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(1) We know that elliptic curves are zero sets of the equations y?> = 2® + Az + B. In
Z/5Z there are 5 values for each of A and B, so there are 25 elliptic curves.
An elliptic curve is zero exactly when its discriminant is zero; this will happen
exactly when 443 + 27B% = 0. Considering this mod 5 and multiplying by 3, we get
that this happens exactly when

—2A%=B?* (mod 5).

For A = 0, the only time the discriminant is 0 is if B = 0. For A =1 or —1 there are
no solutions. When A = 2 we get that we want B? = 1, which means that B = £2.
When A = —2 we get that we want B? = 1, which happens exactly when B = 1.
Thus we see that there are 5 pairs (A, B) for which the discriminant is zero, so there
are 5 singular elliptic curves.

So now we want to compute equivalence classes of elliptic curves. We know that
the curve y? = 234 Az + B is equivalent to y? = 23 +ax+b if and only if there is some
n # 0 such that A = n*a and B = n%b. However, n* = 1 and n® = n? = £1. Thus the
elliptic curves are equal if and only if A = a and B = 4+b. Thus each equivalence class
of curves has 2 curves in it, and therefore there are 10 non-equivalent non-singular
curves.

(2) (a) Consider a point (a,b) € P. If a,b € Q then b/a € Q unless a = 0. a =0
only when P = (0,0), when the point is clearly on a line of the form y = muz.
Otherwise, the point is on the line y = (b/a)x.

(b) Suppose that y = ma meets (1) at 3 rational points. First, note that m must
be rational, since it is the ratio of the coordinates of the points. Plugging in to
(1) for y, we get

x(z? — m*x —4) = 0.

The solutions to this equation are the x-coordinates of the given points, so
we know that 2?2 — m?z — 4 has two rational solutions, which means that its
discriminant must be the square of a rational number. Thus we see that there
is a rational n such that

n? = (m?)? — 4(—4)(1) = m* + 16.

(c) Suppose that there is a nontrivial solution (U,V,W) to U* + W* = V2W?2 =
(VIW)2. Then setting z = U, y =V, z = VIW we see that we have a nontriv-
ial solution to z* 4+ y* = 22. However, we know that no such solutions exist.
Contradiction. Thus the equation has no nontrivial solutions.

(d) We need to find all solutions to the equation m?* + 16 = n?. Putting m and n
over a common denominator d, we get
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Thus we see that m,n must satisfy
E* 4 (2d)* = (¢d)*.

If we had a nontrivial solution to this, we would have a nontrivial solution to
% +y* = 22, which we know that we don’t have. Thus we must have either k
or d be zero. Since d clearly can’t be 0, we must have £ = 0, which means that
m = 0. Thus all rational points of y*> = 2® — 4z are on the line y = 0, so they
are the points (0,0),(2,0),(—2,0) (and, also, the point at infinity).

(3) Suppose that P = (xg,0). Let f = 23 — y?> — Az — B. We know that

of 2 af
—=3z"—-A — = —2y.
ox ¢ oy Y
Thus the slope of a tangent line at P is
e S0 = A
240

The equation of the tangent line is y = m(x — x¢) + yo. Notice that if we find the
third root, a, of the given expression, we will have that

y = —m(a — xo) + yo = m(xo — a) + Yo,

exactly the formula we want. Thus it remains to show that the third root of the
expression will be given by the formula we want. Plugging in for y, we get

f(z) =2* - (m(x — 20) —y0)* — Az — B = 0.
We know that two roots of the equation are the double root x5. Thus to find the
third root it suffices to write the given equation in terms of x — xy. Notice that we

don’t need to worry about terms that are linear or constant in x — xg, since we know
that these will cancel out (since z is a double root).

f@) = ((x —m0)® + 30wy — 3zl + 23) — m?(x — 2p)?
+ 2yom(x — x0) — y§ — Alx — xg) — Azg — B
((x — x0)® + 3((x — w0)? + 2220 — 27) — M*(z — 39)? + - -~
= (v —20)* + (3vg — m?)(x — m0)* + - -
Thus the third root is  — 2y = m? — 3z, so
a=m?— 2z

as desired.



