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la. Leta=a+ b%jp, with a,b € Z. We have

N(a) = (2a+b+b\/—_p> <2a+b—b\/—_p)
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(2a + b)? + pb*
4
Now, if b = 0, then N(a) = a® # ¢ so b # 0. In particular, b> > 1, and we
have N(a) > H2.

1b. Since —p is a quadratic residue, that means there is a solution to z? =
—p (mod q). Thus z?+ p is divisible by ¢. Suppose that z*+p is divisible by
¢?;ie. 224p =0 (mod ¢?). Then (z+¢)*+p = 2% +p+2¢+¢® = 2q (mod ¢?).
Since q # 2, 2¢ Z 0 (mod ¢?). Conclude that either 2% + p or (z + q)*> + p is
divisible by ¢ but not ¢. Letting m = x or m = x + ¢ and n = 1 gives the
desired result.

lc. Consider z € R with z = a + b1+\2/_7’, a,beZ.

First, observe that ¢ cannot divide n. If ¢|n, then since g|m? + pn?, we
must have ¢|m. However, then ¢?|m? + pn?, a contradiction.

Therefore g and 2n are relatively prime. Let ¢, d be integers such that
cq + 2dn = —b. Then

1++/=p

5 +d(m+ny—p)=a+b/2+cq/2+dm

T+ cq

is an integer (since b+ cq = 2dn is even). Therefore, there exists an integer
e such that
a+b/24cq/2+dm+ eq

is between 0 and g — 1.
Now let —i = cq%jp + d(m + ny/—p) + eq € I. Then, using the above
results, x — ¢ is an integer k£ between 0 and ¢ — 1, so x = ¢ + k as desired.

1d. First, suppose that the representation in part (c) is not unique. Suppose
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x =141+ Kk =iy+ ky. Then ky — ky = 15 — iy € I. If k1 # ko, then ¢ does
not divide k; — ky. Then k; — ko and ¢ are both in I, and they are relatively
prime, so 1 € [ and [ = R. Then I = R, and so it is prime.

Now suppose the representation in part (c) is unique. Then we can define
amap ¢ : R — Z/q that maps i+ k to k. In fact, one can see that ¢p(a+b) =
o(a) + ¢(b), d(ab) = éd(a)o(b), and ¢(1) = 1, so ¢ is a homomorphism to
Z/q. Tt is surjective because 0,1,...,¢ — 1 must map to themselves by the
uniqueness we assumed. The kernel of ¢ is clearly I. Hence, R/I = 7Z/q,
which is a field. That means [ is a maximal ideal, so [ is prime.

le. Recall that the norm of an ideal is the greatest common divisor of the
norms of all elements in the ideal. Consider m+ny/—p : N(m+ n\/—p) =
m? + pn?, which is divisible by ¢ but not ¢>. On the other hand, N(q) = ¢*.
Then we get ¢ = ged(N(q), N(m + ny/—p)), so N(I)|q. Therefore N(I) =1
or q.
If N(I) = 1, then 1 € I. However, we claim 1 ¢ I. Suppose 1 =
a(m + ny/=p) + bq, where a,b € R. Then N(1 —bq) = N(a(m +n\/—p)) =
N(a)N (m +ny/—p), and this is divisible by ¢. Now let b = z + y%jp, with

T,y €
V1= bg) = (1= g0 - % - B2

qy) (qy)2
1 — gr — 22 ki
< * =5 TP 2
Multiplying by 4 gives

(2 —2qz — qy)* + p(qy)* = 4 (mod q)

Since ¢ # 2, that means N(1 — bq) is not divisible by ¢. That gives a
contradiction, so 1 & I.

Therefore N(I) = q. From class, we know that N(«) = N([I), which gives
the desired result.

1f. If <_7p) = 1, then parts (b)-(d) imply the ideal I exists and is prime. By
part (e), since the ideal is principal, I = («) for some « such that N(«) = gq.
By part (a), 4¢ > p+ 1. That proves the contrapositive of the desired result.
1g. For p = 23, use ¢ = 3 and we have (_723) =1, so by part (f) R is not a
principal ideal domain. For p = 31, ¢ = 5 gives (_T?’l) =1. Forp=47,q=3
gives (_747) =1.

Now look at p = 23. We construct a non-principal ideal I as given in
parts (b)-(c). As in part (b), we chose ¢ = 3 and then m = 1, n = 1. Then
consider the ideal I = (1++/—23,3). If it is principal, then by part (e) there
exists a € R such that N(a) = 3. However,

N(a) :N(m—FyHT\/__QB)



1
= 5 (@2z+ y)? + 23y°)

It is easy to check that there is no solution to (2z + y)* + 23y* = 12, so no
a can exist. Therefore, I is not principal.



