Math 119 Partial differential equations and Applications
Take Home Midterm: October 27, 2005 - November 3, 2005 Robert Strain

Problem 1 A function v :  — R is said to be subharmonic if
—Au <0in €.
If O C R? is an open connected set, prove the following:
(a) wu satisfies the maximum principle: maxg u = maxgg u.

(b) For every open ball B(z,r) C €2, u satisfies the following mean value inequality

1
< .
< ot e H0)SW)

(c) Suppose v : Q — R. Say B(x,r) C Q and

u(x)

Av = 0in B(z,r),

v = won dB(z,T),
Prove u < v in B(x,r).
This is a comparison theorem; similar theorems for other partial differential equations.
Problem 2 Let u(z,t) solve the wave equation on R3,
Ou = uy — Au =0,

with smooth initial conditions u(z,0) = 0, us(x,0) = h(x). Suppose that h is zero outside
the ball B(0, €) of radius € about the origin, and |h(x)| < M for all x. Show that, for ¢t > 0,

lu(z,t)] < Me/(c*t).
Problem 3

(a) Show that in 3 dimensions the general solution of the wave equation Ou = 0 with
spherical symmetry about the origin, i.e. u(x,t) = u(r,t) with r = |z|, has the form
F(r+ct)+ G(r —ct)

u(r,t) = . )

for suitable F, G.



(b) Show that the solution with initial data of the form
U(ZL‘, 0) = 07 Ut(fE, 0) = g(r)
(g an even function of r) is given by

wrty =5 [ " g, 1)

ZCT r—ct

(c) For

(r) = 1 for0<r<a,
INT=Y0 forr>a.

find u explicitly from (1) in the different regions bounded by the cones r = a + ¢t
in (x,t)-space. Show that wu is discontinuous at (0,a/c), (due to the focussing of the
discontinuity of u; at t =0, |z| = a).

Problem 4 The Landau equation from plasma physics can be written as

Lo =2 g [t {02 e bar o
b

Above the 3 x 3 matrix b = (b;;) is given by

1 V; U
o= (- 32)

The Landau equation can be re-written in the form

Z 6 av +cf (3)

3,j=1

0%b;; (v—v*)
( ) Showthat Zzg 18;—8@;‘_0

(b) Assume the solution to the first form of the Landau equation (2) is sufficiently smooth.
Derive the second form of the Landau equation (3) from (2).

(c) What is the matrix a;;(f(¢,v))?
(d) What is the constant ¢?

[Although currently the existence of smooth solutions to this Landau equation is unknown,
the second equation is believed to be easier to work with. And a proof of existence of smooth
solutions to the second form would imply existence of smooth solutions to the first form.]



