1 Section 6.3

1.1 Problem 3

To find 7™, we merely need to write down the matrix of 7" (in the first two cases with
respect to the standard basis) and find its conjugate transpose.

1.1.1  (a)

T*(x) = (11,—12)

1.1.2  (b)
T*(x) = (5 +i,—1 — 3i)

1.1.3  (c)

It is easy to check using the given inner product that {1/2/2,tv/6/2} is an orthonormal
basis for P;(R) and the matrix for 7" with respect to this basis is:

b %]

and so T*(f(t)) = 12 + 6t.

1.2 Problem 6

For all x,y,

< Uz,y >=< (T 4+ T%)z,y >=< Tx,y > + < Trz,y >=< z,T*y > + <
x, Ty >=<z,(T+T*)y >=< z, U1y >= U; = U;.

<Ugz,y >=<T(T")x(,y >=<T*z, T*y >=< z,T(T"y) >=< z,Usy >= Uy =
U,

1.3 Problem 11

For allv eV
0=<T*Tv,v>=<Tv, Tv>=Tv=0Wv eV =T="1T,.
The second part follows from the obvious equality T*T = TT*.

1.4 Problem 15
1.4.1 (a)

Assume S and R are adjoints for 7. Then < z,S(y) >1=< z, R(y) >1>Vez € V,y €
W and so by taking inner products with the standard basis, we have R(y) = S(y)Vy €
W which shows R = S.



Let S =T*xz € V,y,z € W and note < x,S(cy + 2z) >=< Tx,cy + z >= ¢ <
x,Sy > + < x,5z > linearity and the adjoint relationship. Since this is true for all
x € V by taking the inner product with an orthonormal basis we have S(cy + z) =

cS(y) + S(z) = S is linear.

1.4.2 (b)

Let 3 = {bi} be a basis for V, v = {g;} a basis for W, A = [T}, and B = [T*]7.
T(b;) =221 < T(bj),9i > gi so Ayj =< T(b;), 9: >

1.4.3 (c)

Using the notation of the previous problem, it suffices to show rank B = rank A.
Since B = A*, by the equivalence of column rank and row rank it suffices to show
that for an arbitrary set of vectors {z;} that dim (span {z;})= dim (span {z;}).
Write the last k& vectors as linear combinations of the first n, and then it is easy to
check that the first n of the {z;} are linearly independent and span the last k.

2 Section 6.7

2.1 Problem 3
2.1.1 (a)

3 3
Ax A= [3 3]

It is easy to check that the eigenvalues of A*A are \; = 6, Ay = 0 with orthonormal
eigenvectors v; = (v/2/2,v/2/2)" and vy, = (v/2/2,—v/2/2)t. So the only nonzero
singular value is 07 = v/6 and we have that V = (v, v5) and

\/_ 0

Y = 0
O 0
As in Theorem 6.27, take u; = (1/01)La(v1) = (v/3/3)(1,1,—1)¢ and choose

vectors up = (v/2/2)(1,—1,0)" and us = (v/6/6)(1,1,2)*

so that {u;} is an orthonormal basis. Let U = (uy,us,u3) and then by matrix
multiplication, A = UXV.
2.1.2  (b)

Similar to (a)



2.2 Problem 9

Define o,, = 0Vn > r

2.21 (a)

< T*(U,L'),Uj >=< Ui,T<Uj) >=< U, OjU; >= 61’]’ SO T*(Ul) = Z?:l < T*(ui),vj >
v; = 00, = TT*(u;) = o2u; as desired.

2.2.2  (b)

This follows easily from combining Theorem 6.27 and part (a) to show that the sigma;
of (a) are the singular values of A.

2.2.3  (c)

From 6.26 and (a), these eigenvalues are both equal to the oZ.

2.2.4 (d)

A*A and AA* have the same eigenvalues. This follows because the eigenvalues of a
matrix are equal to those of the linear transformation.

2.3 Problem 17

For this problem ONLY, represent the dagger symbol by * w.r.t the standard basis, let
A =[U]|,B =[T]. Then AB = [UT] and so we can solve (a) and (b) simultaneously
by showing (AB)* # B*A*. Finding these matrices we have:

o <[y [y -1

2.4 Problem 21

2.41 (a)

Take x € N(T)* with T(z) =y. Then TT'T(z) = TT'(y) = T(x). But if x € N(T)
then TT'T(x) =TT(0) =0 =T(z). SoTT'T =T.

2.4.2 (b)

Take y € R(T) with T(z) = y. Then T'TT'(y) = T'T(x) = T'(y) and if y € R(T)*
then T'TT (y) = TTT(0) =0 = T'(y)



2.4.3 (c)

Let # and v be the orthonormal bases for V' and W respectively that come from the
splittings V' = N(T)* & N(T) and W = R(T)* @ R(T). Then [T'T)s and [TT"],
each have the form I, @ 0 for some 7, k and are diagonal; therefore 77T and TT" are
self-adjoint.

2.5 Problem 22

It is sufficient to show that UT(z) = aVx € N(T)* and U(y) = 0Vy (T)L

(1): let z € N(T') and then < UT(z),z >=< z,(UT)*(z) >=<x T(z) >=<
2,0 >= 0 shows UT(x) € N(T)*Vx € V. Then TUT( ) =T(z) = x
because if y € N(T)* and T'(y) = T(z) it is easy to check that y = .

(2): let y € R(T)* and then < TU(y), T(z) >=<y, (TU)*(T(z)) >=<y,TUT (x) >=

y,T(z) >=0 = TU(y) = 0 because it is in R(T") so then we have U(y) € N(T).
But if x € N(T) then < U(y),UT(x) >=< U(y),U(0) >= 0 and also equals
< (UT)*U(y),z >=<Ul(y),z >=U(y) € N(T)*= = U(y) = 0.

<



