
  

Induced representations and 
homogeneous vector bundles.



  

The space F(G, F)r,(H, r) .
Let H be a subgroup of the group G, so that G acts transitively on
M:=G/H. We identified the space F(M) as the subspace of F(G) 
Consisting of those elements which are fixed under the right action
of H. That is,  we identified F(M) as the subspace of F(G) which
transform as the trivial representation under H. If we are given any
representation  r of H on a vector space F, we can consider the space
F(G, F) of all functions on G with values in F. As usual, the group G
acts on this space because of its action on itself:
                 (af)(b):=f(a-1 b). 
We can consider the subspace F(G, F)r,(H, r) of F(G, F) consisting of
those f which satisfy
                                     f(bh)=r(h)f(b)    " h ˛ H  and " b ˛ G.
 



  

Induced representations.

The space F(G, F)r,(H, r)  is an invariant subspace of F(G, F) under
the left action of G since left multiplication and right multiplication
commute.  So we get a representation of G on F(G, F)r,(H, r).

In other words, starting from a representation r of  the subgroup H
we have obtained a representation of the group G, called the 
representation of G  induced from the representation r of H.

We want to unerstand this construction from a more geometric 
point of view.



  

Vector bundles.



  

Sections.



  

The space of all sections is a 
vector space.

Let f1 and f2 be sections  of the vector bundle E. Let x  be 
a point of M. Since  f1(x) and f2(x) take values in the 
same vector space  Ex, it makes sense to add them. We 
thus define the sum of two sections by: 

by  G(E).



  

Action of a group on a vector bundle.



  

The representation of G on  G(E).
Suppose that the group  G acts on M and also acts on the vector
bundle E fi M. We define an action of G on G(E) by setting

transformation, and it is easy to check that  r is a representation of G on
G(E). We shall denote this representation by rE , and the corresponding
character by cE .  



  

A d basis of G(E). 
In



  

The Frobenius character fixed point formula.

This generalizes the fixed point formula that we obtained for the action
of G on the space of functions on M.



  

Orbit decomposition.



  

The transitive case.



  

 Constructing the vector bundle.



  

Constructing the vector bundle, continued.



  

The action of G.

We will show that this is the same definition as we gave earlier
in just a bit.



  

The induced character.
Let s be a representation 

u = [(g,v)] so au:=[(ag,v)]=[(gg-1ag,v)] = [(g, s(g-1ag)v)]. Thus



  

The Frobenius reciprocity formula.



  

More on Frobenius reciprocity.



  

The two constructions of induced representations.


