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ABSTRACT. Particular branches of representation theory, most notably the
concept of exceptional characters and their importance in the study of trivial
intersection subsets, leads to a succinct classification of finite groups of odd
order satisfying the relation

1#xz€G = Cg(z) is abelian.

Here we use Cg(z) to denote the centralizer of = in G. We shall explore this
classification in this exposition.

1. FROBENIUS GROUPS

Definition. Let H be a proper, nontrivial subgroup of a group G. Then H is
called a Frobenius subgroup of G iff:

v¢ H = (HNH") =1,

where H? is the conjugate subgroup ' Hz. A group G which contains a Frobenius
subgroup is called a Frobenius group.

Lemma 1.1. Let H be a Frobenius subgroup of a Frobenius group G. ¥ nonidentity
x€H,Cq(x) CH.

Proof. y € Cg(r) = a¥ ==z,andsol #xz € (HNHY) — y € H by the
definition of a Frobenius subgroup. O

We bring up the concept of Frobenius groups not only for the integral role they
play in analyzing groups of odd order which satisfy the above centralizer condition,
but also for their value in demonstrating the importance of representation theory
to the study of finite group structure, as the following theorem demonstrates.

Theorem 1.2. Let H be a Frobenius subgroup of a Frobenius group G. We define
N to be the set of elements in G not conjugate to any nonidentity element of H.
Then |N| = |G : H|. Furthermore, N < G and G = NH.

Proof. Let us denote by Ci,...,Cy the conjugacy classes of H, so that C; = {1}.
Define for ¢ > 1

Cl={zeG|z¥ € C for some y € G}.
(Here we use z¥ to denote the conjugate element y~'xy.) By Lemma 1.1, Cg(z) C
H for nonidentity z € H, and so Cg(z) = Cg(x). = € C; for some i > 1. But
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since |G|/|Cq(x)| = |C¥| and |H|/|Cr(x)| = |Ci|, if |G : H| = n then |C}| = n|C;].

Since

N=G-]Jc;,
i>1
IN| =n|H|=n(H|-1) = [N|=|G: H].
To see that N is indeed a normal subgroup of G, set Cf = N, and let us first
show that the class function

9" (C7) = ¢(C)

is an irreducible character on G, where ¢ an arbitrary irreducible character of H
over C. Recall that for € G, the induced character ¢ is defined as

@) = 7 0 )

yeG

where
¢°(z) = ¢(z) for z € H, and ¢°(z) =0 for z ¢ H.
We see, therefore, that
0" = o(D1e = (6~ o(1)1m)7,

where 1 and 1y represent the trivial characters on G and H, respectively. This
follows since both sides of the above equation produce 0 when applied to z € CY,
while for # € CF, i > 1, ¢*(z) = ¢%(z) and 1g(z) = (1g5)%(z) since |CF| =
n|C;|. Thus, ¢* is a generalized character of G, by which we mean an integral
linear combination ) a;x; for x; irreducible characters of G. Since (¢*,¢*), =
Y- a2, ¢* is itself irreducible on G iff (¢*,¢*); = 1 and ¢*(1) > 0. But ¢*(1) =
#(1) > 0 since ¢ is irreducible on H, and (¢*, ¢*), = (1/|G|) >, |¢*(C})|?|C;| =
(1/|H[) >, 16(Ci)2|Ci| = (¢, 0) y = 1, again by the irreducibility of ¢.

Now, since ¢*(n) = ¢*(1) for n € N by definition, NV is contained in the kernel
of the representation with character ¢* for any given irreducible character ¢ of H
over C. But since C is a field of characteristic 0, given any nonidentity x € H 3
an irreducible representation p of H s.t. « ¢ ker p. (This is a highly nontrivial re-
sult, stated in [2, Proposition 1.4 of Chapter 6], which requires Clifford’s Theorem,
among other things, for its proof.) Thus, for any = € C}, ¢ > 1, 3 an irreducible
character ¢ of H s.t. x is not contained in the kernel of the representation with
character ¢*. Hence, N is precisely the intersection of the kernels of all representa-
tions with character ¢* corresponding to some irreducible character ¢ of H. Thus,
N < G as claimed.

Since N <« G, NN H = {1}, and |N| = |G : H|, it follows by elementary group
theory that G = NH. (See [1, Section 4 of Chapter 1], if necessary, for details.) O

Definition. The normal subgroup N of the Frobenius group G in Theorem 1.2 is
called the Frobenius kernel of G.

It turns out that the Frobenius kernel N of a Frobenius group G necessarily
satisfies a particular centralizer condition, and that in fact this condition is sufficient
to classify any proper, nontrivial normal subgroup N of an arbitrary group G as
a Frobenius kernel, and G as a Frobenius group. This fact is subsumed in the
following theorem, which will prove vital in later applications.



APPLICATIONS OF REPRESENTATION THEORY TO FINITE GROUP STUDY 3

Theorem 1.3. Let N be a Frobenius kernel of the Frobenius group G. N is a
nontrivial, proper, normal subgroup of G satisfying

(1) 1#zxe N = Cg(z) CN.

Conwversely, a nontrivial, proper, normal subgroup N of an arbitrary group G which
satisfies (1) is a Frobenius kernel, and G is a Frobenius group.

Proof. We begin by proving the necessity of (1). Let G be a Frobenius group with
Frobenius kernel N. Since a Frobenius subgroup H of G is proper and nontrivial
by definition, it follows that since G = NH, N must be proper and nontrivial as
well. For ¢ > 1, take z € C}, where the C} are defined as before with respect
to the conjugacy classes C; of a Frobenius subgroup H of G. z¥ € C; for some
y € G, and hence z € HY '. But it can be trivially verified that HY = satisfies
the properties specified in (1), and so HY ' is itself a Frobenius subgroup of G.
By Lemma 1.1, Cg(x) C HY . But by definition, (N — {1}) contains no elements
conjugate to any element of H, and so (N — {1}) N HY ' = (). Thus, Vz € C7,
i>1, (N —{1})NCg(z) =0, i.e. no nonidentity element of N commutes with any
element of C} for ¢ > 1. We conclude that given nonidentity z € N, Ca(x) C N.

Now we show that (1) is sufficient to characterize a proper, nontrivial subgroup
N < G as a Frobenius kernel of the Frobenius group G. Various group theoretic
arguments show that since C(z) = 1 for x ¢ N, |N| is relatively prime to |G : N|,
and hence 3 a subgroup H C G s.t. NH = G and N N H = 1. (The means to
prove this assertion, though based on fundamental tenets of group theory, lies far
astray of the scope of this exposition. See [2, page 280] for details.) In fact, H is a
Frobenius subgroup of G. To see this, we will show that, for z € G,

HNH*#1 = x€H,
from which the assertion follows. H must be nontrivial and proper, since N is non-
trivial and proper and G = HN. If HNH?® # 1, 3 some nonidentity h € H s.t. h* €
’ -1 ’
H as well. Since G = HN,z=hnforh € H,ne N. Now (hh ) n~'h"ne N

’ -1 ’ ’ -1 ’
since N is a normal subgroup of G. However, (hh ) n~thhn = (hh ) =

A 1L A ’
(hh ) h* € H as well, and since N N H = 1, we see that (hh) n Rt n =1,

i.e. " and n commute. But since h # 1, A ¢ N, and by (1), therefore, n = 1.
Sox = h' € H, as we desired. Since H is a Frobenius subgroup and hence G a
Frobenius group, we can then easily verify that N satisfies the conditions outlined
in Theorem 1.2 and conclude that N is the Frobenius kernel of G. O

2. TRIVIAL INTERSECTION SUBSETS AND EXCEPTIONAL CHARACTERS

Definition. Let K be a subset of a subgroup H of a group G. K is called a trivial
intersection subset with respect to G and H (or, in shorthand, a TI-subset in
G) iff:

(i) Ng(K) = H, where Ng(K) represents the normalizer of K in G;

(ii) Elements of K which are conjugate in G are likewise conjugate in H;

(iii) V nonidentity x € K,Cq(z) C H.
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Trivial intersection subsets are in fact characterized succinctly by a condition
similar to that which defines Frobenius subgroups. This characterization will of-
tentimes prove more useful that the rather cumbersome definition above, and so we
state it below for convenience.

Lemma 2.1. Let K be a nonempty, nontrivial subset of a group G, and set H =
Ng(K). K is a TI-subset in G iff:

2) (KNK®) c {1} Vze (G- H).

Proof. Assume K is a TI-subset in GG, and suppose 3 = € G s.t. nonidentity k €
(KNK?®). k€ K and k = (K')* for some k' € K. So k and k' are conjugate in
G; by property (ii) of the above definition, they are conjugate in H, i.e. 3 h € H
st. k= (K)" So (K')* = (k') implying that zh~ € Cg(k'). But since k is
nonidentity, so too is its conjugate k', and so by property (iii), Cg (k') C H. Thus,
rh™' € H = x = (zh™')h € H, proving that (2) must hold if K is a TI-subset
in G.

Conversely, assume K satisfies (2). For nonidentity z € K, y € Cg(z) =
2¥ = x, and so nonidentity z € (K N KY) = y € H by (2). Thus, property (iii)
of the definition holds. If &’ = k® for nonidentity k, k' € K and x € G, (2) implies
that € H, and so property (ii) of the definition holds. Property (i) is satisfied by
definition. O

For any subset K contained in a subgroup H, let us denote by gc(H) the set of
all generalized characters of H, and define

gc(H; K)={0 € gc(H) |0(z) =0 Vere(H-K)}.

The following lemma displays a couple of important properties possessed by the
elements of gc(H; K) when K is a TI-subset.

Lemma 2.2. Let K be a TI-subset with respect to G and H, and let 6 € ge(H; K).
Then

0% (x) = 0(x) Vre (K -1).
Furthermore, if 0(1) = 0, then for ¢ € ge(H; K) we must have
(00, ¢G)G = (9a ¢)H .

Proof. Let nonidentity z € K. We saw in our proof of Lemma 2.1 that if ¥ € K
for some y € G, y € H by necessity. So, coupling the fact that 0 € gc(H; K)
vanishes on (H — K) with the formula for computing the induced character, we see
that 09(x) = (1/|H|) ,eq 0°(v " ay) = (1/|H|) 3 ey 0(2) = 0(z), proving the
first equation of Lemma 2.2.

Now let (1) = 0. We write (6¢) g = 0+ 0o, where 6 is a generalized character
on H. Since (1) = 0, (1) = 0 by definition, and so § = 6% on all of K,
i.e. g vanishes on K. Since ¢ € gc(H; K) vanishes on (H — K), (6o, ¢), = 0.
Coupling this fact with Frobenius reciprocity yields (GG, ¢G) c = ((HG) " qb) 0=
(0 +60,0) = (6,0), and so the second equation of Lemma 2.2 is proved. O

Using the lemmas we have developed about a TI-subset K contained in a sub-
group H of a group G, we now establish a correspondence between certain irre-
ducible characters of H and a set of irreducible characters of G.



APPLICATIONS OF REPRESENTATION THEORY TO FINITE GROUP STUDY 5

Theorem 2.3. Let K be a TI-subset with respect to G and H. Suppose 3 a set of
irreducible characters of H, {¢1,..., 0w}, satisfying w > 2 and

oi(x) = ¢;(x) Vi,j andVx € {H — K,1}.

Then 3 a set of irreducible characters of G, {x1,...,Xw}, and a sign ¢ = 1
satisfying

d)zG =€exi+ Av
where A is independent of i and either A =0 on G or A is a character of G.

Proof. Suppose {¢1, ..., ¢y} exists as above. Fix any ¢ and 7, and set § = (¢; — ¢;).
Note that 6 € gc(H; K) s.t. 6(1) = 0; thus, by Lemma 2.2, (QG,GG)G =(6,0) =
(¢i — ¢j, i — ¢j)y = 2 due to the irreducibility of ¢; and ¢;. Also, (1) =0 =
6% (1) = 0, so we see that ¢ is the difference of two irreducible characters on G.

If w = 2, then it follows automatically that 6 = (¢1 — #2)¢ = x1 — X2, where
x1 and o are suitably chosen irreducible characters on G.

For w = 3, note that ((¢1 — ), (1 — ¢3)G)G = 1. So denote the irreducible
character of G contained by both (¢1 — ¢2)¢ and (¢1 — ¢3)¢ by X1, and denote its
multiplicity in each by e = +1. We see therefore that, following the proof for the
case w = 2, we are left with (¢; — ¢2)% = €(x1 — x2) and (¢1 — ¢3)¢ = e(x1 — Xx3)
for suitably chosen irreducible characters ys and y3 on G. It also follows that
(¢2 — #3)% = (91 — $3)9 — (61 — $2)° = e(x2 — x3)-

For w > 4, the preceding paragraph allows us to again derive (¢1 — ¢2)¢ =
e(x1 — x2), (61 — ¢3)¢ = e(x1 — x3), and (g2 — ¢3)9 = €e(x2 — x3) for suitably
chosen irreducible characters x1, x2, and x3 on G. So take (¢ — ¢;)¢ for i > 4.
Since ((d)l —$:)%, (1 — gf)j)G)G = 1for both j = 2 and j = 3, we see that (¢1—¢;)
must contain y; with multiplicity e. For if not, (¢1 — ¢;)¢ = —e(x2 + x3) =
x2(1) + x3(1) = 0, a contradiction since x2 and ys are both irreducible on G. So
we may write (¢1 — ¢;)¢ = €(x1 — xi) for i > 4, where the ; are suitably chosen
irreducible characters over G, and by induction we can obtain (¢; —$;)¢ = e(xi—x;)
Vi, j.

Since we have shown that (¢;—¢;)¢ = e(x;—x;) Vi, j for some set {x1, ..., Xw} of
irreducible characters on G, we are left only to re-express this relation as d)iG —€x;i =
d)f —ex; = A, where we note that A is a character on G (or A = 0), and that A
is independent of 4. Thus, ¢¥ = ex; + A, as desired. O

Definition. The set {x1,...,xw} of irreducible characters on G derived in Theo-
rem 2.3 are termed the exceptional characters associated with the set {¢1, ..., dw}
of irreducible characters on H.

Exceptional characters prove vital in proving our main theorem due to the fol-
lowing lemma, whose proof, though perhaps within our grasp, contains too much
gory algebraic detail to be very insightful to prove. We refer the interested reader
to Suzuki’s development of this proposition.

Lemma 2.4. Let K1, ..., K, be the representatives of the conjugacy classes of maz-
imal abelian subgroups in a group G. If every nontrivial irreducible character of G
is an exceptional character for some K;, then Ng(K;) = K; for some i.

Proof. This is equivalent to what follows part (d) of Example 1 in [2, Section 2 of
Chapter 6], and relies heavily upon size arguments developed in Theorems 2.12 and
2.13 of the same. ([l
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We state one final lemma that will aid us greatly in the proof of our main
theorem.

Lemma 2.5. Let K be a nontrivial abelian subgroup of a group G which satisfies
(3) l1#2re K = Cg(z) =K.

Notationally, we set H = Ng(K), | = |H : K|, and w = (|[K| —1)/l. Then K
is a Tl-subset with respect to G and H. Furthermore, if K # H, then H is a
Frobenius group with Frobenius kernel K. The nontrivial linear characters on K
induce precisely w irreducible characters ¢1,. .., ¢y on H of like degree, all of which
vanish outside of K.

Proof. To verify that K is a TI-subset with respect to G and H, we show that
1#ze€ (KNKY) = y € H, from which (2) of Lemma 2.1 follows. So if
1# 2 e (KnNKY) for some y € G, then 1 # 2¥ € K as well, and so Ca(z) =
Ca(zv') = K. But then KV = (Cg(xy_l))y = CG((xy_l)y) = Cg(z) = K, and
so by definition y € Ng(K) = H.

Now assume K # H. K is a nontrivial, proper, normal subgroup of H; further-
more, K satisfies the conditions of (1) in Theorem 1.3, so it follows immediately
that K is a Frobenius kernel of the Frobenius group H. Let L be a Frobenius sub-
group of H s.t. H =KL and KN L = {1}. We see that |L| = |H : K| =[. Some
group theoretic arguments can be employed to show that, since an element = € L
has order prime to | K|, the conjugate character p® of a nontrivial linear character
p on K is distinct V = € L, and that in fact this set of [ characters comprises all
conjugate characters of p. Furthermore, Clifford’s Theorem tells us that, given an
irreducible character ¢ on H s.t. ¢ contains p, ¢ in fact contains p* V = € L,
and hence pff = ¢. (These arguments are fleshed out in [2, p. 287]; Clifford’s
Theorem can be found in [2, p.264].) More importantly from our perspective, since
there are |K| — 1 nontrivial linear characters on the abelian group K, there must
be (|K| — 1)/l = w irreducible characters on H induced by the nontrivial linear
characters on K. Label these ¢1,...,¢y. Since K <« H, no element of (H — K) is
conjugate to any element of K, and so ¢; must vanish outside of K by the definition
of the induced character Vi. Also, ¢;(1) = |H : K| =, so the induced characters
are of like degree. O

3. FINITE GROUP STUDY APPLICATIONS
Theorem 3.1. Let G be a group of odd order satisfying
(4) 1#2e€G = Cg(x) is abelian.
Then G is either an abelian group or a Frobemius group.

Proof. Let us take a set of representatives K1, ..., K of the conjugacy classes of
maximal abelian subgroups of G. For nonidentity € K;, we note that Cg(x)
is abelian, and that since K; is abelian, K; C Cg(z). But K; is maximal, so
Ca(x) = K;. We see that K; satisfies the properties of Lemma 2.5, and so K;
is a TI-subset of G. Set H; = N¢(K;). If K; = H;, then (H; N HF) = {1}
for x € (G — H;) by Lemma 2.1, and so H; is a Frobenius subgroup and G a
Frobenius group. So we assume G is nonabelian and that K; # H; Vi and derive a
contradiction.
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Let I; = |H; : K;| and w; = (|K;| — 1)/l;. We know by Lemma 2.5 that there
exists a set of w; irreducible characters on H; of like degree which vanish outside of
K;. Since |G| is odd, so too are [; and |K;|, and so w; must be even and hence > 2.
So we employ Theorem 2.3 to construct a family F; of w; exceptional characters
on G.

Note that for ¢ # j, nonidentity elements of K; and K; are not conjugate, since
r € (K; —{1}) and 2¥ € (K; — {1}) = K! = (Cg(x))’ = Ce(a¥) = K;
contradicting the fact that K; and K; are not conjugate. Hence, each K; contains
w; nontrivial conjugacy classes distinct from those of any Kj, j # ¢. Since any
element of G must be contained in some maximal abelian subgroup, we see that G
has precisely > w; + 1 conjugacy classes as a result, and hence there are > w; + 1
irreducible representations on G.

But for each K;, we have defined a family F; of w; exceptional characters on
G. If x1 and xo are distinct exceptional characters for K;, we can easily verify
from the definition of the induced character that x; = x2 on Kj, j # 1, since the
irreducible characters on H from which y; and x2 were induced must vanish outside
of K;. So if x1 were also an exceptional character for some Kj, x2 would be an
exceptional character for K likewise, since ;1 and x» are identically defined on K.
But then x1 = x2 on Kj, contradicting the distinctness of x; and y2. Thus, the
> w; exceptional characters so far defined are all unique. We see that the > w;
nontrivial irreducible characters on G must all be exceptional characters for some
K;. But then, by Lemma 2.4, K; = Ng(K;) = H; for some i. Contradiction. ([
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