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Problem Set 7

Math 118: Dynamical Systems

Matthew Leingang, CA

m Initialization Cells

In[1]:= << G aphics'PlotField

m 1. For each of the following functions v : IR? - R?, find the fixed points

of %(X ) = V(X ) determine their stability, sketch.
y y

@)= (%))

Inf[2]:= V[{X_, Y_3}] :=
{X"3 -y, xX+Vy}

First, we drawthevectorfield.
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In[3]:= PlotVectorField[v[{Xx, Yy}, {x, -1, 1},

{y, -1, 1}]
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Qut[3]= = Gaphics -

Basedon this diagramiit lookslike we havea singlerepellingfocus(afocus is afixed pointwherenearbypointsspiralout).
In[4]:= Solve[v[{X, Y}] == {0, 0}, {X, V}]

Qut[4]= {({y-0, x>0}, {y>-1, x->1}, {y->1, x->-1}}

In[5]:= fixedpoint =% [1]]

Qut[5]= {y—->0, x>0}

DIV [{X, y}I1[[111, x] DIV[{X, Y}I[[1]1], Y]
| 6]:= Dv =
nLe] (bvix y1112)1, x1 P, v311i211, v1)

aut[6]= {{3x2, -1}, {1, 1}}
In[7]:= Dvp =%/. fixedpoint
Qut[7]1= {{0, -1}, {1, 1}}
In[8]:= Eigenval ues[%
aut[sl= {(-1)*3, - (-1)%3)
In[9]:= N[%

Qut[9]= {0.5+0.8660251, 0.5 0.8660251 }

Sincetheseeigenvaluesrecomplex,we seespiraling. Sincethereal partsarepositive,we spiralaway.
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=)= (31))

In[10]:= V[{X_, y_}1 1=
{Sinlyl, x+y}

First, we drawthevectorfield.

In[11]:= PlotVectorField[v[{X, y}], {X, -2Pi, 2Pi }, {y, -2Pi, 2Pi}]
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Qut[11]= = Graphics =

Let's geta closerlook.
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In[12]:= PlotVectorField[v[{x, Y}], {x, -1, 1}, {y, -1, 1}]
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Qut[12]= = Graphics =

In[13]:= PlotVectorField[v[{x, y}], {X, m-
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Qut[13]= =Graphics -

0
To solvev( ;) = ( 0 ) we seethaty mustbea multiple of 7, andx mustbethe oppositeof y.
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DIVI{x, y}I1[[11], x] DIvI{x, y}I[I[1]], YJ)
DIVI{x, y}1[[2]1], x] DIvVI{x, y}1[[2]], Y]

Qt[14]= {{0, Cos[y]}, {1, 1}}

In[14] : = Dv:(

In[15]:= %/. {y ->0, x->0}

Qut[15]= {{0, 13}, {1, 1}}

In[16]:= Ei genval ues[%

af1s]= {3 (1-v5), 5 (1+V5))
In[17]:= N[%

Qut[17]= {-0.618034, 1.61803)

Soatthefixed point (0,0),we seea saddle.
In[18]:= Dv /. {y ->m, X -> -7}

Qut[18]= {{0, -1}, {1, 1}}

In[19]: = Ei genval ues[%
ut[19]= {(-1)Y3, - (-1)%7)
In[20]:= N[%

Qut[20]= {0.5+0.8660251, 0.5-0.8660251 }

And at (r,—), we seearepellingfocus. Sincesinis periodicmodulo2r, we havedescribedll thefixed points.
X 3y — &*

=0v(y)= (5} )
y 2X -y

Inf[21]:= V[{X_, y_}] :=
{Sy_exr 2X_y}

First, we drawthevectorfield.
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In[22]:= PlotVectorField[v[{X, Y}], {x, O, 3}, {y, 0, 3}]
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Qut[22]= =G aphics -

Basedon this diagramiit lookslike we havea saddlenode.

In[23]:= SOlve[ZX—y == O, y]

Qut[23]= {{y->2x}}

In[24]:= Solve[6Xx - & == 0, X]
I nverseFunction::ifun :
Warni ng: I nverse functions are being used. Values may be lost for nultival ued inverses.
Solve::ifun: Inverse functions are being used by Solve, so sone solutions may not be found.

1 1
Qut[24] = {{X—)—PI’OdUCtLOg[—g]}, {XQ—ProductLog[—l, _KH}

Okay,sothatdoesn’twork. We haveto beclever. Let’s graphthefunction.
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In[25]:= Plot [6Xx - Exp[x], {X, 0, 3}]

Qut[25]= =Graphics -

Therearetheonly rootsof thefunction,asa simpleRolle’stheorentestwill tell you. We canuseFi ndRoot to getthese
rootsmoreprecisely. Fi ndRoot justdoesNewton’smethod!

In[26]:= sol 1l =FindRoot [6Xx == Exp[x], {X, 0}]
Qut[26]= {xX > 0.204481}
In[27]:= sol 2 = Fi ndRoot [6 X == Exp[X], {X, 3}]

Qut[27]= {x - 2.83315)

In[28]:= Dv = (D[V[{Xv Y}I00111, x1 DIVI{x, y}I[[1]], y])

DIVI{x, y}1[[2]], x] DIvVI{x, y}1[I[2]], ¥]
aut[28]= {{-E, 3}, {2, -1}}

In[29]:= Eigenval ues[Dv]
Qut[29] = {; (-1-B -V25-2FEx + E2x ), %(*l*EX+\/2572EX+E2X)}
1 1
In[30]:= Plot[{?(—1—EX—V25—2EX+E2X), ?(—1—EX+\/25—2EX+E2X)}, {x, 0, 3}]

—_
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Qut[30]= =Graphics -
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It lookslike for thesmallerroot of &* = 6 x, we haveonepositiveandonenegativeeigenvalueandis hencea hyperbolic
repellingpoint. Thelargeronehastwo negativeeigenvaluesandis henceanattractor. We canalsodo this numerically.

In[31]:= Dv /. sol1l
Qut[31]= {{-1.22689, 3}, {2, -1}}
In[32]:= Eigenval ues[%
Qut[32]= {-3.56556, 1.33867}
In[33]:= Dv /. sol?2
Qut[33]= {{-16.9989, 3}, {2, -1}}
In[34]: = Ei genval ues[%
Qut[34]= {-17.3655, -0.633375}
Now thatwe know the locationsof theseroots,we canzoomin onthemin our plots.
In[35]:= x0 = x /. sol 1
Qut[35]= 0.204481

In[36]:= PlotVectorField[v[{x, y}],
{Xx, x0 -1/2, x0+1/2},
{y, 2x0-1/72, 2x0+ 1/2}]
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Qut[36]= =G aphics -
In[37]:= X0 = x /. sol 2

Qut[37]= 2.83315
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In[38]:= PlotVectorField[v[{X, Y}],

{X, X0 -1/4, x0+1/4},

{y, 2x0-1/4, 2x0+ 1/4}]

e N

- = e

Qut[38]= =G aphics -

2
=@v(})= (0L

In[39]:= V[{X_, y_}1] :=
{2X+y, X+Vy}

First, we drawthevectorfield.

-

-
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In[40]:= PlotVectorField[v[{x, Y}], {x, -1, 1}, {y, -1, 1}]
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Qut[40]= =G aphics -

Basedon this diagramiit lookslike thefixed pointis repellingin all directions.
Inf41]:= Solve[v[{x, y}] == {0, 0}, {X, y}]

Qut[41]= {{Xx >0, y->01}}

In[42]:= fixedpoint =% [1]]

Qut[42]= {x->0, y->0}

DIV{X, y}I1[[11]. x] DV[{X, Y}I[[1]], V]
| 43]:= Dv =
"t 43] (bviex y1112)1, x1 PWvLE. v31L1i211, v1)

Qut[43]1= {{2, 1}, {1, 1}}

In[44]:= Dvp =%/. fixedpoi nt

Qut[44]= {{2, 1}, {1, 1}}
In[45]: = Ei genval ues[%
aut(4s]= {5 (3-5), 5 (3+v5))

In[46]:= N[%

Qut[46]= (0.381966, 2.61803)

Both eigenvaluesrerealandpositive,sowe seearepellingin all directions.
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m 2. Use a Lyapunov function to show that (
y2 —X — 1)
-xy -y )

First, let’s plot thevectorfield.

d (X
dt y

In[47]:

I n[ 48] :

)=

VI{x_ y_}]
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Qut[48]= =Graphics -

In[49]: = Dv=(

Qut[49]= {{-1, 2y},

{7y1

t= {y?-x-1, -xy -y}

Pl ot VectorField[v[{X, y}I, {X, -2,

DIvI{x, y}I1[[11]1, x] DIvI{x,
DIvI{x, y}1[[2]1]1, x] DIvI[{x,

-1-x1}}

In[50]:= %/. {Xx->-1, y ->0}

Qut[50]= {{-1, 0},

{0, 0}}

O}, {yv _11 1}]

A
\\\‘¢

v
*rllf

Y111, y])
YIILI211, y]

1) Is a stable fixed point for

Ah, thisis trouble. We don’t knowwhatto doif we haveaneigenvaluesqualto zero. Linearizingthe systemis notan

option.

But if we noticethattheexpressioni v arenoworsethanquadraticwe canguessat a Lyapunovfunction.

In[51]:= L[{X_, Y_}1 :=

X+1)"2 + yh2



s0l7.nb

12

In[52]:= L[{-1, 0}]

aut[52]= 0

In[53]:= lya=Plot3D[L[{x, Y}], {Xx, -2, 0}, {y, -1, 13},
Mesh -> Fal se]

Qut[53]= = SurfaceG aphics -

Let's takethetime derivativeof L alonganintegralcurveof v.
In[54]:= Dt [L[{X, Y}, t]

Qut[54]= 2 (L+x)Dt[x, t]+2yDt][y, t]

In[55]:= %/. {Dt[x, t]->y"2 -x-1, D[y, t]->-Xy -Vy}
QUt[55]= 2y (-y -Xy) +2 (L+X) (-1 -x+y?)
In[56]:= Sinplify[%

Qut[56]= -2 (1+x)?
Aha! Thisis alwaysnegative. Sowe do havea Lyapunovfunction.

In[57]:= icpts =Tabl e[
{-1, 0} + {Cos[e], Sin[e]},
{ey Oy 2“1 "/8}]

aut[57]= {{0, 0}, {-1+Cos[g ] Sin[g]|} {-1+ ! 1o [%], Sin[38l]}, (-1, 1},

n

V2" N2
{—1+Q)S[58—7T], Sin[sT]} {-1 % %}’ {- 1+Cos[%], Sin[%T b {-2, 0},
{(-1+cos[ 1], sin[ 3]}, (1 % b (e cos [T sin[2F ) o1 -1,
{71+005[13;3”], Sin[138 1} {71+\/1E 7%}, { 1+Cos[158"] s|n[1%"}}, {0, 03}
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In[58]:= N[icpts]

Qut [ 58] =

In[59]:=

Qut[59] =

{
{
{
{

1.,
1.9
0.6

sol ns =

Map [NDSol ve[{x’ [t] == y[t]"2 - x[t] - 1,

y'[t]

{XI[tl], y[tl},

{{0, 0},
1.3,

(-0. 0761205,
(-1.38268, 0.92388),
2388, -0.382683),
17317, -0.92388],

(111,
[[211},
{t, o,

0. 382683},

X[t ]y[t] -y[tl,

1003,

StartingSt epSi ze -> 0. 001,
MaxSt epSi ze -> 0. 005,
Max St eps -> »]&,

N[i cpts]]

{{{
{{
{{

—~
—~

X
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X
y
X
y
X
y
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X
y
X
y
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X
y
X
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X
y

- Interpol ati
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- Interpol ati
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- Interpolati
- Interpol ati
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- I nterpol ati
- Interpol ati

ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFunction
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFunction
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
ngFuncti on
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ngFuncti on
ngFuncti on
ngFuncti on
ngFunction
ngFuncti on

e R e R N N L L e T L L L L e e R R R L Lt e L R R R R N R R N R Xacn)
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COOLOOOOO00000000000000000O00000000

100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
100.
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100.
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100.
100.
100.
100.
100.
100.
100.
100.
100.
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100.
100.
100.
100.
100.
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100.
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100.

(-0.292893, 0.707107},
{-1.70711, 0.707107},
(-1.70711, -0.707107},
{-0.292893, -0.707107},

<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t7],
<>][t]}},
<>][t],
<>][t]}},
<>][t7],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t7],
<>][t]}},
<>][t],
<>][t]}},
<>][t],
<>][t]}},
<>][t7],
<>][t]}}}

(-0.617317, 0.92388},
(-1.92388, 0.382683},
(-1.38268, -0.92388),
(-0.0761205, -0. 382683},

(-
{(-1., -1
{0, O

2.
by
}

» 0},
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In[60]:= ParanetricPlot [
Eval vuate[{x[t], y[t]1} /. Flatten[sol ns, 1]], {t, 0, 503},
Pl ot Range -> Al | ,
Axes -> Fal se, Frane -> True]

1

0.5

-2 -1.5 -1 -0.5 0

Qut[60]= =G aphics =

In[61]:= curves = Paranetri cPl ot 3D[
Evaluate[{x[t], y[t], L[{x[t], Y[t1}1} /.
Flatten[sol ns, 171,
{t, 0, 50},
Pl ot Range -> Al | ]

Qut[61] = =- Graphi cs3D-
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In[62]:= Show[curves, |ya,
Vi ewPoi nt -> {0. 754, -1.392, 2.990}]

Qut[62] = - G aphics3D-

Thisis anattemptat drawingtheintegralcurvesof v onthe graphof thefunctionL. You canseeit movetowardsthe
minimum.

m 3. Apply the Picard Iteration to solve ‘:j—’t‘ =1 + x? with x(0) = 0. Show

that after three Picard iterations, the result agrees with the true solutions
for terms of degree five or less in t. Can the solution to this equation be
continued for all time?

For Picarditeration,we havetheequationf’j—)t‘ = f(x), where
In[63]:= f[x_] :=1+x"2

The algorithmis to iteratethe map
t

In[64]:= Pic[u_, x_, t_] := X+J flulc]]ldrzc
0

We canlet ugbe the constanfunctionzero.

In[65]:= Pic[0& O, t]

Qut[65] = t

Thenapparently, is theindentity function.
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In[66]:= Pic[ldentity, O, t]
t3
QUE[66]= t + 5

We seea powerseriesin t developing.

3
In[67]:= Pic[Function]t, t +t?], 0, t]

25 7
15 63

t3
QE[67]= t + 5+
Now let's comparehis to theanalyticanswer. Mathematica knowshowto find the solution.
In[68]:= DSolve[x [t] ==1 + X[t]"2, X, t]
Qut[68]= {{x > (Tan[#1 +C[1]]&)}}
In[69]:= (x /. First[%) [t]

Qut[69]= Tan[t +C[1]]
Or, we canjust useseparationsf variables.

—=1+x
dt

dx B
1+ x2

Integratingbothsides,

dx

Jioe=fa

tanl(X) =t +c

X = tan(t + ¢).
For us,theconstant = 0 will do. In anycase,
In[70]:= Series[Tan[t], {t, 0, 5}]
t3  2t°
3

+ S—+O[t)°

Qt[70]= t + T

Sowe seethatthetwo expressionagreeup to orderfive.

Notethatast approaches:, x(t) "blows up." Sowe cannotusethisto find a solutionfor all time.
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m Show that ‘3—1‘ = 3x?%2and x(0) = 0 has infinitely many solutions given by
© { 0 t<c

X =
¢ t-c)2® t=c
satisfy a Lipschitz condition?

where ¢ > 0is any constant. Does f(x) = x?/3

This problemis completelytheoreticalput| don't feellike TeX-ingup aseparatesheet. Thatx = f(X) is satisfiedby all
solutionsx. aboveis clearexceptatthepointc. Butthatpointis okaysince

lim x(t) = lim3(t-c? = 0 = lim x(t)
x-c* toc* toc

In[71]:= Plot [(x"2)"~ (1/3), {xX, -1, 1}]
1

0.8
0.6
0.4

0.\2

-1 -0.5 0.5 1

Qut[71]= =G aphics -

Now f hadbetternot satisfya Lipschitzconditionbecause¢henwe would havea uniquesolution. Supposet did. Thatis,
supposdhereexistsM suchthat|f(x) — f(y)| <= M|x—y|. Noticethatf isincreasingpn[0, o) anddifferentiableon
(0, ), andin thisregionf’ (x) = £ x ¥, Foranyx andy with0< x <y, we have

MzM:f' (z)
X -y

for somez betweerthem. But if welet x andy tendto zero,thensomustz, and
This contradictghe existenceof M.

m 5. Exponentiate and sketch phase portraits for % X = AX. Which are
hyperbolic?

All of thesewill turnoutto be hyperbolic. Theoneyou makeup maynotbe.
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-1 -3
m (a A:( )
(@ 0 2
In[72]:= A = {{-1, -3}, {0, 2}}
aut[72]= {{-1, -3}, {0, 2}}

Hereis a nice Mathematica linearalgebrafunction.

In[73]:= {S, J} =JordanDeconposition[A]

O'It[73]= {{{11 71}1 {0, 1}}‘ {{711 0}, {01 2}}}

In[74]:= MatrixForm/e %
(o 1) [0 2N

In[75]:= S. J. I nverse[S]

out [ 74]

ut[75]= {{-1, -3}, {0, 2}}

Soourmatrix A is diagonalizablevith onepositiveandonenegativeeigenvalue.Hencethereoughtto be a saddlepoint.
To computee™, we caneitherusethe Jordan decompositior{sincewe know how to exponentiata diagonalmatrix):
In[76]:= MatrixExp[Jt]

Qut[76]= {{E', 0}, {0, E2'}}

In[77]:= S. %. | nverse[S]

Qut[77]= {{E', E' - E2'}, (0, E2'})

In[78]:= % // MatrixForm

Qut] 78| // \Matri xFor m=
E—t E—t _ E2t
0 EZt

Or we candoit immediately.
In[79]:= Matri xExp[At]
Qut[79]= {{E', -E*' (-1+E3')}, {0, E®'}}

In[80]:= Table[Matri xExp[At]. {Cos[e], Sin[e]},
{6, 0, 2x, w/16}1;
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In[81]:= ParanetricPl ot [Eval uate[

Tabl e[Matri xExp[At]. {Cos[6], Sin[e]},

{6, 0, 2mx, m/16}1],

{t1 _31 3}1

Frane -> True, Axes -> Fal se,

Pl ot Range -> {{-2, 2}, {-2, 2}},
AspectRati o -> 1]

2
1.5
1
0.5
0
-0.5
-1
-1.5
-1.5-1-0.50 0.5 1 1.5 2
Qut[81]= =G aphics -

Soit is asaddlenode.

JOLSIFY
In[82]:= A= (g _31)

at[82]= {{2, 3}, {0, -1}}

Again, we predicta saddlepoint.
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In[83]:= ParanetricPl ot [Eval uate[
Tabl e[Matri xExp[At]. {Cos[6], Sin[e]},
{6, 0, 2x x/16}11,
{t, -3, 33,
Frane -> True, Axes -> Fal se,
Pl ot Range -> {{-2, 2}, {-2, 2}},
AspectRati o -> 1]

-1.5 -1 -0.5 0 0.5 1 1.5 2

Qut[83]= =Graphics -

" (C)A:(_ll :1)

Notice thatthis matrix representhe complexnumber-1 —i, sowe shouldseeanattractingfocus.

T )

Qut[84]= {{-1, -1}, {1, -1}}

In[84]:= A = (
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In[85]:=

Qut [ 85] =

Par anetri cPl ot [Eval uate[
Tabl e[Matri xExp[At]. {Cos[6], Sin[e]},
{6, 0, 2x x/16}11,
{t, -3, 33,
Frane -> True, Axes -> Fal se,
Pl ot Range -> {{-2, 2}, {-2, 2}},
AspectRati o -> 1]

-1.5-1-0.5 0 0.5 1 1.5 2

- Graphics -

2 3 0

n(d)A=|0 -1 0

In[86]:=

Qut [ 86] =

In[87]:=

Qut[87] =

In[88]:=

out [ 88] =

In[89]:=

Qut[89] =

0O 0 -1

0 -1 O
0O 0 -1

{{2, 3, 0}, {0, -1, 0}, {0, O, -1}}

2 3 0
A- ]

{S, J} = JordanDeconposi ti on[A]

{{{0, -1, 13, {0, 1, O}, {1, O, O}, {{-1, O, O}, (O, -1, O}, {O, O, 2}}}

Mat ri xForm/e %

0 -1 1 -1 .0 0
{fo 1 0,0 -10
1 00 0 0 2

Matri xExp[At ]

{{E?', E' (-1+E8%), 0}, {0, E', 0}, {0, O, E'}}
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In[90]:= ParanetricPl ot 3D[Eval uate[
Flatten[Tabl e[Mat ri XxExp[At]. {Cos[¢] Cos[©], Cos[¢] Sin[e], Sin[¢]},
{6, 0, 2x, n/4}, {¢, 0, 2x, 7w/ 4}], 111,
{t, -5, 53,
Pl ot Range -> {{-2, 2}, {-2, 2}, {-2, 2}},
AspectRatio->1]

Qut[90] = = Graphi cs3D-

In[91]:= {A, e} = Ei gensyst em[A]

Qut[91]= {{-1, -1, 2}, {{0, O, 1}, {-1, 1, O}, {1, O, O}}}

This is hyperbolic,too. Theexpandinglirectionof the systemis the eigenvectofor thelone positiveeigenvalue:e; = e .



