Math |28 Lecture 4

Completion of the algebraic proof of the Campbell-
Baker-Hausdorff theorem. Free Lie algebras.



Review: Statement of
the PBVV theorem.

L is a Lie algebra and U(L) its universal enveloping algebra.

Suppose that we choose a basis x;, i € I of L where [ is a totally
ordered set. Since

e(w;)e(wry) = ela;)e(a;)

we can rearrange any product of €(x;) so as to be in increasing order.
This shows that the elements

LN ::F['EFH,}”‘F['EF;TH}‘ -‘1-{ = Ill'!rl **** .'!i.i‘i'.'] .'!;1 {_ ”1.'!5?.'-?
span UL as a vector space.

Theorem 1 Poincaré-Birkhoff-Witt. The elements xyy form a
basis of U L.



Proof of PBVV:

construction of a module.

Let V' be the vector space with basis zy; where M 1runs over all
ordered sequences 77 < ip < --- < i,. (Recall that we have chosen a
well ordering on [ and that the x; ;o5 form a basis of L.)

Furthermore, the empty sequence. zy is allowed, and we will iden-
tifty the symbol zp with the number 1 € k. It i € [ and M =
(i1,....in) wewrite 7 < M if 7 < iy and then let (7, M) denote the or-
dered sequence (7.i1,....4,). In particular, we adopt the convention
that if M = ) is the empty sequence then i < M for all 7 in which
case (i, M) = (i). Recall that it M = (iy,....%,)) we set {(M) =n
and call it the length of M. So. for example, (i, M) = ((M)+ 1 it
7 < M.

-
&

Lemma 1 We can make V' into an L module in such a way that

Tizng = zing whenever i < M. (20)



Proof of the lemma, |.

rizng = zing whenever i < M. (20)
Proof of lemma. We will inductively define a map
LxV =V, (z,v)—axv
and then show that it satisfies the equation
ryv —yre = |, ylv, xye L, veV, (21)

which is the condition that makes V into an L module. Our definition
will be such that (20) holds. In fact, we will define z;z,; inductively
on {(M) and on i. So we start by defining

TiZy = Z(i)

which is in accordance with (20). This defines x;z,; for £(M) = 0.



Proof of the lemma, 2.

We w
rizn = zing whenever i < M. (20)
and ryv —yrv = |lr,ylv, xyel, velV, (21)

For /(M) = 1 we define

while if 7 > 7 we set

Tix) = Tiza) + [T a5l = 2Ga) + Y Chizm

is the expression for the Lie bracket of z; with x; in terms of our basis.
These ¢}; are known as the structure constants of the Lie algebra,
L in terms of the given basis. Notice that the first of these two cases
is consistent with (and forced on us) by (20) while the second is forced

on us by (21).

where



Proof of the lemma. 3

We want rizn = zing whenever i < M. 20)
and g0 —yav = [a,ylv, xye L, vel. (21)
We have defined iz = 2. i< g

while if 7 > 4 Tiz(j) = iz + T, vilze = 250 + E u (k)
We now have defined x,zy; for all 7 and all M with

((M) < 1, and we have done so in such a way that (20) holds, and
(21) holds where it makes sense (i.e. for £(M) = 0).

So suppose that we have defined x ;25 for all 7 it ((N) < ((M)
and for all j <7 1if /(N) = /(M) in such a way that

r;zy 1s a linear combination of z;'s with /(L) < /{(N)+1 ().



Proot of the lemma, 4.

So suppose that we have defined x;2y for all j it ((N) < (M)
and for all j <7 if /(N) = /(M) in such a way that

v;zn 1s a linear combination of 2z 's with ((L) < ((N)+1 (*).
We then define
ZiM if 7 < M

LiZpg — (22)
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This makes sense since x; 2 1s alreadyv defined as a linear combination
of zp’s with £(L) < ((N)+ 1 = {(M) and because [r;.z;] can be
written as a linear combination of the x,. as above. Furthermore
() holds with j and N replaced by M. Furthermore, (20) holds by
construction. We must check (21).

ryv —yxrv = v,ylv. xz.ye L. velV (21)



Proof of the lemma, 4.

ryv —yrv = |r,ylv, xye L, veV, (21)
We must check (21). By linearity, this means that we
must show that
LT ZN — TjriZN = [T, xi]zN.
If i = j both sides are zero. Also. since both sides are anti-symmetric
in ¢ and 7, we may assume that ¢ > 4. It j < N and 7 > j then
this equation holds by definition. So we need only deal with the case

where 5 £ N which means that N = (kP) with k< Pand i > j > k.
So we have, by definition.

LiZN = TiZ(kP)
— &Ljrpzp

— ;I'J:]..I.'_J,'E!;J- -+ [i.'j. .ITI,{‘.]EIH*



Proof of the lemma, 5.

To prove:
© prov TYU — Yyrv = [f ] ryel, velV (21)

LiZN = TjZ(kP)
— .'I'_.Ji;.'i!'ﬁ-?,’!;r

— ;I'L..I.'_J,-F,’!;r —|— [I}. .Iflit-]if’h

Now it j < P then xjzp = z(;jpy and k < (jP). It j £ P then xj2p =
2o + w where still £ < () and w is a linear combination of elements
of length < £(N). So we know that (21) holds for » = x,;.y = x;, and
v=zyp (it j < P)orv =z, (otherwise). Also. by induction, we
may assume that we have verified (21) for all N’ of length < ((N).
So we may apply (21) tox = x;, y =z, and v = r;2p and also to
€T = ;. Ej—[ 1;1] U= Zp. SO

ririzN = rpririzp + i rgleizp + g op|eize + [, ey, k] zpe.

This argument depended only on the fact that k<j. So we may interchange i
and j and get a similar formula.



Proof of the lemma,
end.

vy = eprip + lranezp + Loy adecp + e e o)z,

Similarly, the same result holds with ¢ and 7 interchanged. Subtract-
ing this interchanged wversion from the preceding equation the two
middle terms from each equation cancel and we get

(wjx; —xjai)zy = wp(eie; —xjreg)zp 4+ (o g, ap]] = 2. [, 2] ) 2p
£ [;i’.'?- . ;i’.'j;]:j} -+ I::[.I'f . [;J"j . ;3.’;1.]] — [;3.'j ) [_}'1— . _:'k”:]ﬁ.

— [;i’f?' . .I'j];!'k,;’p —|— I,i[.}'![t. . [.]"1.' . IJ]] —I— [;I.'?- ) [IJ . .J"Iff“ — [IJ . [;I.’?- )

= [z x;)2N.

(In passing from the second line to the third we used (21) applied to

zp (by induction) and from the third to the last we used the anti-
symimetry of the bracket and Jacobi’s equation. ) QED

'rﬁf] J'; P



Proof of PBVV from the lemma.

Proof of the PBW theorem. We have made V into an L and
hence into a U (L) module. By construction, we have, inductively,

TN Z) = ZM -
But if

D e =0
{} — Z{.'Jﬂlf*’g:” — ( E -'f."'“l.lir‘-rl”) E';"j

contradicting the fact the the z); are independent. QED

then

In particular, the map € : L — U(L) is an injection, and so we
may identify L as a subspace of U(L).



Review: the bialgebra structure of the universal enveloping
algebra,.
Consider the map L — U(L) @ U(L):

r— ool 4+ 100,

Then
(r@l4+lwa)(yxl+loy) =

ry@l+r2y+y2r4+ 410y,
and multiplying i the reverse order and subtracting gives
2 l+ 1y l4+ 1oyl =z yl o l4+12z .
Thus the map r — x % 1 4+ 1 & & determines an algebra homomorphism
A:U(L)—=U(L)x U(L).

Dehine
=2 U(L)—Fk, 2(1)=1, s(x)=0,z€ L

and extend as an algebra homomorphism. Then

(exidj(z2l4+1le)=102x, xel.



We 1dentity k¢ L with L and so can write the above equation as
(cxid)(zel+1lwa)=a, x<l.
The algebra homomorphism
(e@id)o A:U(L) — U(L)
1s the 1dentity (on 1 and on) L and hence 1s the identity. Similarly
(id 2 2) o A = id.

A vector space C' with a map A : C' — C' % ', (called a comultiplication)
and a map £: D — E (called a co-unit) satisfying

(c@id)o A =1d

ancdl
(1ds)o A =1d

-

1s called a co-algebra. It (' 1s an algebra and both A and = are algebra
homomorphisms. we say that ' 1s a bi-algebra(sometimes shortened to
“bigebra”). So we have proved that (U(L), A, =) is a bialgebra.

L



Primitive elements of U(L).

An element x of a bialgebra 1s called primitive it
Alx)=ax21+1% .

So the elements of L are primitives in U(L).

We claim that these are the only primitives.

First prove this for the case L is abelian so U(L) = S(L). Then we may
think of S(L) @ S(L) as polynomials in twice the number of variables as
those of S(L) and

A(f)(u.v) = flu+uwv).

For example, since A 1s a homomorphism for multiplication, the element
22 is sent by A into

Az =@ol+loa)f =l +2r0e+ 12 2%

:'IE.

It we write x 1 = uw and 1 & & = v this 1s just the expression for (u + v



Proof that the elements of L are the only
primitive elements of U(L).
The condition of being primitive says that
flutv)= flu)+ f(v).

Taking homogeneous components, the same equality holds for each homo-

ceneous component. But it f 1s homogeneous of degree n, taking v« = v
o1ves

2" f(u) = 2f(u)

so f =0 unless n = 1.
Taking gr, this shows that for any Lie algebra the prunitives are contained
m Uy (L). But
Alc+ax)=cll@l)+axx2l+12x

so the condition on primitivity requires ¢ = 2c or ¢ = 0. QED



Magmas.

A set M with a map:
MxM—=M, (r.y)— xy

1s called a magma. Thus a magma 1s a set with a binary operation with no
axioms at all imposed.



Free magmas and non-associative words.

Let X be any set. Define X,, mductively by X := X and

Il .

pPtg=n

tor n = 2. Thus Xo consists of all expressions ab where a and b are elements
of X. (We write ab instead of (a.b).) An element of X3 is either an expression
of the form (ab)c or an expression of the form a(bc). An element of X, has
one out of five forms: a((be)d).a(bled)). ((ab)(cd)). ((ab)c)d or {(a(be))d.

Set

An element w € My is called a non-associative word, and its length £(w) is
the unique n such that w € X,,. We have a “multiplication”™ map Mx x My
orven by the melusion

_.T'i D X _.1 i — _.1. F'"'*i"

Thus the multiplication on My 1s concatenation ot non-assoclative words.



The free magma on a set is universal for
maps of the set into a magma.

If NV 18 any magma. and f: X — N 1s any map. we define /' : My — N

by £ = f on Xy, by

F: Xy — N, F(ab) = f(a)f(b)

and mductively
F:X,xX, =N, Fluv)=F(u)F(v).

Any element of X, has a unique expression as uv where u € X, and v € X,
for a unique (p.q) with p + ¢ = n. so this inductive definition is valid.

It 1s clear that F 18 a magna homomorphism and 1s uniquely determined
by the original map f. Thus My 1s the “free magma on X7 or the “universal
magma on X~ In the sense that it 1s the solution to the universal problem
assoclated to a map from X to any magma.



The free algebra on a
set.

Let Ax be the vector space of fiimite formal linear combinations of ele-
ments of My. So an element of Ay is a finite sum > ¢,,,m with m € My
and ¢,, m the ground field. The multiplication in M x extends by bi-linearity
to make Ay mto an algebra. If we are given a map X — B where B 1s any
aleebra, we get a unique magna homomorphisin My — B extending this
map (where we think of B as a magma) and then a unique algebra map
Ax — D extending this map by limearity.

Notice that the algebra Ay 1s graded simce every element ot My has a
length and the multiplication on M x 1s graded.Hence Ax 1s the free algebra
on X 1 the sense that it solves the universal problem associated with maps
of X to algebras.



The Free Lie Algebra Ly.

In Ay let I be the two-sided ideal generated by all elements of the form
aa, a € Ax and (ab)e 4+ (be)a + (ca)b, a.b.ce Ax. We set

Ly = Ay J,f'f_!r

and call L x the free Lie algebra on X. Anv map from X to a Lie algebra L
extends to a unique algebra homomorphism from Ly to L.



The ideal |is graded.
We claim that the ideal I defiming L x 15 graded. This means that it a =
Y a,, 1s a decomposition of an element of I into its homogeneous components,
then each of the a, also belong to I. To prove this, let .J C I denote the set
of all a = > a,, with the property that all the homogeneous components a,,
belong to I. Clearly J 1s a two sided 1deal. We must show that I < .J. For
this 1t 1s enough to prove the corresponding fact for the generating elements.

Clearly 1t
a = Z ay,, b= Z by, c= Z .

then

"i”'?}j'[. -+ {f){.';lﬂ -+ IC{:(I:.IEJ — Z {{u;;hq}ﬁr + (_he;r'-':r;'”p + '-i'f'i"”f.i';'he;r:-' .
p.q.T

But also if # =) x,, then

rg ,.2 / ¥ B * ® )
N — E ;E.” —|— E kif--;;r;urr ) —I_ A '.ri'*-E".TI! J
L=l T

] e e ] — / ] ] K 2 ,2 F ,_2 —
Ty T Ty = (T T Ty J — d —a, €1

i i

and

so I < .J.

The fact that [ 18 praded means that Ly mherits the structure of a
oraded algebra.



The free associative algebra Ass(X).

Let Vx be the vector space of all finite tormal linear combinations of elements
of X. Define
Assy =T (Vy ).

the tensor algebra of Vx. Any map of X into an associative algebra A
extends to a unique linear map from Vy to A and hence to a unigue algebra
homomorphism from Assx to A. So Assy 1s the free associative algebra on

X.



U LX = ASSX.

We have the maps X — Ly and ¢ : Lx — U(Lx) and hence their
composition maps X to the associative algebra U(L y) and so extends to a
unique homomorphism

U Assy — U(Ly).

On the other hand. the commutator bracket gives a Lie algebra structure
to Assy and the map X — Assy thus give rise to a Lie algebra homomor-
phism

L_‘i; — ﬁ‘th_'{
which determines an associative algebra homomorphism
O U(Lyx)— Assx.

both compositions ® o W and ¥ o & are the identity on X and hence, by
uniqueness, the identity everyvwhere. We obtain the important result that
U(Ly) and Assy are canonically isomorphic:

U(Lx) = Assy. (23)



The Lie algebra
generated by X in Ass.

U(Lx) 2 Assy. (23)

Now the Pomcaré-Birkhoff -Witt theorem gunarantees that the map € :
Lx — U(Lx) 1s mmjective. So under the above isomorphism, the map
Ly — Assy 1s mmjective. Omn the other hand, by construction. the map
X — Vx induces a surjective Lie algebra homomorphism from Lx nto the
Lie subalgebra of Assy generated by X. So we see that the under the 1somor-
phism (23) Lx < U(Lx) 13 mapped 1somorphically onto the Lie subalgebra
of Assy generated by X.



The primitive elements
of Ass ,, .

X — Assy WAssy, z—arxl4+1lox

Now the map

extends to a unique algebra homomorphism
A Assy — Assy @ Assy.

Under the 1dentification (23) this 1s none other than the map
A:U(Lxy)—=U(Lx)® U(Lyx)
and hence we conclude that L x 15 the set of primitive elements of Assx:
Ly ={weAssxy|Alw)=wx1+10w.} (24)

under the identification (23).



Completions.

We recall our constructs of the past few sections: X denotes a set, L x the
tree Lie algebra on X and Assy the free associative algebra on X so that
Assyxy may be identified with the universal envelopmg algebra of L x. Since
Assy may be 1dentified with the non-commmtative polynomials mdexed by
X, we may consider 1ts completion. Fx. the algebra of formal power series
mdexed by X. Since the free Lie algebra Ly 15 graded we may also consider
1ts completion which we shall denote by Lx. Finally let m denote the 1deal
m F'y generated by X. The maps

exp:m—1+m. log:14+m—m

are well defined by their formal power series and are mutual imverses. (There
15 o convergence 1ssue simce everyvthing 1s within the realm ot formal power
series.) Furthermore exp is a bijection of the set of a € m satisfyving Aa =
a1+ 1o totheset of all €1 4 m satistying AJ = 5 &[5,



Abstract version of CBH and its algebraic proof.

In particular, since the set {3 € 1 +m|A3 = 5 & 3} forms a group. we
conclude that for any A. B € Ly there exists a €' € Lx such that

expC' = (exp A)(exp B).

This 15 the abstract version of the Campbell-Baker-Hausdortt formula. It
depends basically on two algebraic facts: That the umversal enveloping al-
oebra of the free Lie aleebra i1s the free associative algebra. and that the set
of primitive elements in the universal enveloping algebra (those satistving
Ao =a 1+ 1® a)is precisely the original Lie algebra.



Explicit formula for CBH.

Define the map
$:mAssy — L.

(I)'-i*'"-"'] R 'rn':l = [.1“1 . ['I'E- I [;i,r.’.”_ - .1".”] S ] = 51(1[.1"1 :,I IR 'c"i(].l.i.l".,;._]jl.i;i!-’-” :.l

and let © : Assy — End(Ly) be the algebra homomorphism extending the
Lie algebra homomorphism ad : Lx — End(Lx ). We claim that

Oluv) = u)P(v), VuecAssy, v €mAssy. (25)

Proof. It 1s enough to prove this formula when « 1s a monomial. u =
r1 - rn. We do this by mduction on n. For n = 0 the assertion 15 obvious
and tor n = 1 1t follows from the defimition of . Suppose n > 1. Then

O(xy---zpv) = O(x)P(ag---2,0)
= O(x)O(xy...2,)P(0v)
= O(xy - -x,)P(v). QED



Recall that c Y e [ , - , . . el YR
Oy ... xp) =[x, |22, ..., 1. xn] -] =ad(zy) - ad(z,—1 ) (2n)
Let L% denote the n—th graded component of Ly. So L} consists of linear
combinations of elements ot X, L"{ 15 spanned by all brackets of pairs ot
clements of X, and m general LY 1s spanned by elements of the form
I ts of X | L' | by el ts of the t

T

[w.v]. ue L, ve L%, p+q=n.

We claim that
Olu)=nu YueclLy. (26)

For n = 1 this 1s immediate from the definition ot &. So by mduction 1t 1s
enough to verity this on elements of the form [u.v] as above. We have

O([u,v]) O(uv — vu)
= O(u)P(v) —O(v)P(u)
= ¢O(u)v — pO(v)u by induction
= qglu,v] — plv. ]
since O(w) = ad(w) for w € Lx

= (p+q)|u.v] QED.



We can now write down an explicit formula for the n—th term 1n the
Campbell-Baker-Hansdortf expansion. Consider the case where X consists
of two elements X = {x.y}. = # y. Let us write

T
z=log((expx)lexpy)) ze€Lx. z= E Znlxy).
1

We want an explicit expression for z,(x,y). We know that

|
Zn = _(:[}kzn J
T

and z,, 15 a sum of non-commutative monomials of degree n m » and .



“n = ;{[}{ Zn )
S - T
(expx)(expy) = r —
—{ "I'” e',r=':| {j.
2Py
= 1+ Z i1 50
praz1 U0

b
|

=  log(lexpx) (_(‘-KII' Y))

I
Z ( 1wn—|—] { Iqu\
- T X
m= \p—l—e;ﬁl /

/ 1J:n.-+1 PLY AL P2 02 L. P dm

- ll" _ i
Z I 1 !fﬂ - 'f*}ﬂa!{f*.rn!

pit+qgi =1

We want to apply %fl‘-' to the terms 1 this last expression which are of total
degree n so as to obtain z,,.



1

Zn ::__QWEHJ
Tl
{_1jwre+1 pPLy T pP292 ... pPmgdm
o —_
= — E : ! ... 1 |
rri ILRUNE Prmm

pitgi =1

We want to apply %fl‘-* to the terms m this last expression which are of total
degree n so as to obtain z,. So let us examine what happens when we apply
d to an expression oceurring in the numerator: If g,,, = 2 we get 0 since we
will have ad(y)(y) = 0. Similarly we will get 0 if ¢,,, = 0.p,, = 2. Hence
the only terms which survive are those with ¢,, = 1 or ¢, = O.p,,, = 1.

Accordingly we decompose z,, mto these two tyvpes:

31! - Z (?p i rjrfl L:QTRJ

p+q—n



Explicit CBH formula.

1 f fr
. - _ E l = S Ll
R 1 ['”F-ff T “p.q/) \2i)
ptHg=n
where
; (=)™t ad(z)Prad(y)? - - - ad(z)Pmy
Zhg = E — 1 summed over all
I P11 P
oy T —|_F.r.r.' = P T T Gm—1 =4 — 1. i +i”.i; = L, Pm = L
and
y (=)™ ad(x)Prad(y)? - - ad(y) =1 (x)
S E stummed over

I prigils - gm—1'

EJ]—F"'—'__E'JH.'—]:_E”_]-' {i']—|_"'—|_{i'”.'—]:rir'
pi+g, =10i=1...., m—1) q,,—1 = 1.



The first four terms.

The first four terms are:
ziley) = x4y

(o, y) = T,y

||_n.|*~»3|'—‘
| — |

sley) = Sl leyl]+ 5l v 2]

L
)

|

zi(ey) = =l |y, [z, v]]]-

[
i



