Math |26 lecture 5.

First applications of Schur’s
lemma.



Recalling Schur’s
lemma.

Let r and s be irreducible representations of G on V and W, and 1" € Home (V. W),
Schur’s lemma makes two assertions:

robs =T =0 (1)

and. 1t
r=s (soV =W) thenT = 21 (2)

for some scalar z.

Proof of (1): The subspace ker 1" C V' 1s invariant. so the alternatives are
kerT" =V in which case 7' = 0, or ker I" = {0}, in which case 1" is one to one.
Also Im (1) € W is invariant so = {0} and so 7" =0 or Im7T" = W is which case
1" 1s surjective so an equivalence contrarv to hypothesis.

Proof of (2): Apply (1) to T'— ¢l where ¢ is an eigenvalue of 7. We must
have I' —cl =0 or 1T'=¢l. O



The representation of G on
Hom(V,W).

For vector spaces V' and W. Hom(V, W) denotes the space of all inear maps
trom V to W. So Hom(V, W) 15 itselt a vector space. We know how to add
two linear transformations or multiply a linear transtormation by a scalar. Let
r and s be representations of G on V and W. Then G acts on Hom(V., W) by
letting a € G send @ € Hom(V, W) into

s(a)Qr(a)~".
[t is easy to check that this is a representation of G on Hom(V. W). Indeed
.w(_ﬂﬂ'}](;)i'{uf}]_l = s(a)s(h)Q (r(a)r(b)) = sla) f_.w[f;r](;)r{f}]_l) J'(ff}_].

AlsoT" € Hom(V, W) belongs to Homeg (V, W) if and only if T € Fix(G'). Indeed.
to say that 1" 1s fixed by all elements of G means that

s(a)l'r(a)"' =T  which is the same as  s(a)1' = 1T7r(a)

for all elements of &.



Combining Schur’s lemma with averaging.
Recall that Schur’s lemma says that if r and s are irreducible representations of G then

(1) ro¢s =T1T=0, and@)if r=s (soV =W) thenl =zI

Starting with any () € Hom(V., W) the element

. 1 I
(Daw 1= e Z s(H)YQr(h)

T .
heds

belongs to Fix(() and so to Hom(V, W ). It follows from (1) that it r and s are
irreducible then

rob s = g =10 (3)
while 1t » = s then (2) 1mplies that
() =cl. (4)



Averages of matrix elements.

Pobs = Quy = 0. (

L

] a1
Qpp 1= G Z s(b)Qr(b)

' bed »
if =5 then ), = cl.

Choose a basis of V' and of W so we get square matrices (ri;(a)) and (sgpe(a)).
We can also write ) as a (rectangular) matrix (g ). Then QQq, has as its matrix

- E .thff!jfjgiF'ijliEf_Jj.
acG Lk

entries
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It r 54 s this must vanish for all gg; which tells us that

s == swla)rig(aT) =00 Vi gk L (5)
e ac (s

It r = s then (4) implies that

1 .
Y ra(a)gririg(a™t) = el

#G
L
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and taking the trace of both sides shows that

L
c=—1tr(())
n
where n = dim V. Comparing the coefficients of both sides shows that it » 1s
irreducible then
1

— E .i"kE[H].i"?;j[H_ljl=—{'ﬂfi{'?kj, n = dim V. ()
#G R n
. acis




Averaging matrix elements of unitary
representations.

rand s are irreduncible representations of ¢ on V' oand W,

We have proved that in terms of a choice of bases we have:

. ] _ L
rds o= = swla)rgla )y =0 Yijgke  (5)

H(
i = ]

(0 n
o acls
These equations take on a more pleasant form if we restrict attention to

unitary representations and use orthonormal bases so that

i |:{1_1 ] — .i"jz'[:ff ]

and similarly for s. Let F((') denote the vector space of all complex valued
functions defined on (¢ and put the scalar produet

S @il L o
'il..ltf!{'[.“ _:I,i"ijl:_“ I = _'rhl?i'rhkj' n = {1]1]1 1

(6G)



To repeat: Since G is finite, the space of all complex valued functions on G is a finite dimensional
vector space over the complex numbers. We call this space F(G) and put a scalar product on this
space by declaring the scalar product of two functions be given by

L l S
(f.g) = —= Y fla)g(a)
' (s '

L

£G

If we are give a representation r of G on a vector space V and choose a basis of then for each position
(ij) of the matrix describing r, we get a function on G. Suppose we have two inequivalent irreducible
unitary representations r and s of G. Choose any matrix position for r and any matrix position for
s.Then the functions we get are orthogonal relative to the scalar product. In symbols:

—_—

while

L S ela)rig(a) = Lo o R
Fpela)rijla ~) = —r‘),_u?-_r‘);l.j, n = dimV. becomes \Tij, Tkl) = ;'r'f:?'.'ﬂ-'f“;i

(] "

acls

In short, it we regard the matrix entries of rreducible unitary representations
as fanctions on (/. then matrix entries from inequivalent representations are
orthogonal while different matrix entries from the same irreducible representa-
tion are also orthogonal, and each matrix entrv has square length 1/n where
no=dim V.



The character of a representation.

Let r be a representation of the group G on the vector space V. The dimension of V' is
called the degree of the representation, r. The character of the representation r is the
function ¥" defined on G by the formula

y'(@) =trr(a) = ) rya). (4.1)

If we take a = e, so that r(e) is the identity operator, whose trace is dim V, we see that
¥"(e)=dim V. (4.2)

For any two linear transformations we have tr AB = tr BA; so, if B is non-singular,
tr BAB™! =tr A. Thus,
x(bab™ ") = x(a) (4.3)

if ¥ is the character of any representation. In other words, ¥ is a function which is
constant on conjugacy classes. Such a function is called a central function.

For any representation r, we can introduce a Hermitian scalar product which is
invariant under r(a) for all aeG. This means that if we take adjoints with respect to this
scalar product, we have r(a)* = r(a™'). But tr r(a)* is the complex conjugate of tr r(a), so

x(a™')= x(a). (4.4)



The character of a direct sum is the sum
of the characters.

Let r! and r? be representations of G. Then it follows from the matrix form of r* @ r?
that

e = (4.5)



The characters of two inequivalent
irreducible representations are
orthogonal.

Suppose that r and s are inequivalent irreducible representations of G.

We know that
(rijsske) =0 Yi,5,k, L.

Since X" = ) .7 and x* = ), sy this clearly implies that

(x",x7) =0.



The character of an irreducible
representation has length one.

We know that if r 1s an irreducible unitary representation then

(Tijs Thi) = —OkiO¢j
n
Since x" = > . r;; we have
.
e L l—l
XX ) = ) (1) = o
i, ] =1

So



The character determines the representation.

Now let r be a representation of G on a vector space, V, which is not necessarily
irreducible, and let

r=r'@---@®r*

be a decomposition of r into irreducible representations. Let ¢ be the character of r, and

let x; be the character of r', so that

p=x1+ "+ A

Let s be some particular irreducible representation of G and let x be its character. Then

(@0 =0t 0+ - + (s 2).

The terms on the right are all zero or one, according as r’ 4 r or r' ~r. Thus,

(¢, ¥) is the number of terms in the decomposition of r which are  (4.8)
isomorphic to s. In particular, this number does not depend on the
particular choice of decomposition.

From (4.8) it follows that two representations with the same character are equivalent.
Indeed, by taking scalar products with the characters of all the irreducible representa-
tions, we can determine how many times each irreducible occurs in a decomposition
of the given representation.



A character which has length one must be
irreducible.

Notice that any character ¢ can be written as
¢p=my+ -+ my,

where the y; are orthogonal characters and the m; are non-negative integers. It follows
that

(¢, p)=mi + - +my (4.9)
and, in particular,

¢ is irreducible if and only if (¢, ¢) = 1.



dim HomG(V,W) when V is irreducible.

Let ¢ be the character of a representation of G on a vector space W, and let x be the
character of an irreducible representation of G on the vector space V. If we decompose

W=W,d --@&W
into irreducibles, we see that

HDI‘[’IG{W, V} — Hﬂm{;{wl, V}'@ e @ Hﬂmﬁfwk, V}

By Schur’s lemma, each of these spaces is either one dimensional or zero dimensional
acc:nrdmg to whether the rapresentatmn of G on W, is or is not equivalent to the

representation of G on V. Combining this with

(¢, ¥) is the number of terms in the decomposition of r which are equivalent to the

representation of G on V we see that

(¢, ¥) = dim Homg (W, V). (4.10)



dim HomG(U,V) in general, |.

Now let r, and r, be representations of G on U and V. We do not assume thatr,andr,
are irreducible. We wish to compute dim Homg (U, V).

Let us first consider a special case. Suppose U = V = W@ W, where W is irreducible.
We can write any vector in U as (w,,w,), where w, and w, are in W. Thus, for any
TeHom(V, V) we have

T(w,,wy)=(Ty,w; + T,,%,, T, W, + T,w,)

where T;;e Hom (W, W). So

T(}rwaw[ﬂ}(“’h w,) = T(rp(a)w,,ry(a)w,)
=(Tyrwl@)w, + Tyorwla)w,, Tyyryla)wy + Topry(a)w,)

while
Fwawl@ T(W,, W)
= (ry(a@)(Ty Wy + Ty ,W,), ryp (@) (T, W, + Ty,w,))
= (ryl@)Ty Wy + ryla) Ty Wy, ry(a)Tyywy + rw[ﬂ}Tzz.wz}-

So TeHomg(V, V) if and only if each T;;e Homg(W, W). By Schur’s lemma, each T;;
ranges over a one-dimensional space, hence dim Hom; (W@ W, W@ W)=4=2 x 2.



dim HoméU,V) in general, 2.

For any representation, we may_make: the decompﬂsiiiun
U :{UI(_B @UPI}Q{UF1+ 1 @ '”@ Um 'l-p;]@'"'{“' Up1+-“pk}

where the first p, spaces are all equivalent to the irreducible representation W, the next
p, spaces are all equivalent to the irreducible representation W, etc.,and W,..., W, are
inequivalent irreducible representations of G. We may make the same decomposition

V=[Vl®“.®VHLJQ{VQ1+1$'“@qun-l-q:}@“'

for V. By Schur’s lemma, any TeHomg (U, V) when applied to any ueU, @ ---@ U,
must give Tu lying in V, @ ---@ V,,. Then the same argument as in the special case

shows that
dim Homg (U, V) =p,q, + p292 + - + Pids- (4.11)

In particular, if U =V,
dim Homg (V, ¥) = p? + -+ + pZ,

where p; is the number of times that the ith irreducible representation occurs in V.



