math123, Abstract Algebra II

Final Exam

Your name: Alberto De Sole

Problem | Points | Your Grade
1 10
2 10
3 15
4 15
5 15
6 10
7 15
8 10
9 10
10 10
11 15
12 15
Total 150




Problem 1 (pt 10)
Given a,b,c,d € R, consider the map R? x R? — R defined by
[ o ] ) [ b } = aofSr +bazf + carfz + das
Q2 B2
For which values of a, b, ¢,d € R this map defines a:
(a) bilinear form on R??
(b) symmetric bilinear form on R??
(c) positive definite (symmetric) bilinear form on R2?
Solution

The above map can be rewritten as:
X,Y — XTAy,

a c
=i
(a) It’s always a bilinear form.

a
(b) Tts is symmetric if and only of d = c.
(c) Tt is positive definite if and only if d = ¢ and a > 0,ab — ¢? > 0.

where A is the 2x2 matrix:



Problem 2 (pt 10)

Let V be a vector space over R with a positive definite, symmetric, bilinear form

(,). Suppose {vi,...,v,} C V is an orthonormal system, namely a collection of
vectors (not necessarily spanning V') such that:
(vi, v5) = dij -

(a) Prove that

n

Z(vi,v)2 < (v,v), YwevV.

i=1
(b) Prove that Y1, (v;,v)? = (v,v), Yo € V if and only if {vy,...,v,} is a
basis of V.
Solution

(a) Consider the vector

i=1
Then we have:
n n
0 < (uwu) = (U—Z(qu)vi,v—Z(qu)Uz‘)
i=1 i=1
= (v,v) — 22(1}1-,11)2 + Z (vs,v)(vj,v)(vs,v5)
i=1 ij=1

= (v,v) — Z(Uiav)Z :
i=1
This proves (a).
(b) From the above equation we get:
(v,v) = Z(vi,v)Q if and only if v = Z(vi,v)vi .
i=1 1=1

Hence in this case the vectors {v;,i = 1,...,n} form a basis of V, thus
proving (b).



Problem 3 (pt 15)

(a) Describe the Lie algebra sl2(C) of the Lie group SL2(C) (No proof is re-
quired in this part of the problem).

(b) Consider the adjoint representation of SL2(C) on its Lie algebra sly(C).
Find a non—degenerate, symmetric, bilinear form on sl (C), which is invari-
ant under the action of SLo(C).

(¢) Deduce that there is a group homomorphism

SLa(C) — O5(C) .

Extra Credit (pt 5)
Prove that the kernel of this homomorphism is: {£1} C SLy(C).
Argue that the image of this homomorphism has to be in SO3(C).
Accept (without proving it) that the image is equal to SO3(C), and deduce
that there is a group isomorphism:

SLy(C)/{£1} % 504(C) .

—~
= @
~— N —

Solution
(a) By definition sl2(C) is the collection of matrices A such that det(e’A) =

et THA) = 1, vt € R. Hence:

sla(C) = {A € Matay2(C) | Tr(A) =0} .
(b) It is given by the Killing form:
(A,B) = Tr(A4B) .
It is clearly non degenerate, and it is invariant since:
(PAP~',PBP™') = Tr(PAP 'PBP™') = Tr(AB) = (A,B).

(c) sl3(C) is a three—dimensional vector space over C. Hence the adjoint repre-
sentation of SLo(C) on sla(C) gives a group homomorphism SLy(C) —
GL3(C). Since there is a symmetric invariant bilinear form on slz(C), it
means that the image of this group homomorphism is isomorphic to a sub-
group of O3(C).

(d) Suppose P € Ker(T). We then have:

(ad(P))(A) = PAP™' = A, VA€ sly(C).

In particular:

N R T R T

from which we get b =c =0, d = a~!. Moreover we have:

-1 _|a O 01 a0l _JO 1] _
PAP _[O al][() 0}{0 al] |00 =4,

from which we get a = £1. Hence Ker(ad) = {£T}.

(e) Since SL2(C) is a connected Lie group, since ad(llz) = T3, and since the
function det(ad(P)) on SLy(C) is continuous with values £1, we conclude
that it must be: det(ad(P)) =1, VP € SLy(C). Namely

ad : SLQ((C) — SOg((C) .



(f) Since Ker(ad) = {£1} and Im(ad) = SO3(C), we conclude that
SLy(C)/{£1} = SO5(C) .



Problem 4 (pt 15)

(a) Determine the character table of the symmetric group G = Ss.
Extra Credit (pt 5)
(b) The group G acts on itself by conjugation. Determine the character x of the
associated representation p. (Note: it is not the regular representation).
(¢) Write x as a sum of irreducible characters.
(d) Write the representation p as a direct sum of the irreducible representations

of G.
Solution

(a) There are three conjugacy classes in Ss:
Cr = {e} ; Cp = {<1’273)’ (2’ 1’3)} ; Co= {(LZ): (173)7 (2»3>}’ :

Hence there are three non isomorphic irredicuble representations: p; =
C, p2,p3. By the dimension formula their dimensions satisfy:

dy=1, 1+d5+d3=6.
So the only possibility is do = 1, d3 = 2. The character table will look like:

@ 6

X1 1 1 1
x2| 1 a
X3| 2 v ¢

Since po is one—dimensional, and since = has order 3, we conclude that
a = 1,e%m/3 ¢4mi/3  Similarly, since a has order 2, we conclude that 3 = +1.
By orthogonality condition we have:

0 =< X1LX2> = 1+2a+3/67

which is possible only if & = 1 and f = —1. We can now impose orthogo-
nality conditions to find:

0 = <xi,x3>=2+2y4+34,
0 = <x2,xa3>= 2+2y-36,
which implies v = —1,4 = 0. In conclusion the character table is:

L 2 6

€ x a

yi| 1l 1 1
X211—1




7

(b) Let p be the representation of G = S3 on the space C[G] = &4e¢Cy, defined
by conjugation, and let y be the corresponding character. By definition:

x(e) =
x()

x(a) =

dimp = 6,

Trp(x) = #{g € S3 | zga™! = g}
#{e.(1,2,3),(2,1,3)} = 3,
Trp(a) = #{g € S3 | aga™" =g}
#{e. (1,2)} = 2.

(¢) The coefficients of the linear combination y = Y k;x; can be easily found
by taking inner products: k; =< x,x; >. In conclusion one gets:

X = 3x1+Xx2+Xx3.

(d) By the above result, we immediately get:

p = pPP@p®ps.



Problem 5 (pt 15)

1. Let G be a group with a finite-dimensional representation p on a vector
space V.
(a) Define a ring structure on the space E(V) of all G-invariant linear
transformations T': 'V — V.
(b) What can you say about E(V) if V' is an irreducible representation?
2. Let R be a ring and let M be a module over R.
(a) Define a ring structure on the space E(M) of all module homomor-
phisms T': M — M.
(b) Prove that, if M is irreducible, then every non—zero element T" € E(M)
is invertible.

Solution
1. (a) The ring structure on E(V) is defined as follows:
(T +T2)(v) = Ti(v) + T2(v) , (TiT2)(v) = Ti(T3(v)) -
(b) By Schur’s lemma, if V' is irreducible, then:
E(V) = {\I, AeC} ~ C.
2. (a) The ring structure on E(M) is defined the same way as before:
(T +T3)(v) = Ti(v) + T2(v) , (TiT2)(v) = Ti(T3(v)) -

(b) Both Ker(7T) and Im(7T') are submodules of M. Hence, if M is irre-
ducible, they must be equal to either 0 or to M itself. Moreover, if T
is non—zero, we have Ker(T) # M and Im(T) # 0. In conclusion, we
get Ker(T) = 0 and Im(T") = M, which means that T is a bijection,
hence it is invertible.



Problem 6 (pt 10)

Give a classification of all abelian groups G of order 1000, with the condition that
509 = 0, Vg € G (I am using additive notation for G).

Solution
By Classification of abelian groups, we have:
G = Z/(d)®L/(dr) & DL/ (d) ®L*

where k > 0 and 2 < dy|ds] - - |d,. Since, by assumption, G is finite of order 1000,
we immediately get

k=0 and 1000 = 2°x5° = dids...d, .
Moreover, by the condition that 50g = 0Vg € G, we also get
di |50 = 22x5, Vi=1,...,r.
It is then easy to check that the only possibilities for the d;’s are: d; = dy = d3 = 10,
or di = 2,dy = 10,ds = 50. In conclusion, the classification is as follows:
G = Z/(10)%,
G = Z/(2)®Z/(10)® Z/(50) .
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Problem 7 (pt 15)

Let V be a module over the ring R = Q[t], with generators vy, vy and relations:

v+t = 0,
21—t + (1 -ty = 0.
(a) Find vy € V such that V is generated by vy (Express it in terms of vy and
V.
(b) Find a generator of the ideal I C Q[t] consisting of elements g € Q[t] such
that gvy = 0.

(c) What is the dimension of V' as vector space over Q7
(d) Choose a basis for V over Q and write the matrix for the linear transfor-
mation T'(v) = tv.

Solution

(a) We can use the diagonalization algorithm to get:

e P R P R PR

which gives the following identity:

I R

The module V' is generated by B = [v1, vs], with relations BA = 0. Hence,
using the above identity, V is also generated by B’ = BP = [v + tvg, va],
with relations B’D = 0. Or, equivalently, V is generated by vy = vy, with
relation:

(1—t3)%y = 0.

(b) By the above result, the ideal I is generated by g = (1 — t3)2.

(c) V ~Q[t]/(1 —t*)? is a 6-dimensional vector space over Q.
(d) If we choose the basis vy, tvo, . . ., t7vg, we have the relation

t(t51}0) = —vg + 2t31}0 s

so the matrix of T" becomes:

0 0 00 0 -1

1 0 000 O

01 0 0 0 O

T = 001 0 0 2

0O 0 01 0 O

0 0 0 01 o0
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Problem 8 (pt 10)
Can /7 be constructed by ruler and compass? (Explain your answer)
Solution

Yes, since Q C Q[v7] C Q[v/7] C Q[/7], is a sequence of field extensions of degree
2.
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Problem 9 (pt 10)

Let P(z) € Q[z] be a polynomial with a root @« = a + /mb, where m € Z is
square—free and a,b € Q. Prove or disprove: 8 = a — \/mb is a root of P(x).

Solution

Consider the field extension Q C K = Q[/m]. There is a field automorphism of K
which fixes Q, defined in the following way:

o: Qvml — Qvm]
s+tvm —  s—tym
Since P(z) € Q[z], and since « is a root of P(z), we then get:
0 = o(P(a)) = Plo(a)) = P(B),
which proves that g is also a root of P(x).
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Problem 10 (pt 10)

Determine the number of monic irreducible polynomials of degree 3 over Fs.
Solution

By the theory of field extensions of finite fields, we know that:

@ —w = 11 f@) = J[@-9 11 P(z)

f(z) € Fs[z] i€l P(z) € Fs[z]
monic irred monic irred
of deg d|3 ofd=3

The left hand side is a monic polynomial of degree 125, while the right hand side
is a monic polymonial of degree 5 4+ 3#{monic irred polyn’s of degree 3}. We thus
conclude that

125 -5

= 40.
3

#{monic irred polyn’s of degree 3} =
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Problem 11 (pt 15)

Let Q C K be a splitting field extension for the polynomial ™ — 1.

(a) Find an isomorphism between the Galois group G(K/Q) and the cyclic
group of order ®(n) (Where ®(n) denotes the Euler’s function, namely the
number of integers k = 1,...,n which are relatively prime to n).

(b) Prove that [K : Q] = ®(n).

(¢) Prove that the polynomial ™ — 1 admits the following irreducible factor of
degree ®(n):

P(z) = H (x — e**mi/my ¢ Qla] .

ged(k,n)=1
Solution
(a) The roots of ™ — 1 are ¢, = €2™/™ (2 ...,("~1, so the splitting field is
K = Q[¢n]- The isomorphism is given by:
multiplicative group of all
GE/Q) — { k =<mn — 1 such that ged(k,n) =1
(0: G () = s

(b) It follows from Galois theory that [K : Q] = |G(K/Q)| = @(n).
(c¢) In a Galois extension, the irreducible polynomial P(x) € Q[z] of (, is:

P) = ][] @-0) = ] @@-¢.

ceG(KQ) ged(k,n)=1
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Problem 12 (pt 15)
Consider the polynomial P(z) = 2° — 2 € Q[z].
(a) What are the five complex roots of P(z)?
(b) Let K be the splitting field for P(z) over Q. Determine the degree of K
over Q.
(c) Suppose g(z) € Q[z] is a polynomial irreducible of degree 4, with all its
roots in K. What is the degree of the splitting field for g(z) over Q?

Solution

(a) The roots of P(z) are ¥/2, V/2(s5, /22, vV/2¢2, /2¢4, where (5 = €2™/5.
(b) The splitting field K is obtained as follows
Q c Q[V2 c QV2.Gl=K.

The first extension is of degree 5, and the second extension is of degree 4.
Hence, by tower law, K has degree 20 over Q.

(c) Let ay,as,as,ay be the roots of g(x), and let L be the splitting field of
g(z). The field L is obtained as follows:

Q c Q] ¢ -+ € Qar,a,a3,a4] = L.
Hence, by tower law,
[L:Q] = [Qlad] : Q[Qan, az) : Qlent]] -+ - [L : Qfovy, g, as]] -
Since g(x) is irreducible of degree 4, we have [Q[a1] : Q] = 4 and [Q[a, o] :
Qlaq]],- -, [L : Qag, ag, as]] < 3. Moreover, we have Q € L C K, hence
by tower law
[L:Q|[K:Q=20=4x5.
It then follows that [L : Q] = 4.



