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m Definition
Inf[1]:= L[pu_, X_1 := uX (1-X)
In[2]:= L, [X_] 1= L[u, X]

In[3]:

L, [X]
Qt[3]= (1-X)pu-xu

In[4]:= Sinplify[%

Qut[4]= pu-2xu

m Orbit Structure, Algebraic

m Fixed Points

L, beinga quadratidn x, hastwo fixed points:

In[5]:= Solve[L[u, X] == X, X]

_ -l+p
Qut[5] = {{X—)O}, {Xeiu }}

To determinegheir stability, we takethe derivativesat thefixed points.
In[6]:= L, [X] /. %

_ -1l+yp
Qut[6] = {u, 1-u+ 1—T)u}

In[7]:= Sinplify[%

Qut[7]= {p, 2-pu}
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Sowe seethatthefixed point0 is stableaslongas0 < u < 1, andthefixed point
p, = 1- 1/pispositivefor u > 1andstablewhenl < u < 3. Let sverify thisgraphically.

In[8]:= << Graphics' Arrow
In[9]:= << G aphics' Colors’
In[10]:= << "~/math/118/Bounce. ni'
In[31]:= Plot [{Ls[x], X}, {X, O, 1},
Pl ot Style -> {{}, Blue},
Epi | og -> {Red,
BouncePat h[Ly, 0.6, 10,

HeadScal i ng -> Rel ative]}]& /e
{0.6, 1, 1.4, 2, 3, 3.5}
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Qut[31l]= {-Gaphics -, -Gaphics -, -Gaphics-, -Gaphics-, -Gaphics-, -Gaphics-}

m Two-cycles

Sohereatu=3, we havea positiveattractingfixed point, butthe convergencés very slow. At thispoint
Ls (py,) = —1, soweseeabifurcation.
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In[35]:= Pl ot [{L3_2[X], X},

Pl ot Styl e -> {{}, Blue},
Epi | og -> {Red,

BouncePat h[L3 », 0.3,

{x, 0, 13},

20,

HeadScal i ng -> Rel ative]l}]

0.2 0.4 0.

Qut[35]= =G aphics -

It's easierto seeonthegraphof L3? :

In[41]:= Plot [{L[3.2,

L[3.2, x11,
PlotStyle -> {{}, Blue},
Epi | og -> {Red,

X},

6 0.8 1

{x, 0, 13},

BouncePat h[Nest [L3 », #, 2]& 0.3, 20,
HeadScal i ng -> Rel ativel}]

0.2 0.4 0.

Qut[41]= = Graphics -

We cansolvefor thesetwo—cyclesexplicitly:

In[14]:

Qut [ 14]

I n[ 15] :

Qut [ 15]

Sol ve[L [k,

Liw, Xx]1 ==X,

{{X%O}, {Xa #}, {Xa

(“1-p) p+u

6 0.8 1

X]

“(l-p)p-puN-3-2p+p?
2

2

{x->7 o
Si npl i fy[%

{{X—)O}, {X—>7

V-3 -2 pu+p?
2

1

} 1“14@ L fxo

1,

lvpu+vV-3-2pu+p?

2

1}



Logistic.nb

Thefirst two solutionscorrespondo the "multiple roots"0 and
p. - Theothertwo arethenontrivialones thatis, thefour —cycles.

In[16]:= (D[L[w, L[u, Xx11, X1 /. % // Sinplify

Qt[16]= {12, (-2+u)?%, 4+2p-p?, 4+2p- 12}

Whenarethesetwo—cyclesstable?When g—i L,? is betweenl and-1 atthesepoints.

In[17]:= qpm= %[ [3]]
Sol ve[gpm == 1, u]
Sol ve[gpm == -1, u]

Qut[17]= 4 +2 -2

Qut[18]= {{u—>-1}, {u->3}}
it[19]= {{u->1-6}, {u->1++6}}

Sowe seethetwo-cyclesarestableaslongas3<u <1+ V6.

In[20]:= Show[
Plot [L[1+Sqrt [6], L[1+Sqgrt[6], x]1], {X, O, 1},
Di spl ayFunction ->Identity],
Graphi cs[{
Bl ue,
Line[{{0, 0}, {1, 1}}1,
Red,
BouncePath[(L[1+Sqrt [6], L[1+Sqrt [6], #]11&), 0.3, 20,
HeadScal i ng -> Rel ative]}],
Pl ot Range -> Al |,
Di spl ayFuncti on -> $Di spl ayFuncti on]

1t
0. 8}

0.6}

0.2 0.4 0.6 0.8 1
Qut[20]= = Graphics -
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In[21]:= Pl ot [{Nest [L1+«/E' X, 2], x}, {x, 0, 13},
PlotStyle-> {{}, Blue},
Epi | og -> {Red,
BouncePat h[Nest [L, .=, # 2]& 0.3, 30,
HeadScal i ng -> Rel ative]}]

0. 8¢

0. 6¢

0. 2;

0.2 0.4 0.6 0.8 1
Qut[21]= = Graphics -
After this critically stable2—cycle,we expectto seeanothelbifurcation,andin factwe do:
In[22] := N[1. +Sqrt [6]]

Qut[22] = 3.44949

In[23]:= L[n_Integer, u, x_] :=

Nest [ (L[u, #]&), X, n]J
In[24]:= L, n_[X_] := L[N, yu, X]

I n[25] :

Pl ot [{L3.5,4[X]1 X}, {X! 01 1}1
PlotStyle-> {{}, Blue},
Epi | og -> {Red,
BouncePat h[L3 5 4, 0.3, 20,
HeadScal i ng -> Rel ative]}]

0. 84

0.6

0.2 0.4 0.6 0.8 1
Qut[25]= =Graphics -
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m Orbit Structure, Numeric

Sowe seemto bewitnessinga period—doublingcascadasu continuego increase.However for u = 4, we alreadyknow
the behaviorandthatis chaoticaschaoticcanbe. To seewhathappensn betweenwe call onthe computeragain. This
time, we askfor thelimiting behaviorof the systemafteralargenumberof iteratesfor differentvaluesof u.

I n[45]:

wlu_, X_, n_lnteger, Mlnteger] : =
Uni on[Nest Li st [L,, Nest [L,, x, n], M]

In[46] := w[3.5, 0.5, 100, 20]

Qut[46] = {0.38282, 0.500884, 0.826941, 0.874997}

In[56]:= pts=Flatten[
Tabl e[
Map [{u, #}&
wly, 0.5, 100, 10017,
{u, 3.4, 3.6, 0.001}1],
11

In[59]:= ListPlot[pts]

3.45 : oo~<gI

Qut[59]= = Graphics -

Sowe seeavery rapidperiod—doublingcascadeandit’s hardto tell whatcomegthen. Let's plot thefull range(theseare
the slidesfrom my lecture):

In[49]:= pts=Flatten[
Tabl e[
Map [{u, #1}&
wl[y, 0.5, 100, 100717,
{u, 3, 4, 0.005}1,
11
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In[50]:= ListPlot[pts]

1
0.8
0.6
0.4

0.2

3.2 3.4 3.6 3.8

Qut[50]= = Graphics =
Wow!
In[51]:= pts2=Flatten[
Tabl e[
Map [{u, #}&,

wlu, 0.5, 100, 100]7,
{u, 3.4, 4, 0.001}],

11;
In[52]:= ListPlot[pts2,
Pl ot Styl e -> Poi nt Si ze[0. 002]]
3.4 3.5 3.6 3.7 3.8 3.9
Qut[52]= = Graphics -

In[53]:= pts3=Flatten[
Tabl e[
Map [{u, #}&
wly, 0.5, 300, 10017,
{u, 3.82, 3.88, 0.0001}1],
15
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In[54]:= ListPlot [pts3,
Pl ot Styl e -> Poi nt Si ze[0. 002] ]

3.83 3.84 3.85 3.86 3.87 3.88

Qut[54]= - Graphics -
m Scaling

m Scalingin the period—doubling cascade

Look closelyatthe orbit diagram especiallythe variousperiod—doublingcascadesThebifurcationpointsall appeato be
progressinggeometrically. Thatis, theincreasan parametevalueneededo getthenext bifurcationseemso be a constant
timesthetotalincreasin parametevalueneedto getthe currentbifurcation. In words,if A, is the pointof thebifurcation
to 2"—cycles,thenit appearshat

~-N
Anil —Mp ~ O

whereé is someconstant.How canwe find 6? Well, if we shift theaboverelationby onein theindex,anddivide,andthen
takethelimit, we get

~ . NAn — Np-
S5 :||mn7nl
n —o An{,l* An

Now finding thesenumbersA,is sortof tricky. We will haveto solvethe pair of equations

La, (X) = X;

Ly, (x) = 1.
Thatis, we haveto find theleaststable2"—cycle. But there’saneasiemway if insteadwe find themost stable2''-cycle.
Thatis,

I—un (X> = X;
L, (x) = 0.

If thelimit & exists,thenthelimit of successiveuotientsof differencef successive,’s will alsoconvergeto anumbers.
Morever,thesenumbersaremucheasietto find numerically. Why? Thereare2" pointson asuperstabl@'-cycle,but
noticethatthederivativealongthecyclemustbeO. If thosepointsarelabeledx;, X, ..., X,, then

0 -1L, (x1) =L, (x1)L, (x2)...L, (xan).
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SinceL, hasa uniquecritical pointfor all 4, this meanghatoneof thenumbers«, X, ..., X, mustbethatcritical point,in
this case1/2. Thusto find w,, we needonly solveoneequation:

1 1,
Lo (2] = 2
Thisis nothardto do. In fact, Newton’smethodlendsitself nicely. Thenwe canfind the successivapproximations

Hn — Hn-1
Hn+l — Hn

Op =
andcomputethelimit.

Sincewe’re goingto bedoinglots of iterations Jet's compilethe function sothatwe cangamesomespeedandcutdownon
memoryuse.

In[60]:= LNc = Conpile[
{u, X, {N, _Integer}},
Modul e[ {t },
t=x; Dot = put (L-t), {Ny]; t1]

Qut[60] = Conpil edFunction[{y, x, N}, Module[{t}, t =x; Dot =put (1-t), {N}]; t1],
-Compi | edCode-]

In[61]:= Timing[LNc[3.6, 0.5, 1000]]
Ti mi ng[L[1000, 3.6, 0.5]]

Qut[61]= {0. Second, 0.419253}

Qut[62]= {0.04 Second, 0.419253)

Noticethe big differenceaftermanyiterations!

In[63]:= dLNdu [ u_, X_, N_.Integer, e_: (10.)" (-10)]: =
LNc[u+ €, X, NJ]- LNc[u-€, X, N]

2¢€

In[64]:= Tabl e[Factor [L, 2, [1/2] - 1/2], {n, O, 2}]
Qutleal= {3 (2+u), g5 (2+u) (4-2u+i2), - pprae ((-24u) (4-2u+ 1)
4 ' 16 ' 65536
(4096 + 2048 12 - 512 1 - 1024 1* + 64 15 + 384 17 - 192 18 - 40 10 + 48 10 - 12 M+ 12y }

Soin finding ourfirst coupleof superstabl@arametervalueswe haveug = 2.
In[65]:= Ly 2I[X]

Qut[65]= (1-x)xu? (1-(1-x)Xxupu)

In[66]:= Solve[(%/. {x->1/2}) == 1/2, u]

it[66]= {{u->2}, {u>1-+/5} {u->1++5}]

In[67]:= N[%

Qut[67]= {{u—->2.}, {u->-1.23607}, {u-3.23607}}
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And pu; =1 + /5 = 3.23607... Theproblemis thatasn grows,the polynomialwe aretrying to find theroot of grows
exponentiallyin degree.In fact, LN, hasdegree2N. Sonotonly is symbolicsolving (which involvesfactoring)goingto
takeway too muchtime, we're goingto havetoo manychoicesfor roots. Sowe needto be morecleverin solving.

We useNewton’smethod but give aninitial guesscloseto wherewe wantit.

In[68]:= FindSS[NN_, u_: 3, maxSteps_: 1000] : =
LNc[#, 0.5, NN] - 0.5)&
dLNdu[#, 0.5, NNJ

Fi xedPoi nt [(# -
u, maxSt eps]

General ::spell1l:
Possi bl e spelling error: new synbol nanme "naxSteps" is simlar to existing synmbol "MaxSteps".

Looking atthe orbit diagramshowsthatu, is closeto 3.45,sowe try that.

In[69]:= FindSS[4, 3.45]

Qut[69] = 3.49856

Sopu, = 3.4985¢....
In[70]:= uss = {2, 1 + Sgrt [5]1, %
Qit[70]= {2, 1++/5, 3.49856}

In orderto getbetterfirst guessesye usethe assumptiornthatthe quotientss, form a convergensequenceThatis, we can
rewrite

HMn — Hn 1

Hn+1l = Hn + on

But, sincethed,, areconverging we canapproximate

HMn — Hn-1

Hn+1 = HUn + Sn1

andhopethatwe arecloseenoughto un,1to convergeo it underiterationsof Newton’smethod.

Let’s codethis all upinto somefunctionson lists.

In[71]:= &[list_List?VectorQ
list[[n-1]]-list[[n-2]]

I nt SECION
n_Integer: ( )1 |ist[[n]]—|i5t[[n_l]]

General ::spelll:
Possi bl e spelling error: new synbol name "list" is simlar to existing synbol "List".

Note theuseof theoptionalargumenhere. Without the lastargumentwe assumehe value—1, which, in termsof list
elementsis thelast one. Hereis our first approximatiorto ¢:

In[72]:= &[uSsS]

Qut [ 72]

4.70894

Herewe alsocodeaNext Guess functionthatgivesa guessor un, 1.
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In[73]:= NextQuess[list_List: VectorQ
n_to(-1)1:= _
list [[n1] + list[[n]] -—Ilst[[n—l]]
S[list, n]
In[74] : = Next Guess[uss]
Qut[74]= 3.55431

In[75]:= FindSS[8, %

Qut[75] = 3.55464
Justlike that,we havefoundus.

Let’s loop this andfind awholebunchof u,at once. Notetheuseof thePr i nt statemento assuagéheimpatient. At
leastwe getaprogresseport.g

In[76]:= nylist = Mdul e[
{ulist =uss, NN, i, newy, tine},
NN =2" (Length[ulist]-1);
For[i =3, i < 13, i ++,
NN %= 2;
{tinme, newu} = Ti mi ng[Fi ndSS[NN, Next Guess[ulist]]];
AppendTo[ul i st, newul;
Printp[i, "\t",
N[newu, 207, "\t",
N[&[ulist], 207, "\t",
tine]l;
ulist]

3 3.554640862768825 4. 680770998010699 0. Second
4 3.566667379856268 4.66295961111428 0. Second
5 3.569243531637111 4. 668403925916237 0. Second
6 3.569795293749947 4.668953740957641 0. 01 Second
7 3.569913465422345 4. 669157181568272 0. Second
8 3.569938774233306 4.669191001397932 0. Second
9 3.569944194608065 4. 669199472334519 2. 32 Second
10 3.569945355486475 4. 669201106961582 4. 41 Second
11 3.569945604111073 4. 669201762692549 8. 67 Second

12 3.569945657358845 4. 66920189526357 0. 22 Second

Qut [ 76] {2, 1++/5, 3.49856, 3.55464, 3.56667, 3.56924, 3.5698, 3.56991, 3.56994,

3.56994, 3.56995, 3.56995, 3. 56995}

In[77]:= pe =nylist[[-1]]

Qut[77]= 3.56995
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In[78]:= &8s = S[Nylist]

Qut[78] = 4.6692

Now thatwe know this ¢, we canplot theu—axisin our orbit diagramexponentially. Performthe changeof coordinates

_1og (pe - u)
VoS logs.

Thenwe plot anew:

In[79]:= ptsS =Flatten[
Tabl e[
Map [{v, #}&,
w[Ue - EXp[-vL0Og[6,]1], 0.5, 100, 100]1],
{v, 0, 12, 0.011%1,
11

In[80]:= ListPlot[pts5,
Axes -> Fal se, Frane -> True,
Pl ot Styl e -> Poi nt Si ze[0. 002]]

0.9

0 2 4 6 8 10 12
Qut[80]= = Graphics -

As predictedjn thesecoordinateswe seebifurcationhappeningatregularintervals.
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In[81]:= ListPlot [pts5,
Axes -> Fal se, Frane -> True,
Pl ot Styl e -> Poi nt Si ze[0. 0047,
Pl ot Range -> {{4, 8}, {0.33, 0.38}}]

0.38

0.377\<

0.36]

0.35/
e

0. 34/ f
45 5 55 6 6.5 7 7.5 8

Qut[81]= = Graphics -

m Scalingin state

Sowe havefoundthescalingfactord in "parametespace'parameterizely u. But thereis alsoa scalingfactorin state
space, i.e.,theverticalaxisof the orbit diagram. Not only is thelengthof eachbifurcationdecreasinggeometrically sois
thewidth of eachfork in thetree. To find this scalingfactora, we defined, to bethedistancebetweeril/2 andthe next
closestpointonthesuperstabl@'—cycle. Whatis thatpoint? Well, beforethenth bifurcation,thosetwo pointswere
actuallythesame pointona2"1-cycle. Thepointclosesto 1/2 is the point thatis halfwaydoneto comingbackto 1/2.
Thatis,

B 2nfl l _ l
d = L™ () - 3
Thenwe areseeking
azlimdrhl “lim Ll»ln+121 <%)7%
nso  dp N-co Lun2 - (%) _ %

Sincewe alreadyhavethelist of superstableycle parametewalueswe cando this pretty easilywith a simpleincrementer.
Studythe codebelowuntil you understandhow it works. Themainline is of coursethesecond.

In[82]:= n=0;
dlist =Map][
(LNc [#, 0.5, 2" (n++)]1-1/2)&,
Rest [mylist]]
n-=.

Ceneral ::spelll:
Possi bl e spelling error: new synbol nane "dlist" is simlar to existing synbol "list".

Qut[82] = {0.309017, -0.116402, 0. 0459752, -0.0183262, 0.00731843, -0. 00292368,
0. 00116809, -0.00046669, 0.000186459, -0.0000744969, 0. 0000297641, -0.0000118918}

Now we justtakesuccessiveuotients.
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In[84]:= N[Drop[dlist, -1]/Drop[dlist, 1], 20]

Qut[84] = {-2.654744816835617, -2.531837659337503, -2.508718199034679, -2.504112789194416,
-2.503161125691425, -2.502961188518201, -2.502919174358635, -2.502910275261882,
-2.50290836414096, -2.502908049703835, -2.502908603397627}

In[85]:= a, =Last [%

Qut[85] = -2.502908603397627

We havethusfoundanapproximatiorto a.

m Universality
Notice thatthe experimentsve carriedout hadvery little to dowith L, beinga parabola.All thatis really necessaris that

it be"parabola-like."We canrepeathe experimentvith anyfamily of functionsthatmapa fixed intervalto itself andare
unimodal; i.e., theyhavea singlequadrationaximum.

= A sinefamily

Considerthefunction

I n[88]:

S[A_, X_] := ASin[x]
In[89]:= S, [X_] := S[A, X]
asA rangeovertheinterval[02n].

In[90]:= Plot [Eval uate[Tabl e[S[A, Xx], {A, 0, Pi, w/8}]11,
{x, 0, Pi},
Pl ot Styl e -> {RGBCol or [0, O, 1]}]

3l
2.5/
o
1.5
11
0.5
0.5 1 1.5 2 2.5 3
Qut[90]= = Graphics -

Again,we will beableto find fixed pointsandcycles,butthiswill beinfinitely hardeecaus®f thetranscendentalature
of sine. However,we canstill plot the orbit diagram.

In[91]:= wSin[x_, X_, n_lnteger, MlInteger] :=
Uni on[Nest Li st [Sa, Nest [S,, X, nl, M]
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In[92]:= pts=Flatten[
Tabl e[
Map[{2, #}&
wSi n[A, N[Pi /2], 100, 10011,
{2, 0.0, Pi, 0.01}1,
11

In[93]:= ListPlot[pts]

3,
2.5¢
2,
1.5;¢
1,
0.5} i
0.5 1 1.5 2 2.5 3
Qut[93]= =G aphics -
In[94]:= pts2=Flatten[
Tabl e[
Map[{A, #}&
wSin[A, N[Pi /2], 100, 10011,
{2, 2.0, Pi, 0.001}],
17;
In[95]:= ListPlot[pts2,
Pl ot Styl e -> Poi nt Si ze[0. 002] ]
2.
1.
0.
2.2 2.4 2.6 2.8 3
Qut[95]= = Graphics -

As boastedye seea period—doublingcascadevith exactlythe samebehavior. Note eventhe appearancef thebandof
stablethree—cycles!

Let'stry to find ¢ anda for thisfamily. Thefirst threevaluesof §,we cansolveusingsomeof Mathematica’s built—in
functionsandsomeguesswork.

In[96]:= pi2=N[Pi /2]

Qut[96]= 1.5708
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In[97]: =

Qut[97] =

In[98]: =

Qut [ 98] =

In[99]: =

Qut[99] =

I n[ 100] :

Qut [100] =

In[101]:

Qut [ 101]

In[102]:

In[103]:

I n[104] :

out[104] =

I n[105] :

NSol ve[S[A, pi 2] ==pi 2, A]

({x-1.5708})

Fi ndRoot [S[A, S[A, pi 211 == pi 2, {A 2.1}]

(X > 2.44332)

Fi ndRoot [Nest [S[A, #]& pi2, 4] == pi 2, {A, 2.7}]

(1> 2.65899)

S1{pi 2, 2.44332, 2.65899}]

4.04564

SNc = Compil e[
{A, X, {N, _Integer}},
Modul e[ {t },
t =x; Do[t =ASin[t], {N}]; t]]

Conpi | edFunction[{x, x, N}, Module[{t}, t =x; Do[t =xSin[t],

dSNdA [A_, x_, N.Integer, e_: (10.)" (-10)]: =
SNCc[X+ e, X, N] - SNc[A-€, X, N]

2¢€

FindSSSi n[NN_, A_: 3, maxSteps_: 1000] : =
SNc [#, pi2, NN] - piZ)&
dSNdA[#, pi2, NN] ’

Fi xedPoi nt [(# -
2, maxSteps]
Fi ndSSSi n[1, 1.5]

1.5708

Ass = Appl y[Fi ndSSSin, {{1, 1.5}, {2, 2.2}, {4, 2.6}}, {1}]

General ::spelll:

Qut [ 105] =

Possi bl e spelling error: new synbol nane "ass" is simlar to existing synbol

(1.5708, 2.44332, 2.65899)

"ss".

{N}]; t], -Conpil edCode-]
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In[106]:= nylist =Mdul e[
{AMist =2ass, NN, i, newa, tine},
NN =2 (Length[alist] -1);
For[i =3, i < 13, i ++,
NN #= 2;
{time, newa} = Ti mi ng[Fi ndSSSi n[NN, Next Guess([alist]]];
AppendTo[al i st, newa];
Printp[i, "\t",
N[newx, 207, "\t",
N[&[Alist], 207, "\t",
timell;
Alist]

General ::spell1: ) o o
Possi bl e spelling error: new synbol nane "new)" is simlar to existing synbol "new.".

Ceneral ::spelll:
Possi bl e spelling error: new synbol name "Xlist" is sinmlar to existing synbol "pulist".

3 2.706326093765227 4. 555852749921388 0. 01 Second
4 2.716516885833067 4.645181717674329 0. Second

5 2.718701840461667 4. 664074912333342 0. Second

6 2.719169900694699 4. 668105671883451 0. Second

7 2.719270149906629 4. 668966708276939 0. Second

8 2.719291620449081 4. 669151333847085 0. 01 Second
9 2.719296218792398 4. 669190830968664 2. 06 Second
10 2.719297203617199 4. 669199344778925 3. 83 Second
11 2.719297414536538 4. 669201062731633 0. 06 Second
12 2.719297459708998 4. 669202008947444 14.9 Second

Qut[106] = {1.5708, 2.44332, 2. 65899, 2. 70633, 2.71652, 2. 7187, 2. 71917, 2.71927,
2.71929, 2.7193, 2.7193, 2.7193, 2.7193}

Voila! Noticethatthevaluea, to whichthe superstableycle pointsareconvergings differentfrom ., above. However,
we do getthesame.

In[107]:= n = 0;
dlist =Map][

(SNc [#, pi 2, 2" (n++)] - pi 2) &,
Rest [mylist]]

n_

Qut[107]= {0.872526, -0.336792, 0.133574, -0.0532873, 0.0212834, -0.00850289, 0.00339716,
-0. 00135728, 0.000542281, -0.00021666, 0. 0000865635, -0. 0000345851}

In[109] : = N[Drop[dlist, -1] /Drop[dlist, 1], 20]

Qut[109] = {-2.590696934756435, -2.521384354804959, -2.506683425305186, -2.503702628614742,
-2.503075349502518, -2.502943355720226, -2.502915409846389, -2.502909473307085,

-2.50290824345891, -2.50290798684546, -2.502908516216082}

And thesamex!
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= An exponentialfamily

I n[110] :

In[111]:

In[112]: =

0.

Qut[112] =

In[113]: =

Qut[113] =

Notice this family doesn’tfix theendpointof aninterval. Neverthelessye canstill call it unimodal.

In[114]: =

In[115]: =

BoRoE e

e[A_, X_] = AEXp[-(Xx=-1)"2]
e;L_ [X_] = e[l, X1]

Pl ot [e[2, x], {X, O, 2}]

2
8
6l
4
2

0.5 1 1.5 2
8l

- Graphics -

Pl ot [Eval uat e[Tabl e[e[A, X1, {A, 0, 2, 0.1}]],
{x, 0, 2},

Pl ot Styl e -> {RGBCol or [0, O, 17},

Prol og -> {Line[{{0, 0}, {2, 2}}1}]

2

0.5 1 1.5 2
- Graphics -

wEXp[A_, X_, n_Integer, Mlnteger] :=
Uni on[Nest Li st [e,, Nest [ex, X, n]l, M]

pts=Flatten]

Tabl e[

Map [{A, #}&

wEXp[A, N[1], 100, 100]1,
{2, 0, 3, 0.005}7,

11;
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In[116]:= ListPlot [pts, PlotRange -> Al |,
Pl ot Styl e -> {Poi nt Si ze[0. 002]}]

3t

0.5
Qut[116] = = Graphics -

Whatdo we see?Thecurvesarealittle kinkier, andtheregionof chaodookslike it has"stripes"of densityto it. Butin the
middle,we seethe same pasic,period—doublingcascade We canfind the superstableycles,andcomputexr ands, and
theywill bethesame.

Note,however thatwe haven'tsaidanythingaboutwhathappensfterthe period—doublingcascade Thatcanalsobe
analayzedbutall we're equippedo dois look atthe pictures. Forinstancethis exponentiabrbit diagramlooks quite
differentin the chaoticregion:

In[117]:= pts =Flatten]
Tabl e[
Map[{A, #}&
wExp[A, N[1], 100, 10011,
{7, 2, 6, 0.0053}1,
11;

In[118]:

Li st Pl ot [pts, Pl otRange -> Al |,
Pl ot Styl e -> {Poi nt Si ze[0. 002]}]

Qut[118]= - Graphics -



