Math |28 Lecture 3

Beginning of an algebraic proof of the Campbell-Baker-
Hausdorff formula: the universal enveloping algebra.



The universal
enveloping algebra.

A universal algebra of a Lie algebra L 18 a map ¢ : L — UL
where UL 1s an associative algebra with unit such that

1. €1s a Lie algebra homomorphism. 1.e. 1t 1s linear and

elr.y] = e(z)e(y) — e(y)e(z)

2. It A 1s any associative algebra with unit and o : L — A 15 any
Lie algebra homomorphism then there exists a unigque homo-
morphism ¢ of associative algebras such that

(F = 0 €,

It 18 clear that it UL exists, 1t 1s unique up to a unique 1somor-
phism. So we may then talk of the universal aleebra of L. We will call
1t the universal enveloping algebra and sometimes put in parenthesis.
1.e. write U(L).



U(L) of the Lie algebra of a
group.

In case . = g is the Lie algebra of left invariant vector fields
on a group G, we may think of L as consisting of left invariant first
order homogeneous differential operators on G. Then we may take
UL to consist of all left invariant diferential operators on &. In this
case the construction of UL is intuitive and obvious. The ring of
differential operators D on any manifold is filtered by degree: D™
consisting of those differential operators with total degree at most
n. The quotient, D™ /D"~ ! consists of those homogeneous differential
operators of degree n, i.e. homogeneous polynomials in the vector
fields with function coefficients. For the case of left invariant differ-
ential operators on a group. these vector fields may be taken to be
left invariant, and the funection coefficients to be constant. In other
words, (UL)"/(UL)*~! consists of all symmetric polynomial expres-
sions, homogeneous of degree n in L. This is the content of the
Poincaré-Birkhott-Witt theorem. In the algebraic case we have to do
some work to get all of this. We first must construct U{L).



Universal constructions: tensor product.

Let Ey....,E,, be vector spaces and (f.F) a multilinear map f :
Fyx--xFE,, — F. Similarly (¢, G). If £ is a linear map (: F — G.
and g = (o f then we say that £ is a morphism of (f.F) to (¢g.G).
In this way we make the set of all (f, F) into a category. Want a
universal object in this category:; that is. an object with a unique
morphism into every other object. So want a pair (f,”7) where 7 is

a vector space, t: By x -+ x E,, — T 1s a multilinear map. and for
every (f. ') there is a unique linear map (, : 7 — I with
f — {CJr of

Uniqueness. By the universal property t = £, o t', ' =1} ot so
t=(loly)ot, but alsot =toid. So ¢} o f;+ =id. Similarly the other
way. Thus (f,7 ). if it exists, is unique up to a unique morphism. This
is a standard argument valid in any category proving the uniqueness
of “initial elements”.



Existence of tensor products.

Let M be the free vector space on the symbols

Existence.
Tlueenn r. o € E;. Let N be the subspace generated by all the
! !
(1, oo+ 2, o o) — (oo e Ty ) — (T Civevnns o)

and all the

(T1eens, ATy oo ) — (T 00 Ty Ty
foralli=1..... m.x;,x, € By, ae k. Let T = M/N and
t(x1,.o.vom)) = (21, ..o 2 ) /N,

This is universal by its very construction. QED
We introduce the notation

T =T(FEy x---xFE,)=FEyx -2 FE,,.

The universality implies an isomorphism

(_El U Em:l bt (_Erri-—I—l UV EH.!—I—H:I EEI LU Em—l—ra+



The tensor product of two algebras.

It A and B are algebras, they are thev are vector spaces. so we can form their
tensor product as vector spaces. We define a product structure on A @ B by
defiming

(a1 @0 by) - (a0 ba) i= ayas 50 by bs.

[t 1s easy to check that this extends to give an algebra structure on A & B.
In case A and B are associative aleebras so 1s A & B, and 1if im addition both
A and B have unit elements, then 14 @ 1g 1s a unit element for A @ B. We
will frequently drop the subscripts on the unit elements, for 1t 1s easv to see
from the position relative to the tensor product sign the algebra to which
the unit belones. In other words, we will write the nnit for 4 & B as 1 ¢ 1.
We have an 1somorphism of 4 mto A @ B given by

(— a0 ]

when both A and B are associative algebras with units. Similarly for 5.
Notice that
(axl)-(1@b)=axb=(1xb)-(a]l).

In particular, an element of the form a1 commutes with an element of the
form 1 ¢ b,



The tensor algebra of a vector space.

Let V' be a vector space. The tensor algebra of a vector space 1s the
solution of the universal problem for maps a of V' into an associative algebra:
1t consists of an algebra IV and a map ¢ : V. — 1V such that ¢ 18 linear. and
for any limear map o : V' — A where A 18 an associative algebra there exists
a unique algebra homomorphism «» : 'V — A such that o« = ¢ o . We set

1"V =V&---2V n-—factors.
We define the multiplication to be the 1somorphism
TV = TV — ii-u:—l—m vV

obtained by “dropping the parentheses.” 1.e. the 1somorphism given at the
end of the last subsection. Then

v.=g1v

(with TV the ground field) is a solution to this universal problem, and
hence the nnigue solution.



Construction of the universal enveloping algebra.

It we take V' = L to be a Lie aleebra, and let I be the two sided 1deal m 7T'L
generated the elements [, y] — x @y + y @ x then

UL:=TL/I

1s a universal algebra tor L. Indeed. any homomorphism o of L mto an
assoclative algebra A extends to a unique algebra homomorphism ¢ : 1'L —
A which must vanish on 7 if it 1s to be a Lie algebra homomorphism.



Extension of a Lie algebra homomorphism to its
universal enveloping algebra.

It h: L — M 1s a Lie algebra homomorphism, then the composition
exgoh: L — UM

mduces a homomorphism

UL — UM

and this assignment sending Lie algebra homomorphisis mto associative
aleebra homomorphisms 1s tunctorial.



Universal enveloping algebra of a direct sum,

Suppose that: L = Ly & Ly, with ¢; : L, — U(L;), and € : L — U(L) the
canonical homomorphisms. Define

fiL—=U(Ly) @2 U(Ly), flog+xa) =6 (ay) @1+ 12 eg(xg).

This 15 a homomorphism because 1 and x9 commute. It thus extends to a
homomorphism

o U(L) — U(Ly) @ U(La).
Also.

€Ty F(_J‘l )

is a Lie algebra homomorphism of Ly — U(L) which thus extends to a
unique algebra homomorphism

b1 : U(Ly) — U(L)
and similarly ¢9 : U(Ls) — U(L). We have

1 1o (_.I‘g ) = @alxa )i (_.1‘1 ). w1 € Li.xo € Lo

since [xy. 9] = 0.



Universal enveloping algebra of a direct sum,2 .

O ()0 (xo) = dolao)o (), a1 € Ly, x9 € Lo

since |1, x2] = 0. As the €;(x;) generate U(L;). the above equation holds
with x; replaced by arbitrary elements w; € U(L;).1 = 1.2. So we have a
homomorphism

VL l]_rrlfL]:,l X {]:*IfL&}] — I{TI:L:.I (__-'J{{E] 2 Hg:.l = (_”1 }E_.-'ngifrgj.
We have
oy +a9)=d(xy 0 1)+d(l@as) =a + 29

1dd, on L and hence on U(L) and

SO @ o
vod(ry@1l4+1@ay) =201 +10 a2,
sothog=1don Ly 1+ 1 Ly and hence on U(Ly) &0 U(Ls). Thus

U(L; & Ly) = U(Ly) @ U(Ly).



Bialgebra structure.
Consider the map L — U(L) 2 U(L):

r— a0l 4+ 160,

Then

(o l4+lwx)(yxl+1loy) =
ry 0 l4+rooy+ycr++10ay,
and multiplving m the reverse order and subtracting gives
1+l yl4+loy]=r,yol4+1]xy].
Thus the map @ — @ 2 1 + 1 @ x determines an algebra homomorphism
A:U(L)— U(L)x U(L).

Define
=2 U(L)—k, c(1)=1, s(z)=0,z € L

and extend as an algebra homomorphism. Then

(exid(zxl+1lwa)=12x, xe€l.



We 1dentity k¢ L with L and so can write the above equation as
(cxid)(zel+1lwa)=a, x<l.
The algebra homomorphism
(e@id)o A:U(L) — U(L)
1s the 1dentity (on 1 and on) L and hence 1s the identity. Similarly
(id 2 2) o A = id.

A vector space C' with a map A : C' — C' % ', (called a comultiplication)
and a map £: D — E (called a co-unit) satisfying

(c@id)o A =1d

ancdl
(1ds)o A =1d

-

1s called a co-algebra. It (' 1s an algebra and both A and = are algebra
homomorphisms. we say that ' 1s a bi-algebra(sometimes shortened to
“bigebra”). So we have proved that (U(L), A, =) is a bialgebra.

L



A vector space C' with a map A : €' — C' @ ', (called a comultiplication)
and a map £ : D — k (called a co-unit) satisfying

(c@id)e A =1d

and

(d@s)o A =1d

1s called a co-algebra. It C' 1s an algebra and both A and = are algebra
homomorphisms., we say that ' 1s a bi—a]gEbI‘a{H{JII](‘!t.llll("!h shortened fo

“bigebra”). So we have proved that (U(L). A, ) is a bialgebra.
Also
(A 2id) o Al(z) = M+ 1lwerel4+lolower=[1d®A)o Al(zx)

for # € L and hence for all elements of U(L). Hence the comultiplication is
is coassociative. (It is also co-commutative.)



The Poincaré-Birkhofi-Witt Theorem.

Suppose that V' 1s a vector space made into a Lie algebra by declaring that
all brackets are zero. Then the ideal I in T'V defining U (V') 1s generated by
x ooy —y oo x, and the quotient T'V/1 1s just the symmetric algebra, SV. So
the universal envelopimg alegebra of the trivial Lie algebra 1s the symmetric
aleebra.
For any Lie algebra L define U,, L to be the subspace of UL generated by

products of at most n elements ot L, 1.e. by all products

elry)-elxy),  m=i.
For example..

UpL = k. the ground field

and

UL =Fkdell).
We have
ULcUyLc---cU,LcU,LcC---

and

Uy L-UnL U, L.



The associated graded algebra.

We define
and

with the multiplication

oT
hl T

UL xgr, UL — 4 S UL

mduced by the multiplhication on U L.
ItaeU,L welet @ egr, UL denote its image by the projection U, L —
U, L/U, L =gr, UL. We may write a as a sum of products of at most n

= E '[',ee'[:(_'ru.l Jrrr el omy, ).

My <M

elements of L:

Then @ can be written as the corresponding homogeneous sum

a = E '{'uF(.'rge.] ) Elp,my, /-

T, =Tt

[n



The associated graded algebra is commutative.

a = E '{'uF(.'rge.] ) Elp,my, /-

T, =T

[n

In other words. as an algebra, gr UL is generated by the elements e(xz). x €
L. But all such elements commute. Indeed. tor z.y € L.

e(x)e(y) —e(y)e(x) = e[z, y]).

by the defining property of the universal enveloping algebra. The right hand
side of this equation belongs to Uy L. Hence

e(x)e(y) —e(ylelx) =0

i gr, UL. This proves that gr UL 1s commutative. Hence, by the universal
property of the symmetric algebra, there exists a unique algebra homomor-
phism

w:SL — UL

extending the linear map

L —grUL, x~ €elx).



Statement of the PBW
theorem.

By the universal

property of the symmetric algebra, there exists a unique algebra homomor-
phism

w:SL — UL

extending the linear map

L —perUL, x+— €elx).

Smce the e(x) generate gr UL as an algebra, we know that this map 1s sur-
jective. The Poincaré-Birkhofi-Witt theorem asserts that

w : SL — grUL 18 an 1somorphism. (19)



Equivalent statement of the PBW

theorem.
The Poincaré-Birkhoff-Witt theorem asserts that

w : SL — grUL 18 an 1somorphism. (19)

Suppose that we choose a basis x;, 1 € I of L where [ 1s a totally ordered
set. Since

elx;)elx;) = ela;)e(x;)

we can rearrange any product of e€(x;) so as to be 1n mcreasing order. This
shows that the elements

wpp =€y )l )y M o= (i, i) i < oy,

Sl

span UL as a vector space. We claim that (19) is equivalent to

Theorem 1 Poincaré-Birkhoft-Witt. The elements xy form a basis of
UL.



1The Poincaré-Birkhoff-Witt theorem asserts that

w : SL — grUL 18 an 1somorphism. (19)

Theorem 1 Poincaré-Birkhott-Witt. 1he elements xpp form a basis of
UL,

Proof that (19) is equivalent to the statement of the theorem.
For any expression xy; as above. we denote its length by £(M) = m. The
elements Ty are the 1mages under w of the monomial basis in S, (L). As
we know that w is surjective, equation (19) is equivalent to the assertion

that w 1s mjective. This amounts to the non-existence of a relation of the

form
E CM TN = E CAM LM

ElM ) =mn MV <m
with some non-zero coeflicients on the left hand side. But anyv non-trivial
relation between the x,; can be rewritten 1n the above torm by moving the
terms of highest length to one side. QED
We now turn to the proot ot the theorem:



Let V' be the vector space with basis zp; where M runs over all ordered
< i,. (Recall that we have chosen a well ordering on
I and that the x; ;=5 form a basis of L.)

Furthermore, the empty sequence, zy 1s allowed, and we will 1dentity
the symbol zy with the number 1 € k. It i € I and M = (iy,..., In) We

write ¢ < M if i < 41 and then let (i, M) denote the ordered sequence

sequences i{ < ig = - --

(B Ts e s in). In particular, we adopt the convention that if M = ) is the
empty sequence then i < M for all 7 in which case (i. M) = (7). Recall that
it M = (iq..... in)) we set £(M) = n and call it the length of M. So. for
example, £(i, M) =6(M)+ 11t < M.

Lemma 1 We can make V' into an L module in such a way that

rizn = zZing whenever @ < M. (20)



Lemma 1 We can make V' into an L module in such a way that
rizang = zing Whenever i < M. (20)
Proof of lemma. We will imductively define a map
LxV =V, (x.v)— av
and then show that it satisfies the equation
ryv —yrv =[x, ylv, x,y€g, veV, (21)

which 1s the condition that makes V' into an L module. Our definition will
be such that (20) holds. In fact, we will define x;z3; inductively on £(M)
and on i. So we start by defining

Lizp = 2 (i)

which 1s in accordance with (20). This defines x;zy; for (M) = 0.



We want rizng = zZing  Wwhenever 1 < M., (20)
and

ryv —yrv = |z, ylv, x,y<gqg, veV, (21)

For
{(M) =1 we define

while 1t i > 7 we set

i o . . . E _||I'|'
13_::{3'-} | f— 1:-"_;__3'&' —|— I:.I 'E-' rI“Ii;:I..EL.'] — "zl_jl-'i_.l _|_ {-ij.-3||ll-,'l

[,r.z-_ ;3rj] = Z “-i'ti*ﬂf

1s the expression for the Lie bracket of x; with x;
These fi‘j are known as the structure constants of the Lie algebra, L in
terms of the given basis. Notice that the first of these two cases 18 consistent

where

m terms of our basis.

with (and forced on us) by (20) while the second is forced on us by (21). We
now have defined x,z,; tor all 7 and all M with /(M) < 1. and we have done
so in such a way that (20) holds, and (21) holds where it makes sense (i.e.

for £(M) = 0).



We want vz = Zing whenever ¢ < M. (20)
and ryv —yrv=|z,ylv, x,ycg, vel (21)

-

So suppose that we have defined x;zn for all j it /(N) < £(M)
and for all j <@ if £(N) = {(M) in such a way that

k1

r;zy 1s a linear combination of zp's with /(L) < /{(N)+ 1 (x).

.

We then define

zing 1 < M
.1".&' 3;‘” — (22}
vilrizy) + |xi, xjlzy E M = (GN) with i > j.

This makes sense sice x; 2z 1s already defined as a linear combination
of zp’s with /(L) < /(N) 4+ 1 = (M) and because [x;,x;] can be
written as a limear combimation ot the x,. as above. Furthermore
(*) holds with j and N replaced by M. Furthermore, (20) holds by
construction. We must check (21). By linearity, this means that we
must show that

TN — XixiEN = x5 EN



Zi M 1f 7 = M

We defined - _
! Tizp =

vi(rizy) + (o xi)ay iEM = (JN) with @ > j.

we must show that ,
riwizn — xiwiay = [r, i)z, (a version of 21)

It i = 7 both sides are zero. Also. since both sides are anti-syminetric m i

and 7, we may assume that ¢ > 5. If 7 < N and i > 7 then this equation

holds by definition. So we need only deal with the case where j £ N which

means that N = (EP) with & < P and 7 > j > k. So we have, by definition,

. .'_}- ZN = Ij‘ 3[:.{._‘ P
= XjTRIp
= xpwizp + |, rp]zp.

Now it j < P then xjzp = z(;py and k < (jP). It j £ P then x;2p = 29 +w
where still & < () and w 15 a linear combination of elements of length < £( N ).
So we know that (21) holds for # = 2,y = xp and v = z(;p) (1f j < P) or
v = zg (otherwise). Also, by induction. we may assume that we have verified
(21) for all N’ of lc*llgj;rh < f*(-“f} So we may apply (21) to @ = x;. y = xp,
and v = x;zp and also to v = x;. y = |[v;, 2], v=2zp. So

Lyl gZN = Ry ljzp —+ [.I‘i. .I‘I.'T.]J‘jﬁp -+ [,I‘_j;. .I‘I.{C];!.'iﬁ,r:r -+ [;i!-';-;. [.l“j. J‘,{,;HE;J.

]



Proof of Lemma, completed.

We know that
.I‘.i;i,r.‘jj;ﬁ.; = .I‘I.".;i_r.’i.l"jjp —|— [.]“i. .1"..'1.].1"_}'3 P —|— [Ij. .I‘I.[C];i!-'iﬁ P —|— [;E-’;-j. [1'_} . -I‘I,ECHEP.

Similarly, the same result holds with ¢ and 7 mterchanged. Subtracting this
mterchanged version from the preceding equation the two middle terms from
each equation cancel and we get

(wjo; —agw)zy = aploey —ajug)zp + ([ vy, o ]] — |2y |2, 2] )zp
= aplwiai|zp + (o, o, o] = |2, |2 x5])zp
= |wjxjlezp 4+ ([op [eg. x]] 4 [ [2g. 2e]] — [ [, 2p])

= |x;,xj]zN.

(In passing from the second line to the third we used (21) applied to zp (by

induction) and from the third to the last we used the antisymmetry of the
bracket and Jacobil's equation.)QED

Whew!



Proof of the PBW theorem. We have made V' into an L and hence
into a U(L) module. By construction. we have, inductively.

LATZH = ZM -

E Cparlpr — 0
0= E CA 2N — ( E {:‘.U;i!-".u) 2

contradicting the fact the the zp; are mdependent. QED

But if

then

In particular, the map ¢ : L — U{(L) is an injection. and so we may
identify L as a subspace of U(L).



