
Complete reducibility for sl(2).
The classical algebras.

Math 128 Lecture 6



Review.

For each non-negative integer n there is a unique irreducible representation 
of dimension n+1. We can find a basis so that this representation is given by



Review, continued.

The Casimir element C in U(sl(2)) is 
defined by

also





2), 3, and 4) follow 
from 1).



A special case.



Reduction to the 
irreducible case.



Reduction to the 
faithful case.



Using the Casimir.



Proving the theorem.









The classical simple 
algebras.





Every ideal is graded.









Examples.
In the homework you have verified that the  Lie algebra of all polynomial vector 
fields is simple, as are the algebras sl(n) and the orthogonal algebras o(n) for 
n        .



The symplectic algebras: 1- Poisson brackets.



Proof of Jacobi’s identity for the Poisson 
bracket.



Proof of Jacobi’s identity for the Poisson bracket, continued.

We must show that the derivation



Definition and simplicity of the symplectic 
algebras.

The symplectic algebra sp(2n) is defined to be the Lie subalgebra (of the Lie 
algebra of all polynomials under Poisson bracket) consisting of homogeneous 
quadratic polynomials. It is clear from the definition that the Poisson bracket of 
two homogenous quadratic polynomials is again a homogeneous quadratic 
polynomial.  We make sp(2n) into a graded Lie algebra as follows:

E



Low dimensional coincidences.




