebras.



We are going to choose a basis for each of the classical simple algebras
which generalizes the basis e, f, h that we chose for s[(2). Indeed, for
each classical simple algebra g we will first choose a maximal com-
mutative subalgebra h all of whose elements are semi-simple = diag-
onizable in the adjoint representation. Since the adjoint action of all
the elements of h commute, this means that they can be simultane-
ously diagonalized. Thus we can decompose g into a direct sum of
simultaneous eigenspaces

g=hoPe. (10)

where 0 = o € h" and
g, ={reg|lh.z]=alh)x ¥ h e h}.

The linear functions « are called roots (originally because the a(h)
are roots of the characteristic polynomial of ad(h)). The simultane-
ous eigenspace g, is called the root space corresponding to «. The
collection of all roots will usually be denoted by ¢.



A, =slin+1).

We choose h to consist of the diagonal matrices in the algebra sl{n—+1)
of all (n + 1) x (n + 1) matrices with trace zero. As a basis of h we
take

(]_ ] () ”\

0 —1 0 ... 0
hy = : : : o
\0 0 0 - 0
(['J 0 0 - 0\
0 1 () e 0
ho = o o -1 - 0
KU 0 0 .. 0 )
: .(ﬂ 0 0 o 0
0o0 --- 1 0

\l’] 0O ... 0 _1)



The roots of A, =si(n+1).

Let L; denote the linear function which assigns to each diagonal
matrix its i-th (diagonal) entry,

Let E;; denote the matrix with one in the ¢, 7 position and zero's
elsewhere. Then

h, Eij] = (Li(h) = L;(h))E;; ¥ heh
so the linear functions of the form
Li—Lj, i#j

are the roots.



Positive and negative roots.
We may subdivide the set of roots into two classes: the positive
roots

O :={L;,—L;; i< j}
and the negative roots
¢ =P ={L; —L;, i < j}.
Every root is either positive or negative. If we define
k; = _L,ai — _Lj:_|_[
then every positive root can be written as a sum of the ay:
-L.i; _-L_j = 4+ - —|—H'J.'_J.

We have
(Y [h,-]l = 2,

and for ¢ # j

ai(his)) =—=1. ai(h;)=0, j#i=+1. (11)



Some sl(2) subalgebras.

The elements

-E..f'.x'—|—J . hs’- E."-|—l.s'

-
&

form a subalgebra of si(n + 1) isomorphic to sl(2). We may call it
sl(2);.



The symplectic algebras ¢, = sp2n).n > 2.

Let h consist of all linear combinations of pyq,..... Pngn and let L;
be defined by

Li(aiprqy + -+ anpngn) = a;
so Ly..... Ly, is the basis of h™ dual to the basis piqy..... Prnrn of h.

The roots:
Ifth=apq + -+ a,p.q, then

h.q'q’] = (ai+a;)q'¢
h.q'p’] = (a; —a;)q'p’
h.p'p’] = —(a;+a;)p'p’

so the roots are

+(L;+ L;)alli,j and L, —L;i#j.



Positive and negative roots.

We can divide the roots ¢ into positive and negative roots by setting
T — . . . R
¢ ={L;i+ L; }.?ll] ij {Li — Lj}icy.
If we set
f}] = _El __Ljf};;_[ L= L”—] __l;!_-/lr;-.'“"” .= EL”

then every positive root is a sum of the «;. Indeed, L,y + L, =
1+, and 2L,,_| = 2a,,_| +a,, and so on. In particular 2a,, | +
(v, 18 a root.



If we set

hi:=piq1 —p2qz, .- ln—1 = pn—1qn—1 — Pudn, hn = pngn

then
ai(h;) =2

while for i #£ j

ai(hity) —1, i=1,....n—1
a;(h) 0, j#itl.i=1,....n
ap(h,) = =2

(12)



Some sl(2) subalgebras
of sp(2n).

In particular, the elements h;. g;p;o1.qicp; for e =1,.... n — 1 form

- a .-I. [ ..}
a subalgebra isomorphic to si(2) as do the elements h,,. Lg%, —3p2.
We call these subalgebras sl(2);, i =1,....,n.



D, =o0(2n), n > 3.

We choose a basis uy.....u,.,v1,....v, of our orthogonal vector space
V' such that

(wivuj) = (vi,v;) =07 0,7, (ui,vj) = dij.

We let h be the subalgebra of o(V') spanned by the 4,,,,..1=1,...,n.
Here we have written A,, instead of A.., in order to save space. We
take

;4.“_1-;3'1 se o oe s ..:’:_II.

UnUn

as a basis of h and let Lq..... L,, be the dual basis.



The roots of o(2n) .

The bracket on o(2n) is given by

[fl“__;.__.,,-. -‘:li' ,h'] — [ (B -3').14;1.!4».-"-._;; — [ t, U'fl.!q — [ U, ,"_,I")ll'f-]nu..-"-...r + [ (. "'J"Jfl.! X

Then |

are the roots since from [\TJ we have

|:-‘;1-|'J'E'_|”E'_ . .:'i]l.“-}_l: ”-E':'-

Lﬂx.ﬁ —I_ ﬂﬂ’ /-]-‘;lrfjl.: g
I:J;l”‘é.'”‘é. 5 _1:;1.“.',1 |"'_E’_'_ — L'ﬁh{t - "lﬂil,-,! )]_:'—]I.“'h '”.IET

-

Aoy Avgos) = —(0ire + 0i0) Ao,




The positive roots.

The roots are + L+ Lo k£ 4

We can choose as positive roots the
L+ Ly Ly — Ly, k<t
and set
(¥ = L; — L;_|_1. 1 =1.,.... n — 1. (kg = L”_l -+ L-j.;+
Every positive root is a sum of these simple roots. If we set
hi = Auo; — Augog 0= 1...n — 1,

and

Il'h

h, = A  + A

Up—1Vn— Unln

then
¥y L.II.' ;J =,



The simple roots.

These are
by = L; — L;+1i r=1,.... n— 1. 8 P — L”_l -+ LW
We set S |
Elrl.- :: _:'—]I.“il!'li __n:'—]l.“'il.lll'-i|1q.'l'l.: J_.+++..“|_J_a.
and
h” — ";l”ﬂ—1 Uy —1 -+ ";l”i'l'!‘ﬂ
then

and for 2 #

a;lh;) = 0 j3#Fit£1l, e=1,...n—2
(l'g{h,‘ilj = —11=1,....n—2
”u—l("”n—ﬁ} = -1
“’n“he—?} = —1

(l'”[;f;”_lj — {L



Subalgebras of o(2n)
isomorphic to sl(2).

Fori=1..... n—1 the elements h;. A, ... .. A, . ..
iYi-1 i+1Yd
A

Hpp—1 U "V —1"n "

form a subalgebra
isomorphic to sl(2) as do h,,, A



B, =o0(2n+1)

We choose a basis uy,....u,, v1,.... v,,.r of our orthogonal vector

space V' such that
{_‘H-;__. ’H._J.') — ('I-’;‘_. 'I-‘_.J.') — {} Y 1. j {_'H--Ii: : 'I-'_Ji;) — 6‘.5_}_-

and

(z,u;) = (rv,v;) =07 i, (z,2) =1,

r
S~
o

As in the even dimensional case we let h be the subalgebra of o(V)
spanned by the A,.,..71=1,...,n and take

PR Un

as a basis of h and let Lq..... L, be the dual basis. Then

are roots.



The simple roots.

+L;,+L;i+#j.+L;

are roots. We take

L;£L;, 1<i<j<n, together with L;, 7 =1,..

to be the positive roots, and
o =Ly — Ly, 1 =1,..., n—1, a,:=1L,
to be the simple roots. We let

Mit1Vit1?
as in the even case, but set

T



Then every positive root can be written as a sum of the simple roots,
a;(hi) =2, 1=1,...n.

and for ¢ #£ j

ailh;) = 0 j#i£1,i=1....n
{'1-:1-(}";'.-1':|:1) — —1 1= 1_. . —=2.n (14)
a,_1(h,) = =2

Notice that in this case o,,_1 + 2a0,, = L, 1 + L,, is a root. Fi-
nally we can construct subalgebras isomorphic to sl(2), with the first
n — 1 as in the even orthogonal case and the last sl(2) spanned by

’l?-'n_- ‘41:.“;1?* _441:“:&:*




Diagrammatic presentation.

We can summarize the results obtained for each of the classical Lie algebras in
the form of a diagram. The way to read these diagrams is as follows: Each node
stands for a simple root with a4 at the left. T'wo nodes «; and

a; are connected by (one or more) edges if and only if a;(h;) # 0.

For example, the diagram for A¢  is a simple chain with ¢ nodes:

This encodes the information that

Hg(h,‘:l = 2,
and for 7 #£
“r’(hi:l:l) = —1. H;”IJ) =2} j ?_i 1+ 1. (ll)

In all cases, the difference, a; — o 1s never a root, and, for 7 #
7. ai(h;) < 0 and Is an integer. If, for 7 # 7. a;(h;) < 0 then a; + «;

1S a root.



® e " Y

Thls encc?des the ai(h;)) =2, 1=1,...n,
information that

and for 7 #£

ai(h;) = 0 j#:£1l, :=1...n
a;ilhiv1) = -1 i=1.....n—2.n
f'l;”_L(h.-.”j = -2

otice that i this case a., _ 200, = L, IS a root.
Notice that 1n this case a,,_1 + 2a, L, 1+ L, 1s a root

In two of the cases (B¢ and () it happens that a;(h;) = —2.
Then a; + o and a; + 2a; are roots, and we draw a double bond
with an arrow pointing towards a;. In this case 2 1s 1s the maximum
imteger such that o; +Fkaj is a root. In all other cases, this maximum
integer £ is one if the nodes are connected (and zero it they are not).



This encodes the
information that

while for ¢ #

ﬂié(h‘éil) = —1,
ﬂ:z:(h.-j) — U
'ﬂin.(hn.—l) = =2,




This encodes the
information that

and for 7 # j

—_— Xy —1
u,:{h;)zQ “n

= 0 j#ix1l. 1=1 n—2

= —1 +1=1...., n — 2

- —1

= —1

— ).

— ).

(13



Extended diagrams.

It follows from Jacobi's identity that in the decomposition (10), we
have
[g!"f? gr‘r’] C | LS (15)

with the understanding that the richt hand side is zero if o + o' is
not a root. In each of the cases examined above, every positive root
1s a linear combination of the simple roots with non-negative mteger
coeflicients. Since the algebra 1s finite, there must be a maximal
positive root [ 1n the sense that 4, 1s not a root for any simple root.
For example, in the case of A,, = sl(n + 1). the root 3 := Ly — L,, 41
1s maximal. The corresponding gg consists of all (n +1) x (n + 1)
matrices with zeros everywhere except in the upper right hand corner.
We can also consider the minimal root which 1s the negative of the
maximal root. so
v - = —Ic'J} — LH—I—J_ — LL

m the case of A... Continuine to studv this case. let



(X += —L)} — L”_|_1 — Ll

in the case of A,,. Continuing to study this case, let
ho := hyo1 — Dy,

Then we have
1."}:3'(:}3?;) = 2_. 1= U T

and
aglhy) =aglh,) =—=1. aglh;) =0. 1 #0.1.n.

This means that if we write out the (n + 1) x (n + 1) matrix whose
entries are «a;(h;), 7,7 =0....n we obtain a matrix of the form

21 — M

where M;; = 1 1if and only 1t 7 = &1 with the understanding that
n+1=0and —1 =n, 1.e we do the subscript arithmetic mod n. In
other words, M 1s the adjacency matrix of the cyclic graph with n+1
vertices labeled 0, ... n.



Also, we have
ho+hy +---+h, =0.
If we apply «; to this equation for « = 0,...n we obtaln
(21 — M)1 =0,

where 1 1s the column vector all of whose entries are 1. We can write
this equation as
M1 = 21.

In other words. 1 1s an eigenvector of M with eigenvalue 2.

In the chapters that follow we shall see that any finite dimensional
simple Lie algebra has roots, sunple roots, maximal roots etc. giving
rise to a matrix M with integer entries which is irreducible (in the
sense of non-negative matrices - definition later on) and which has
an eigenvector with positive (integer) entries with eigenvalue 2. This
will allow us to classity the simple (finite dimensional) Lie algebras.



