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Problem Set 4:Bifurcations

Math 118—-—-Dyamical Systems

Matthew Leingang, Course Assistant

m Theory

We areconcernedvith familiesF(u,x) of mapsof therealline. We assumehatF(0,0)=0is afixed pointfor Fo:

Inf1]:= zero= {u->0, x ->0}

fixedpoi nt = {F[0, 0] -> 0}

Qt[1]= {g->0, x>0}

Qut[2]= {(F[0, 0] -0}

For a bifurcationto happenthereis first the conditionthatthefixed pointis nonhyperbolic, i.e, thatthe absolutevalueof
the derivativeat thefixed pointis plusor minusone.

In(3]:= @a[F_1[u_, X_]:=

Derivative[0, 1][F][u, X]

= Fold Bifurcations

In[4]:
Qut [ 4]

In[5]:

In[6]:

In[7]:
In[8]:

Qut [ 8]

In[9]:

tangent = {Derivative[O, 1][F][0, O] -> 1}
(FOL 10, 0] >1}

sb[F_J[u_, x_]1:=
Derivative[0, 2] [F][u, X]

General ::spelll:
Possi bl e spelling error: new synbol nanme "@b" is simlar to existing synbol "®a".

gC[F_][u_, x_]1:=
Derivative[l, O] [F][u, X]

Ceneral ::spell :
Possi bl e spelling error: new synbol name "&c" is sinmilar to existing synbols {3a, @b}.

Plu_, x_1 := F[u, X1 - X
P[0, 0]

F[0, 0]

%/. fixedpoint

ut[9]= 0
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In[10]:= Derivative[l, 0][P][0, 0]
aut[10]= F10 [0, 0]

Thatthisis nonzeras preciselycondition(c). Sowe cansolveP(u(x), x) = 0 for u afunctionof x in aneighborhooaf the
origin. Furthermore,

In[11]:= Sol ve[Dt [P[u, X], X] == 0, Dt [u, X]]

-1 +F<0’l) [/,l, XJ }}

Qut[11]= {{Dt [i1, X] > -~ [, X]

In[12]:= nondeg = %[ [1]]

~1+FOL 4 x] )

it[12]= {Dt [p, x] > - FTO T, X

-1+ FOD u x]
In[13]: = /. zero
FLO [, x]

-1+FO L0, 0]
F.0) [0, 0]

out[13] =

In[14]:= %//. fixedpoi nt
%//. tangent

-1+FO 110, 0]

Qut[14] =

FT0 [0, 0]
Qut[15]= O
- (0, 1)
In{16]:= D[ 1+FP7 7w X1 ]
FQO [, Xx]
Qut[ 16] = F(©0.2) [, X] - (,1+|:(0,1) (L, X]) E(@1) [ X]

FLO [, x] F(Lo [y, x]°

In[17]:= %/. zero
%/ /. fixedpoint
%//. tangent

F©.2 [0, 0] (-1+FOY 0, 0]) F&1 [0, 0]

Qut[17] = FLO [0 0] F(L.0) [0, 0]2
_ E0.2[0, 0] (-1+F©1 [0, 0])FL1 [0, 0]
Qtl181= o0, 0] - P01 [0, 017
F©.2) 10, 0]
Qt191= Eao70, 0]

And thisis nonzeraby conditions(b) and(c). Soin aneighborhoof 0, u(x) lookslike a parabolagiving two fixed points
on onesideof u=0 andnoneon theother.

Nowconsiderthefunction% (u (x), X). Wecandifferentiatethis functionwith respecto x andget
In[20]:= Dt [D[F[u, X1, X1, X]

ut[20]= F©2 (4, x]+Dt [p, x] FEY 4, x]
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In[21]:= %/. nondeg

- E0.2) (14 FOY T, x]) FED [, x]
Qut [ 21] F [k, X] FLO) [, X]
In[22]:= %/. zeroO

_ E(0,2) _ (-1+F©@D70, 0]) F&D [0, 0]
Qut[22]= F [0, 0] FL.07 0. 0]
In[23]:= %/. tangent

Qut[23]= F©2 [0, 0]

By assumptior{b), thisthingis nonzerosog—z (u (X), x) ismonotondn aneighborhoof theorigin while

£ (0, 0) = 1. Thissaysthatonefixed pointhasmultiplier <1 andonehasmultiplier > 1. This completeghe proof of
Proposition2.2.1.

Let's testit: We know experimentally(seeSection6.1 of Devaney}hatthe family

In[24]:= Q[Cc_, X_] := X"2 + ¢C

hasa saddle—nodéifurcationat c=1/4,x=1/2.

In[25]:= {®a[Q][c, XI,
sb[Q] [, X],
ac [Q] [c, X1}

Qut[25]= {2X, 2, 1}

In[26]:= %/. {c->1/4, x->1/2}

out[26]= {1, 2, 1}

= Period—-Doubling Bifurcations
In[27]:= orthogonal = {Derivative[O0, 1][F] [0, 0] -> -1}

aut[27]= {F®Y [0, 0] » -1}

In[28]:= A[u_] = D[F[x, x], X]

In[29]:= Dt [A[u], u]

Qut[29]= Dt [x, u] FO®? [, x] +F®&Y (4, x]
We wantto find A’ (0).

In[30]:= Solve[
Dt [F[u, X] - X, pu] ==0, Dt [x, u]]

F(l,O) , X
Qut[30]= {{Dt [x, u] > - _1+|:<o,£él[u,1x} H
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In[31]:= Wb/. W [1]]

FO.2) r,, x] F&0 , X (1,1)
out[31= - _1[liF<0},l> = )[(L]l L LR [ x

In[32]:= %/. zero
%/. orthogonal

F©.2 10, 0]FX% [0, 0 (
Qi[sz]= - —].[+F(0J,l> [0, é] } +F®1 0, 0]

1

Qut[33]= F©.2 10, 0] F%% [0, 0] + FL1 [0, 0]

Sothisis Sternberg’sondition(e): thatthing abovemustbe positive. Let’s codeit into anoperator.

In[34]:= se[F_J[u_, x_]:=
(1/2) Derivative[0, 2] [F][u, X] =*
Derivative[O, 1][F][u, X] +
Derivativel[l, 1][F][u, X]

Ceneral ::spell :
Possi bl e spelling error: new synbol nane "@e" is simlar to existing synbols {®a, @b, &c}.

Finally, we havea conditionon thethird derivativeof F. Looking atthe proof, we createa function

In[35]:= H[u , x 1:=F[u, Flu, X]] - X

Noticethat
In[36]:= H[O, 0]

%/ /. fixedpoint
Qut[36]= F[0, F[0, 0]]
Qut[37]= 0

In[38]:= D[H[u, X1, X]
%/. zero
%/ /. fixedpoint
%/ /. orthogonal

Qut[38]= -1+FOD [y x] FOY [ Flu, x]]
aut[39]= -1+F©®Y [0, 0] F®1Y [0, F[O, 0]]

Qut[40]= -1+F©1 [0, 01°

Qut[41]= O
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In[42]:= D[H[u, X1, {X, 2}]

%/. zero
%/ /. fixedpoint
%/ /. orthogonal

Qut[42]= FOY [y Fiu, x]]F®2 [ x] + FOY (4 x]2 FO2 (4, Fu, x]]
out[43]= F©1 [0, F[0, 0]]F%2 [0, 0] +F©1 [0, 0% F(©2 [0, F[O, 0]]
cut[44]= F®1 [0, 0] F%2 [0, 0] +F®1 [0, 0]® F(®2 [0, 0]

Qut[45]= 0

SoH(u, X) andits first two derivativesvanishat the origin. However,

In[46]:= D[H[u, X1, {X, 3}]
%/. zero
%/ /. fixedpoint
%/ /. orthogonal

Qut[46]= 3FOD (4 x]FO2 [ x]F©2 [ Fly, x1] +FOY [ Fru, x]1F©3 4, x] +
E(0.1) [, x}s F(0.3) [u, Flu, X711

Qut[47]= 3F©1 [0, 0] F®2 [0, 0] F©2 [0, F[0, 0]] + F®1 [0, F[0, 0]] F®3 [0, 0] +
FO.1) [0, 0}3 F©.3 [0, F[0, 0]]

ut[48]= 3F©0 1 [0, 0] F©2 [0, 0]°+F©1V [0, 0] F®3 [0, 0] +F®1 [0, 0]°F©3 [0, 0]
Qut[49]= -3F©2 [0, 01> —2F©3 [0, 0]

If we assumehatthis quantityaboveis nonzerothenwe canapplytheimplicit functiontheorenmto
P (u, X) =

Sterberg’scondition(f) is thatF (9 3) [0, 0]benegative andthatis certainlysufficentbut notneccessaryAnother
sufficientconditionis thatthe entirequantityaboveis nonzero. Let's codethatup into afunctional:

In[50]:= &f [F_J[pu_, Xx_]:
-3 (Derlvatlve[O 21 [F1[m, x1)"2
-2Derivative[0, 3][F][u, X]

General : :spell :
Possi bl e spelling error: new synbol name "&f" is sinmilar to existing synbols {3a, @b, &c, ze}.

Finally, we testthetheoryon thequadratidamily atc = -3/4.
In[51]:= Solve[Q[-3/4, x] ==X, X]
it[51]= {{x - 7%}, {x> %}}

In[52]:= D[Q[-3/4, x], X] /. %

aut[52]= {-1, 3}
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In[53]:= {2a[Q][-3/4, -1/2],
se[Q] [-3/4, -1/2],
af [Q[-3/4, -1/2]}

Qt[53]= {-1, -1, -12}

Notice herethat ZSXS (52, 3 =0, sothethird—derivativecriteriondoesnot help. We needthefull derivativecriteron

<I>f(Q)(’T3, ’Tl) + 0. Soour modified Proposition2.2.2doesin fact predicta period—doublingoifurcation.

m Experiment

Let's applyall of thistheoryto the problemsassignedrom Devaney. Evenbetter,we canusethe graphicalpowersof
Mathematica to visualizeour experiments.

= Nasty code

All of this createghe graphicsprimitivesfor the pretty pictures. Exceptfor the package#\rrow, Colors,andSpline,l wrote
it. I'm workingon puttingall of thisinto afull package.Butit's notdoneyet...

In[54]:

<< G aphi cs' Arrow

In[55]:= << Graphics' Col ors*
In[56]:= << Graphics’ Spline'
In[57]:= << Graphics‘ Legend

In[58]:= <<"~/math/118/Bounce. ni'

In[59]: = ?Bounce*
BouncePat h[f, x, n,opts] creates a path (polygonal line with arrowheads) that alternates
bet ween t he di agonal y=x and the curve y=f (x). Starting at {x,x}, the path goes
to {X,f xX)}, {fx),fx)}, {f(x),f*2(x)}, .... Options are passed to Arrow.
In[60]: = ?BouncePat h
BouncePat h[f, x, n,opts] creates a path (polygonal line with arrowheads) that alternates
bet ween t he di agonal y=x and the curve y=f (x). Starting at {x,x}, the path goes
to {X,f xX)}, {fx),f )}, {(fx),f*2(x)}, .... Options are passed to Arrow
In[61]:= stutter [| _List, n_Integer ?NonNegative] : =
Fl atten[Transpose[{Drop[l, -n], Drop[l, n]}1, 1]
In[62]:= interp[{x1_, x2_}, type_: Bezier, opts___]:=
Spline[
{{x1, 0},
{(x1+x2) /2, (x2-x1)/ (2ol denRatio)},
{x2, 0}},
type,
opts]

In[63]:= BP1D[f_, x_, n_I nteger ?NonNegative] : =
Map[i nterp[#, Cubic]l&,
Partition[stutter [NestListI[f, x, n], 1], 2]]
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In[64]: = BouncePat hEC[anything ] :=
Dr op [BouncePat h[anyt hi ng], -11
In[65]:= BounceDi agram[

f_
{x_Symbol, xmi n_?NunericQ xnmax_?NurericQ},
pn: {{_?NumericQ _Integer ?NonNegative}..},
opts___1:=
Wthy
{gtenp = Pl ot [Eval uate[f [x]], {X, xmi n, xnmax},
Di spl ayFunction ->1dentity]},
Show[gt enp,
G aphi cs[{Bl ue,
Line[{{xm n, xm n}, {xmax, xmex}}],
Red,
Map [BouncePat hEC[Function[x, f [x]1]1, #[[11]1, #[[2]1],
HeadScal i ng -> Rel ativel&,
pnl}l,
Di spl ayFuncti on -> $Di spl ayFuncti on,
opts]]

In[66]:= PhaseDi agram[
f

{x_Synmbol , xm n_?NunericQ xmax_?NunericQ},
pn: {{_?NunericQ _Integer ?NonNegative}..},
opts___]:=
Show[G aphi ¢S [{
Red,
Map [ ,
BP1D[Function[x, f[x]],
N[#[[111]1, #[[2]111&
pnl}l,
Axes -> {True, Fal se}, opts]

m Exerciselb: Fy(x) = x+ x2+2

m Theory

In[67]:= F[A_, X_] 1= X + X2 + A

In[68]:= Fy [x_1 := F[A, X]

We focusonthe particularparametevalueA=-1.
In[69]:= Solve[Fy[x] == X, X]

Qt[69]= {{x > -I ﬁ}, x>l ﬁ}}
In[70]:= %/. {x->-1}

Qut[70]= {{x->1}, {x->-1}}
Takingderivatives,

In[71]:= D[F_; [Xx], X] /. %

Qut[71]= {3, -1}

Sothatnegativefixed pointis a candidatdor a period—doublingpifurcation.
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In[72]:= {®a[F][-1, -1],
se[F][-1, -1],
af [F1[-1, -11}

ut[72]= {-1, -1, -12}

Soaccordingo Proposition2.2.2,we do geta period—doubling.Let’s verify this.

m Algebraic verification

In[73]:= Sol ve[F,[Fi[x]] ==X, X]

at[73]= {{x>-1-V-1-2}, {x>-1++/-1-2}, {x>-1Vx}, {x>1+x}}
If A <-1,thepointsof primeperiodtwo arereal,and

In[74]:= D[FA[Fa[Xx]1, X] /. Take[% 2]

Qut[78]= {Grd@hitsa/-1-2)+2 (1+2 (-
1+2 (-1++/-1-x)+2(1+2 (-

S

In[75]:= Sinmplify[%

Qut[75]= {5+4 2 5+42)}

In[76]:= Solve[%[[1]] == -1, A]
3
Qut[76] = {{Aa—?}}

theyarestableaslongas—3/2<<-1.

= Graphical Verification

This is whereMathematica hada segfault andstoletwo hoursof my life, aswell asall my pretty pictures..—(
But we shallovercome...

In[77] : = BounceDi agram[

0.8,
{x, -2, 2},
{{0.8, 10},
{-1.4, 10},
{1.1, 2}}]
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In[77]: = BounceDi agram[
Foo.s,
{xX, -2, 2},
{{0. 8, 10},
{-1.4, 103},
{1.1, 2}}]
2,
1,
) -1 1 2
. -2¢
Qut[79]= = Gaphics -
Qut[77]= =G aphics -
In[80]: = PhaseDi agram[

In[78]: = Ph&sgDi agr am[
{E;-O.'SZV 2}:
{x0.82, 123,
{{e184,100},

{_21 ZB};LO};
{321,33}},
Pl gt Rangs} 3> Al l ]
Pl ot Range -> Al | 1

Qut[80]= = Graphics -
Qut[78]= =G aphics -

Sohereour negativefixed pointis attracting butcritically so. Now let's decreaséurthertoA=-1.2. )
Soatthisvalueof A the negativefixed pointis attracting. Therealsohappengo bea positiveonewhichis repelling. Let's

decreasa to thecritical value—1.

In[79] : = BounceDi agram[
X, -2, 2},
{{0. 8, 20},
{1.1, 2}}]
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In[79]: = BounceDi agram[
Fo1,
©x, -2, 21,
{{0.8, 20},
{1.1, 2}}]
2,
1,
-2 -1 1 2
y A
_2,

Qut[82] = - Graphics -

In[80]: = PhaseDi agram[
Fo1,

{X1 _21 2}1
{{0.8, 103},
{-1.4, 10},
{_21 3}1
{1.1, 2}3,

Pl ot Range -> Al | ]

Qut[80]= = Graphics -
Sohereour negativefixed pointis attracting but critically so. Now let's decreaséurtherto A=—1.2.

In[81] : = BounceDi agr am[
F 2,
{x, -2, 2},
{{0. 8, 203},
{1.2, 2}}]
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In[81]: = BounceDi agram[
Fo1.2,
{xX, -2, 2},
{{0. 8, 203},
{1.2, 2}}]

Qut[83]= = G aphics -

In[82]:= PhaseDi agram[
I\ES]IAiF—l.Zr X, 2]&1
(Xl '2| 2})
{{0.8, 20}3;,
Pl ¢+Rangk -> Al | ]
{-2.2, 3},
{1.2, 2}3},
Pl ot Range -> Al | ]

Qut[84]= = Graphics -
Gaitdsptwoeeypls. dhat'sgood,becausdt is thereby ourtheory.

This lookslike atwo—cycle. Let's repeathe analysison (F_12)°.

In[83]:= BounceDi agram[
Nest [F_1.2, X, 21&,
{xX, -2, 2},
{{0. 8, 203},
{1.2, 2}}1]
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In[83]:= BounceDi agram[
Nest [F—1.21 X, 2]&,
{x, -2, 2},
{{0. 8, 203},
{1.2, 2}}]
0.5
| ‘
- -1 2
0.5}
-1
-1.5¢
-2f
Qut[83]= -G aphics -
In[84]: = PhaseDi agram[
Nest [F—l.21 X, 2]&,
{x, -2, 2},
{{0.8, 20}},

Pl ot Range -> Al | ]

-0.75 -0.5-0.25 O 0.25 0.5 0.75

Qut[84]= = Graphics -

Soitisatwo-cycle. That'sgood,becausét is thereby ourtheory.

= Exerciselc: G,(x) = px + x3

m Calculus
In[85]:= G[u_, X_] := ux + x"3
In[86]:= G, [X_] := G[u, X]
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In[83]:= Sbb\?@'?@é[ﬁiz(?id.b [x3 X,Gx1[X1, G.1.2[X]1},
X, -2, 2},
Di spl ayFunction -> ldentity],
. e
anfes = (KRS B VTo00, o VTR s VISR), o VIR, {xo - E VA2

. 2
Li ne[{{_zv _2}1 {21 2}}]}]1 \/'

I{Ji spl @@flupcy—rgpﬂ—z; iy $}Pi s{pl ayFuﬁg}l inv—]—i4 2 L ,fu N vy h
X - X - - X =
V2 . YA V2

The oneswe careaboutaretheoneswhich arerealnearu=-1.
In[94]:= Select [% Real Q[x /. # /. {u->-1}1&]
Qt[94]= {{x->0}, (X>-+/-1-u}, X>/-1-pu}, (X>-~1-pu}, {X>~+1-pu}}

And of thesewe wantthe oneswhich arenot alreadyfixed points.

Qut[87]= -G aphics -
It's thefixed pointatO thatwe areconcernedbout.

In[88]:= D[G,[X], X]
%/. {x ->0}

Qut[88]= 3x? +p

out[89]= u

Ah, soasu passeshrough-1, we might havea bifurcation.

In[90]:= ®a[G] [-1, O]

Qut[90]= -1

And sincewe’re in the orthogonakituation,it couldbe period—doubling.
In[91]:= {®e[G][-1, O], &f [G][-1, O]}

aut[91]= {1, -12}

Indeedit is goingto bea period—-doublingone.

m Algebra

In[92]:= Real Q[z_] := (Im[z] == 0)

Ceneral ::spelll:
Possi bl e spelling error: new synbol nane "Real @ is simlar to existing synbol "Real".
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In[93]:= SolvelG,[G,[x]] ==X, X]

u-~ 42
Qut[93]= {{x 50}, (x> VT -p}, (x> T a), (x>T-u) xovI-n), {x-- L F }.

{X—) *U*\/—W} {X—)* *U*W} {X—) \/*ll*m }}
V2 ' V2 ' V2

The oneswe careaboutaretheoneswhich arerealnearu=-1.

In[94]:= Select [% Real Q[x /. # /. {u->-1}1&]

Qut[94]= {{X >0}, (X -~/-1-u}, (Xx=>+-1-u}, (x>-~T-pu}, X=>~1-u}}
And of thesewe wantthe oneswhich arenot alreadyfixed points.

In[95]:= Sel ect [%
((Sinplify[(G[u, x]1 /. #)1) =t= (X /. #))&]

Qut[95]= {{Xx>-+/-1-p}, {(x>+-1-u}}

i b8Pl = P&BABIBS T, x] /. %

b0t £08] == (83 [14811) « 1) +3 (3 (-1 -4) +4) (- (-1-w¥2 T’
QUU[100]= L @164 - 1) + 1) +3 (3 (~L-p) +p) ((-1-0)%2 e T-pw’)
In[97]:= Sinplify[%

Qut[97]= {(B+2u)?, (3+2u)?)

In[98]:= Solve[W[[1]] ==1, u]

Qut[98]= {{p->-2}, {n->-1}}

Soit thetwo—cyclewill bestableaslongas—2<u<-1.

m Graphical Analysis

In[99]: = BounceDi agram[
-2, 23,
{{-1.1, 10},
{1.1, 10}}]
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In[102] : = BounceDi agr am[
= GraphicalAnalysis
{x, -2, 2},
-1.1, 203},
In[99]:= BOEI%IE.GP‘ agj}aﬁ[
1X, =4, £},
{{-1.1, 10},
{1.1, 10}}]
1,
0.5
-2 - 1 2
-0.5
Qut[102]= = Graph
-1r
In[103] : = PhaseDi agr am[
Qut[99]= - @aphics -
{x, -2, 2},

-1,1, .20},

In[100] : = Sél'{&,[}; 820}’}
{-1.5, 23}, {1.5, 2}},
Qut[100] = [ géREAge -> Al l ]

In[101] : = PhaseDi agr am[
Go. 8,
{X! _21 2}1
{{1.1, 10}, {-1.1, 10}, {1.35, 3}, {-1.35, 3}},
Pl ot Range -> Al | ]

Qut[103]= = Graphics -

Qut[101]= = Graphics -

Sothefixed pointatzerois attracting. We alsohavetherepellingfixed pointsat +/-v 1.8. Let's decreasg to thecritical

parameter1.
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In[102] : = BounceDi agr am[
-2, 23,
{{-1.1, 20},
{1.1, 20}}]

Qut[102]= - G aphics -

In[103] : = PhaseDi agram[

G,

{x, -2, 23,
{{-1.1, 20}
{1.1, 203,

{-1.5, 2}, {1.5, 2}},
Pl ot Range -> Al | ]

-4-V\/24

Qut[103]= = Graphics -

This lookslike afixed pointwhichis critically attracting. Let's decreas@ furtherandseethetwo—cycle.

I n[104] : = BounceDi agr am[
. 2, 23,
{{_11 10}1
{1, 103}1
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In[108] : = BounceDi agr am[
Resb [G1.2, #, 2]1&

{Xl '2| 2}|

{{'11 10]‘|

{1, 10}}]
2
1

Qut[108]= = Graphics -

Bﬂr@lﬁioagﬁgaseﬂ agram[
1.2,
{x, -2, 2},
{{_11 10}1
{1, 103},
{-1.5, 2}, {1.5, 2}3},
Pl ot Range -> Al | ]

Qut[105] = = Graphics -

Lookslike atwo—cycle. Justfor goodmeasurewe’ll doit on Gf:
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I n[106] : = BounceDi agr am[
Nest [G_l_z, #, 2]&,
{x, -2, 2},
{{-1, 10},
{1, 101}1
2
1
-2 \1
-1
-2
Qut[106] = = Graphics -
Sureenough!

m Exerciselg: Fe(x) = x® +¢

m Calculus
In[107]:= F[c_, x_ ] :=c¢C + x"3
In[108]:= F¢ [x_] := F[c, X]
2
In[109]:= cO =
33
2

Qut[109] = ———

t[109] 343
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In[110]: = Show[Pl ot [{Fco0.1 [X], Fco[X], Fco.0.1[X1},
{x, -1.5, 1},
Di spl ayFunction ->1dentity],
G aphics[{
Bl ue,
Line[{{-1.5, -1.5}, {1, 1}}1}1,
Di spl ayFunction -> $Di spl ayFuncti on]

0. 8¢

-1.5 -1 I77-0.5 0.5 1
Qut[110]= - Graphics -
It lookslike a saddle—nodéifurcationatcg.
In[111] : = Sol ve[Fo [X] == X, X]

) o) o))

The double-roois agoodindicationthatwe’re at a saddle—node.

Qit[111]= {{x > -

In[112]:= x0 = X /. % [3]]

Qut[112] = L

\/3
In[113]:= {®a[F][c0, x0], &b[F][cO, x0], & [F][cO, x071}
auit[113]= {1, 2+/3, 1}
Sowe do havea saddle—nodéifurcationby Proposition2.2.1.
In[114]:= ®a[G][-1, O]

ut[114]= -1

m Algebra

The algebrafor this probleminvolvessolvingthe cubic,whichis quitedifficult. Sincewe haveno doubtof the existenceof
the saddle—nodeye will proceedo thepicturesto visualizeit.
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m Graphical Analysis

In[115] : = BounceDi agr am[
c0+0. 1>
{x, -1.5, 1},
{{x0-1, 5},
{x0+0.1, 5}}]

1.

o o
@ 0 N

0.2;

1.5 -1/-0.5 0.5 1 1.5 2
Qut[115]= = Graphics -

In[116] : = PhaseDi agr am[
Fco-0. 1,
{x, -1.5, 13,
{{x0-1, 5},
{x0+0.1, 5}}]

0 1 2 3 4
Qut[116]= = Graphics -

Sotheres nofixed pointin theregionwe’re focusingon. We do havearepellingfixed pointwhich is negative butwe’re
notworriedaboutthatone. Let’s decrease to thecritical parametec.
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In[117] : = BounceDi agr am[
FCOv
{x, -1.5, 1},
{{x0-1, 5},
{x0+0.1, 5}}]

D 00 N DA

-1.5 -1 /-o.Fa 0.5 1

Qut[117]= = Graphics -

0.4-0.2 0 0.2 04 0.6 0.8
Qut[118]= = Graphics -

In[118] : = PhaseDi agr am[

Feo,

{x, -1.5, 13,
{{x0-1., 5},
{x0+0.1, 5}}]

Sowe haveafixed point, butit is attractingon theleft andrepellingontheright. Let's decrease justabit further.
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In[119] : = BounceDi agr am[
Fco-0.1,
{x, -1.5, 2},
{{x0-1, 5},
{x0+0.1, 5},
{0.9, 3}}]

5 0.5 1 1.5 2
-0/2]

1.5 -1 /o.

Qut[119]= = Graphics -

In[120] : = PhaseDi agram[
Fco-o0. 1,
{x, -1.5, 23},
{{x0-1, 53},
{x0+0.1, 53},
{0.9, 3}}]

0 W\?\/ 1 1.5 2 25
Qut[120] = = Graphics -
Sowe now havethe"birth" of arepellingandanattractingfixed point.

m Exerciselh: g (x) = A(exp(x) — 1)

m Calculus

In[121]:

e[a_, X_] 1= A (Exp[x] - 1)

In[122]:

ex [X_1 = e[a, x]
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In[123]:= Show[Pl ot [{e_1.2 [X], €.1[X], €_0.8[X]},
{x, -1, 13},
Di spl ayFunction ->1dentity],
G aphics[{
Bl ue,
Line[{{-1, -1}, {1, 1}}1}],
Di spl ayFunction -> $Di spl ayFuncti on]

1,

0. 5¢

Qut[123]= - Graphics -

Sotheonly fixed pointin sightfor A near—1is thefixed point0. As A approachesl, it lookslike we'rein the
period—doublingsituation.

In[124]:= {=a[e][-1, O], ®e[e][-1, O], &f [e][-1, O]}
3
t[124]= {-1, 5, -1}

Indeedwe are.

m Graphical analysis

Solvinge\ (x) = x is transcendentatowe won't attemptit. Insteadwe’ll justgraphit.

In[125] : = BounceDi agram[e_g. g,
{x, -1, 1},
{{0. 4, 10},
{-0.4, 10}}]

Qut[125]= = Graphics -
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In[126] : = PhaseDi agram[e_g. g,
{x, -1, 1},
{{0. 4, 10},
{-0.4, 10}}]

Qut[126] = = Graphics -

Sothefixed pointat 0 is attractingfor A slightly biggerthan—1. Let’s setA equalto its critical value—1.

In[127] : = BounceDi agram[e_;,
{x, -1, 13},
{{0. 4, 203},
{-0.4, 20}}1]
1,
0.5;
-1 -0 0.5 1
10
-1.5¢

Qut[127]= = Graphics -
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In[128]: = PhaseDi agram[e_q,
{Xi _11 1}!
{{0. 4, 203},
{-0.4, 20}}1]

Qut[128]= = Graphics -

This is attracting but critically so. Finally, for A smallerthan-1.

In[129] : = BounceDi agram[e_; »,
{x, -3, 3},
{{0.4, 10},
{-0.4, 40}}]
2,

W 2 3

Qut[129]= = Graphics -
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In[130] : = PhaseDi agram[e_;. 2,
{x, -3, 3},
{{0. 4, 10},
{-0.4, 40}},
Pl ot Range -> Al | ]

Qut[130]= =~ Graphics -
It lookslike atwo—cycle.

In[131] : = BounceDi agr am[Nest [e_1.2, #, 2]&,

{x, -3, 3},

{10. 4, 10},

{-0.4, 40}3}]
3,
2,
1,

-3 -2 1 1

-1
-27
-3,

Qut[131]= = Graphics -

Indeedit is.

m Exerciselk: Fe(X) = x+ cx2 + X3

In[132]:= F[Cc_, X_]:=X + CcX"2 + x"3

In[133]:

Fe [x_1 := F[c, x]
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m Calculus

In[134] := Plot [{F.0.6[X], Fo[X], Fo.s[X], X},

{x, -0.6, 0.6},

PlotStyle-> {{}, {}, {}, {Blue}}]

1t

0. 5¢

-0.6 -0.4 -o0. 0.2

Qut[134]= = Graphics -

In[135]:= &a[F][0, O]

Qut[135]= 1

Sowe couldbein thefold situation.
In[136]:= {@b[F][0, 0], & [F][0, 0]}

Qut[136]= {0, 0}

But our higherderivativetestsfail!

= Graphical Analysis

Let's seehowthefold bifurcationmanageso fail.

0.4

0.

6
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In[137] : = BounceDi agram[Fg_ ¢,
{x, -0.6, 0.6},
{{0. 2, 4},
{-0.4, 10}}]

0. 75¢
0. 5¢
0. 25¢

0.6 -0.4 -0.2 0.2 0.4 0.6
0. 25¢

-0.5¢

Qut[137]= = Graphics -

Sowe haveanegativeixed pointwhichisrepelling andafixed pointatzerowhichis attractingontheleft,
butrepellingontheright.

In[138]: = PhaseDi agram[Fg ¢,
{x, -0.6, 0.6},
{{0. 2, 4},
{-0. 4, 10},
{-0.8, 3}}]

Qut[138]= = Graphics -
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In[139] : = BounceDi agram[Fg,
{x, -0.6, 0.6},
{{0. 3, 6},
{-0.3, 6}}]

0.75¢}
0. 5¢
0. 25¢

-0.6 -0.4 -0.2 0.2 0.4 0.6
-0. 25¢

-0.5¢
-0.75¢

Qut[139]= = Graphics -

In[140] : = PhaseDi agr am[Fo,
{x, -0.6, 0.6},
{{0.3, 6},
{-0.3, 6}}]

-0.75 Lo 25 0 0.25 0.5 0.75

Qut[140]= = Graphics -

Herewe havea singlefixed pointwhichis repelling,but slowly.
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In[141] : = BounceDi agram[F_g g,
{x, -0.6, 0.6},
{{0. 4, 10},
{-0.2, 5}}1]

0. 5¢
0. 25¢

-0.6 -0.4 -0.2

-0. 25}
-0.5¢
-0. 75
-1t
Qut[141]= = Graphics -
In[142] : = PhaseDi agram[F_g_ ¢,
{x, -0.6, 0.6},
{{0. 4, 10},

{-0.2, 5}, {0.7, 2}}]

0.

2

0.4

0.

6

oeso/\/Wz 0 qWWW4 0.6 0.8

Qut[142]= = Graphics -

Sohereour fixed pointatzerois repellingon theleft but attractingontheright. Thereis a secondixed point,whichis

positive,andis repelling.

m Algebra

Why did this happen?We cansolvethe equationsexplicitly here:

In[143] : = Sol ve[F¢ [X] ==X, X]

Qut[143]= {{x >0}, {x->0}, {x->-c}}

In[144]):= D[F¢[Xx], X1 /. %

Qut[144]= {1, 1, 1+c?}

Thereis adouble-rootat 0, which oftenmeanswve getsomekind of degeneracyNotethatthisfixed pointis always

nonhyperbolic. Thereis a secondixed point, which asc movespastthecritical parametevalue0, actuallymovesthrough
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the otherfixed point,andwhichis repellingexceptwhenc=0, atwhich pointit is only nonhyperbolic.No wonderthings
gotsoscrewedup!

m Exercisel16: Fy(x) = x° = A3

I n[ 145] :

FIax, x_ 1 :=x"5 - Ax"3

I n[ 146] :

Fx [x_1 := F[A, x]

In[147]:= Plot [{Fig[x], Fo[x], F2.2[X], X},
{x, -2, 2},
PlotStyle -> {{}, {3}, {}, {Blue}}l]

Qut[147]= - Graphics -

Sowe haveafixed pointatzeromatterwhatA is. It alsolookslike we gettwo otherfixed points,symmetricaboutO since
F.is odd,whicharerepelling.

In[148] : =
In[149] : = Sol ve[F[A, X] ==X, X]
Qut[149]= {{x -0}, {fo—m L (xo NAZVARR2 G Va2
V2 V2 V2
2

{—JT H
In[150]:= Select [% Real Q[x /. # /. {A->2}1&]
Qut[150] = {{x -0}, {X—)——MHF}, {X—)%\[y—kz}}
Thesearethe oneswhich arerealfor A near2.
In[151]:= D[FA[X], X] /. %
Qut[151= {0, -3 2 (A+ AT )+ 2 (oA 2 ) S (A2 ) D (aeva2 )7



