Math |26 lecture 3
The finite subgroups of SO(3).



Morphisms.

Let the group G act on two sets My and Ms. A map f: My — Ms is called a
morphism or is said to be equivariant if

flamy)=af(my) Yy e M, andVae G,
Examples.

e If the action on M is trivial (i.e. ams = mo ¥V mso € M) then being
equivariant means that f is invariant, i.e. f(am) = flm) ¥V my € M.
This is an important special case, but the general notion will be important.

e Let M5 be the set of all subgroups of &G, and let ¢ act on Ms by the action
induced from the conjugation action of G on itself. Let Ay be any set on
which G acts, and let f : My — M5 be the map which assigns to each
m = My its isotropy group:

flm) = G,

The formnla
Gam = aGma

savs that f is a morphism.



More examples of morphismes.

Here is a closely related example: Let &G act on a set M. and consider the
action of G on G x M by

a(b.m) = (aba" ", am).
Then the projection onto the second factor:

.G < M — M, A(h.m):=m

is a morphism as is the projection onto the first factor
G x M — G (b, m) = b

where in this second equation we are considering the conjugation action
of ¢ on itself.

Let Z C G x M be the subset consisting of all pairs (b,m) such that
brn = m. The set 7 is carried into itself by the action of G on & x M. In
other words a/Z = Z for all @ = G. Indeed. if (b, m) € Z meaning bm = m.

then (aba=Y)yam = am which says that (aba=!',am) € Z.



Counting fix points.

a(b.m) = (aba"t, am). 06w M — M. O(b.m) := m

ro G x M — G r(b,m) = b
Z < G x M is the subset consisting of all pairs (b.m) such that bm = m.

Let p: Z — M denote the restriction of # to Z and o : 7 — & denote the
restriction of 7.

For an m € M, its inverse image p~'(m) under p consists of all (a.m)
such that a € G,,,. In symbols

pHm) = Gy x {m).

For a £ (G, we have
r:r_l{rfj = {a} x Fix(a).



Counting fixed points, 2.

let us remove the set {e} x M from Z. and consider the set Y := 7\ {e} x M.
We have themap p: 4 — M

Let ns also assume that every a # e has only finitely many fixed points. This
implies that Y is a finite set. Let f : Y — M denote the restriction of p to

Y, and let g : Y — G denote the restriction of & to Y. Let PP < M denote
the set of points of M which are left fixed by some a # e. So P = f(Y'), and
g(Y) C G\ {e}.
We can now count the number of elements in Y in two ways: Using g we see
that
#Y =) #Fix(a).

aFe

Using P we see that



Counting the fix points 3.

#Y = E # Fix(a) #Y = E (#Cy — 1),

aze meP

The —1 comes from the fact that we removed e. We can simplifv this expression
using the fact that #G .1 = #Gm, 50 #G,, 1s constant on orbits of the &
action on P. So if

P:Pl |~—-|"'I~—JP?‘

is the decomposition of P into orbits. so that the number of points in each orbit
is #G/#G,, we have

' L]

#Y = ) ..Ifr;1 (#Gm — 1).

orhit s

SO

Z # Fix(a) = Z :t(_G (#G — 1)
Tr-Tim

a#e orbits



Using the formula for finite subgroups of
SO(3).

Z # Fix(a) = Z :(_G (#Gpm — 1)

ae arbits

We will use this last formula to classify the finite subgroups of SO(3) up to
conjugacy. Since # Fix(a) = 2 for any non-trivial rotation acting on the sphere,
the left hand side of the formula above is just 2(#G —1). Introduce the notation

n = #G
r = #(of orbits)

nig = #Gy, where m £ i-th orbit .

Thus
o
2n—1) = —(n; — 1)
or, dividing by n:
.



Using the formula for finite subgroups of
50(3), continued.

#(
We have 9 2 - L L/ '
2-—=r- — where - = Z(of orbits)

ni = #Gy, where m € -th orbit

We may exclude the trivial case where G = {e}, so that P is not empty. By
definition. each element of P is fixed by at least one a # ¢ s0 #G,, > 2 and =0

the right hand side of the above equation is > 5. The left hand side is < 2. So
< 4. But r =1 is impossible since n; < n and so

2 |
2——=>=1-—.
n s

Thus the only possibilities are r = 2 and r = 3.



r = 2, the cyclic groups.
}___;_Z— (1)

.-|
J (4
I.-_

If = 2 all non-trivial rotations are about a fixed axis. Equation (1) becomes

2 1 1
N +

I | T

and since n; < n this implies that ny = ng = n. So Gy, = G, and the group
consists of all rotations through angles 275 /n about a fixed axis. For a given n,
all such sugroups are conjugate, and the group is isomorphic to €}, = Z/nZ.



The possibilities for r = 3.
E—%zr—ij—_. (1]

Now suppose that » = 3 so (1) becomes

111 2
—+ — 4+ — =1+

11 1o 19 1

We choose notation so that ny < ns < ns. Then ny = 2 for otherwise the left
hand side of the above equation would be < 1. Similarly, ns > 4 is impossible.
If no = 3 the above equation becomes 1 1 9

—:E‘l'— S0 ng < 0.

113 1
The possibilities that we haven’t excluded for (ny,n2,ns) and n are:
(2,2, k) k=2 arbitrarv, nsz==Fk, n =2k,
(2,3,3) n =12
(2,3,4) n =24
(2,3,5) n = 60.



(2,2.k), the dihedral groups.

Since ng = k = n/2 the orbit Ps; has two elements, and so the subgroup G,y
corresponding to each of these two elements is the same. and is the cyelic group

C'y. For any ¢ belonging to 7, or I’ the group #G, = 2 and so Gy consists of
the identity and rotation through 1802 . The subgroup '} acts on /7 and no
element of Cj, other than the identity fixes any point of P;. Since #FP; = k. we
see that the points of PP all lie in a plane and form a regular k-gon. Similarly
for 5. The case kb = 2 is a bit degenerate in that the group is (up to conjugacy)
oiven by the identity together with 1807 rotations about each of the coordinate
axes. If kb > 2is even. there are two types of 1807 axes. those which pass through
the vertices and those which bisect the sides. The two orbits P} and % are the
infersections of each of these types of axis with the sphere. It & > 2 is odd. then
all 1807 axes pass through a vertex and bisect the opposite side. The vertices
form one orbit, say F?;, and the other intersection of each axis with the sphere
form .



(2,3,3), the tetrahedral group.

I 2
—+—F+—=1+-=.

11 1o 19 1

Son =12, #P =6, #1% = #5 = 4. The group of rotational svimmetries of a
tetrahedron has 12 elements since a given vertex can be moved to any other, and
the isotropy group of a vertex is C's. So (2,3.3) occurs as the symmetryv group
of the tetrahedron. To show that up to conjugacy this is the only possibility. it
suffices to show that the points of % form a regular tetrahedron. Let m & Fs.
Then GG, = (5, so the other three point3 of P4 form an equilateral triangle. In
particular they are equidistant from one another. Doing the same for each of
the points in /%5 shows that they are the vertices of a regular tetrahedron.



Tetrahedron



(2,3,4) the cubic group.

1 1 1 2
— + + =1+ —.
111 o 714 7

Son =24, #P =12, #F =8, #3 = 6. The group of rotational symmetries
of a cube has 24 elements since a given vertex can be moved to any other. and
the isotropy group of a vertex is (', as any adjacent vertex can be rotated into
another. So (2,3,3) occurs as the symmetry group of the cube. Conversely, as
above, the elements of P55 form a regular octahedron (whose dual polvtope is ¢
cube).



Cube Octahedron



(2,3,5) the icosahedral group.

1 1 1 2
—+ —+—=1+—.
111 19 14 1
So n = 60, #P =30, #F = 20, #5 = 12. The group of rotational symme-
tries of a recular icosahedron has 60 elements. since each vertex can be moved
to any other and the isotropy subgroup of a vertex is C's. Conversely. consider
the orbit F5. By a rotation (i.e. a conjugacy in SO(3)) we may assume that
two of the twelve points of Py lie on the z-axis. The remaining ten points can
not lie on the equator, for then there would be a rotation through 27 /5 about
an axis ., y-plane. which would have to take the eight remaining points off the
equator. So five of the remaining ten points lie in the upper hemisphere, and
half in the lower hemisphere. Each ot the five points in the upper hemisphere
lie on a recular nenfacon. since rotation throueh 27 /5 about the z-axis belones
to our group. So these five points, and hence all twelve points are equidistant
and so the points of Py form a regular icosahedron.

The icosahedral group is denoted by | . It is isomorphic to the alternating group on five letters, A5 :

To visualize this isomorphism it is best to pass to the buckyball which is obtained by truncating each vertex
of the icosahedron at each vertex along a plane perpendicular to the radius at each vertex. Since each
vertex is formed by the intersection of five triangles, the new faces created in this way are pentagons.The
remaining portions of the original triangular faces are converted into hexagons.



lcosahedron Dodecahedron



The bkyball.

il we pick a double bond, b . there will be a unigque double hond,

b'. opposite it, in the sense that b and &' lie on a plane bisecting the buckyball.
[f we draw the line joining the midpoints of b and b', then a 180° rotation having
this line as axis 1s as svimmmetryv of the buckyvball. There are thirty double honds,
and hence fifteen such pairs. Thus there are fifteen elements of “order two™ (1.e.
satisfving 12 = e, where e denotes the identitv element) in 1.






Proof of the isomorphism of [ with AS'

There are 15 elements of degree 2. There are 10 three fold axes and so 20 elements of degree 3.There are
6 five fold axes so 24 elements of degree 5. Together with the identity element we get |+15+20+24 =60
accounting for all the elements in . The group | acts transitively on the set of 15 axes of degree 2. So the
isotropy group of one such axis has 4 elements. Each of these four elements other than the identity must
therefore be of degree 2 and so they all commute. This implies that their axes must be mutually
perpendicular. So the set of |5 axes of degree 2 breaks up into 5 sets of configurations each consiting of
3 mutually perpendicular axes. So the group [ acts transitively on a set with 5 elements and no element of
| other than the identity acts trivially. So we have an isomorphism of | with a subgroup of order 60 of the

permutation group on 5 objects, and the only such subgroup is the subgroup consisting of even
permutations, i.e the group A;.



