math123, Abstract Algebra II

PROBLEM SET 6

Exercise 9.5.8 from Artin’s book
Exercise 9.5.9

Exercise 9.5.13

Exercise 9.6.8

Exercise 9.8.3

Solve the following

Problem 1:
Let p be a d—dimensional representation of a finite group G, and let ¢ be
a ne-dimensional representation of G. Define p) = o,p,, where the right
hand side stands for the product of a scalar and a matrix. Show that p’ is
a representation and describe its character.

The following problem is rather long, but (I hope) I am giving you enough
hints to make it almost straightforward.

Problem 2:
We want to prove that, if V' is a finite dimensional irreducible representation
of a finite group G, then the dimension of V' divides the order of the group
G:

dimV | |G].

Notation and review:
From now on, we will fix a group of order N, G = {¢1,92,...,9n}. We will
denote by C,...,Cs its s conjugacy classes:

G=CiUCyU---UC;
For every conjugacy class C; C G, we define the element
Vi = Z g -
g€l

We know then that there are s (up to isomorphism) irreducible represen-
tations, V1, ..., Vs, of dimensions d, ..., ds respectively. We thus want to
prove that d; | N, Vi = 1,...,s. Recall the definition of the regular
representation:

N
Vs = {Zczgl ;G € (C} s
=1

with action of G by left multiplication. We know that V" admits the
following decomposition as direct sum of irreducible subrepresentations:
Vred — V1®d1 D VEBds
Al
We will denote R; = V2% so that

Vreg:Rl@"'@Rs.
1



Notice that the vector space V"% has naturally the structure of a ring
(infact, of an algebra over C), with multiplication law:

N N N
Zcigi : Zdjgj = Z cid;j(9i9;) -
i=1 j=1 ij=1

This algebra is usually called the group algebra of G and it is denoted by
C[G]. We will denote by Z(G), the center of C[G], namely the collection of
elements of V"¢ which commute with everything:

ZIG] = {veV™ |av=va, YacV"} .

(Equivalently, the elements in Z[G] are preserved by the adjoint action of

G: gvg~! =v, Vg€ Q).

(1) In (1)—(2) we want to find a basis for Z[G] C V7. Prove that v; €
ZIG), Vi=1,...,s.

(2) Prove that, in fact, {v; , ¢ =1,...,s} form a basis of Z[G].

(3) In (3)—(9) we want to study the ring structure of V"9. Prove that
R, = V% C V"9 is a left ideal:

aR; CR; , Vac V"™ .
(4) Prove that R; is invariant under the adjoint action of G:
gRig™' C R; .
(5) Conclude that R; is both a left and right ideal:
aR; CR;, RiaCR;, YacV"™9 .

In particular ab =0 if a € R; and b € R; with ¢ # j.

(6) Prove that there is a ring homomorphism ¢; : R; — Endc¢(V;), given
by the multiplication law: R; x V; — V.

(7) Prove that ¢; is injective. (Hint: notice that, if a € ker¢;, then
av =0, Yv € V", deduce that a = 0).

(8) By counting dimensions, show that ¢ is also surjective. In conclusion
R; ~ Endc(V;) as a C-algebra.

(9) Let us denote by e; € R; the element corresponding to the identity
operator T € End¢(V;) (under the isomorphism ¢;). Show that, the
map V"¢ — V"¢ given by

V€U
is the natural projection V"¢ — R;. (In particular, e? = ¢;).

(10) Prove that e; € Z[G]. In conclusion, we have found a new basis
{e1,...,es} of Z|G].

(11) In (11)—(13) we want to study the relation between the two bases
{71,.--,7s} and {e1,...,es} of Z[G]. Namely we want to express
each e; as linear combination of ~;’s. Prove that every v € V" can
be decomposed as:

1 re —
v=5 D X ag)g -
geG

(12) Prove the following equation:
X"eig™) = dixi(g™") -



(13)

(16)

(17)
(18)

In conclusion, we have:

d; _
ei = 5D xilg g
geG

This is the decomposition we wanted.
Now we are ready to conclude the proof of our theorem. Prove that:

€ = ;i\;gezcm(g_l)g@i .

Prove that every character y;(g) is linear combination of N—th roots
of unity with integer coefficients (Recall, we more or less proved it in
class); namely

xi(g) € spany{1,{n,... ,d\\;fl} .
Deduce that
N k
P € spang{(yge; , k=1,....N—-1,9€G} = M.
Deduce that multiplication by C% leaves M invariant.
Conclude that dﬂ € Z, as we wanted.



