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Newton’s Method

Math 118—--Dynamical Systems
Matthew Leingang, Course Assistant
m Initialization

In[1]:= << Graphics* Col ors*

In[2]:= <<"~/math/118/Bounce. ni

In[3]:= ?Arrow
Arrow(start, finish, (opts)] is a graphics prinitive representing an arrow starting at
start and ending at finish. (Added by Bounce.m ) Arrow[{ptl, pt2,... }, (opts)]

creates the graphics prinmtives drawing arrows fromptl to pt2, frompt2 to pt3, etc.

m Preliminaries
Letf beadifferentiable functionontherealline. Wewould like to find apointx, wheref(x,) = 0.

Newtonconsideredhefollowing algorithm: Look atthegraphof f. Givenanyxg, drawthetangento the graphatx, and
follow it backdownto thex—axis. Let thisintersectiorpointbeN; (Xp).

Whatdoesthis meananalytically? Thetangentine is givenby (goodol’ point-slopeformula):
In[4]:= Solvely -f [x0] == f’ [x0] (X -x0), y]

Qut[4]= {{y->Ff[x0] +xf’"[x0] -x0f"[x0]}}

And to find thepointwherey = 0, we just solveagain.

In[5]:= Solve[(y /. Flatten[%]) == 0, X]
B f [x0] -x0f[x0]

t[5]= {{x-- F77x0] 1}

In[6]:= Sinplify[%

f [x0
t[6]= {{x->x0- f'[[xo]} 1

Sothisis howwe cancodeour Newton'smap.

In[7]:= NM[f_, x_] :=
x - f[x]1/f" [x]
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In[8:= NM_ [x_] := NM[f, Xx]

And here’'ssomecodefor drawinga "Newton’sbouncing“diagram. Don’t worry somuchaboutthe patternmatching
beforethe:= symbol. Thingsthatmightbeuseful: Epi | og takesthe graphicsdirectivesandputsthemon top of the plot.
And don't forgetwhatAr r ow onalist of pointsdoes.

In[9]:= NewtonDi agram[f : (_Synbol | _Function), {x_Synmbol, xm n_?NunericQ xmax_?NumericQ},
p_?NunericQ n_Integer ?NonNegati ve,
opts___]1:=
Pl ot [f [x], {X, N[xmin], N[xmax]},
Epi | og ->

{Red, Arrow[
NestList [(If [#[[2]] ==0,
(#0111, fI#0I1111),
{NM[f, #[[1]111, 0}])&

{N[p1, 0}, n], )
HeadScal i ng -> Rel ative]}
opts]

m Convergence | ssues

Justto be sure ,whatarethefixed pointsof N; ?

In[10]:= Sol ve[NM [x] ==X, {f [X]}]

Qut[10]= {{f [x] - 0}}

As predictedtheyarepreciselythefixed pointsof f. Moreover,

In[11]:= NM’ [X]

%/. 9b
_ fxpfrixg
Qut[11] = A
ut[12]= {0}

Soaslongasf' (x) is notzeroattheroot of f, we havea superattractingfixed point. Thisis very goodnews.

H A quadratic

Let

Inf13]:= f[x_]:=x"2 -1

m Exercisel
In[14]:= NM [X]

-1 +x2

Qit[14]= X - 5
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In[15]:= Sinplify[%

1+x2

Qit[15]= 5

Here’sa plot thatgraphicallyshowshow the Newton’smapworks:

In[16]: = Newt onDi agram[f, {x, -2, 2},

1.8, 4]
3t
2l
1!
) - 1 2
Qut[16]= - Graphics - -

Let’s find thecritical behaviorof the Newtonfunctionitself.

In[17]:= NM’ [X]
2
Qut[17] = ‘;;2’(
In[18]:= Sol ve[ %== 0, X]
fixy 7. %

Qut[18]= {{x>-1}, {x->1}}

Qt[19]= {0, 0}
Sothecritical pointsof N¢ aretherootsof f. To find the polesof f, we canusea specialMathematica function.

In[20]:= Series[NM [x], {x, 0, 2}]

1
n

t[20]= %+O[X]3

SoNs hasapoleof orderl atzero.
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In[21]:= Plot [{NM [x], X}, {x, -3, 3},
PlotStyle -> {{}, Blue}]

6
4

Qut[21]= = Graphics -

m Exercise?2
In[22]:= Tabl e[{x, Nest [NM, x, 201}, {x, -3., 3., 0.2}1;

If you've beenwriting enoughMlathematica code you know whatthisis supposedo do. It generatepairs(x, Nt 2°(x)),
wherex rangesetween-3 and3 with stepsof 0.2.

In[23]:= ListPlot[%
Pl ot Range -> {-1.1, 1.1}]

Lt o oo ooeoooesesos
0.5
-3 22 1 1 2 3
-0.5
Qut[23]= =G aphics -
m Exercise3

We observethefollowing from theaboveplot: It lookslike if x < 0, then N¢"(x) - —1, andall positivenumberdendto 1
underiterationsof Ns.

Proof: We mayassumehatx > 0; the negativecaseis handledsymmetrically. In fact, we mayalsoassumehatx > 1,
becauséf x+1 butis positive,thenN; (x) > 1. Ontheotherhand,noticethatin therange(1,00), we havethatN¢ (x) < x. So
iteratesof x will decreaseavith limit at1.
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m A cubic

Let

In[24]:= g[Xx_] :=Xx"3 =X

m Exercise4

In[25]:= NM [X]

B 3
Qut[25] = xfﬁ
In[26]:= Sinmplify[%
_ 2 x3
ti2el= —1 g%
In[27]:= Plot [{NM[X], X}, {X, -3, 3},

PlotStyle -> {{}, Blue}]

Qut[27]= =G aphics -

Notethatthevertical"lines" aren'treally partof the graph—-theyarecausedy thediscontinuitywhich Mathematica
foolishly connects.Anyway, therearepolesgivenby

In[28]:= Solve[g [Xx] ==0, X]

_ 1 1
Qut[28] = {{x»fﬁ}, {x»ﬁ}}
In[29]:= Series[Ng[x], {X, 1/Sqrt [3], 2}]

_ 1 1 1 1 1 12 1 43
ontasl= Mo ][] o ) g v L) [ ) robe

Again, thepoleis of orderl.
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m Exerciseb

In[30]:

pts = Tabl e[{x, Nest [NM,, x, 201}, {x, -2., 2., 0.01}];

In[31]:= ListPlot [pts,
Axes -> Fal se,
Franme -> True,
Epi | og -> {Bl ue, Dashing[{0.01, 0.01}],
Map[Li ne[{{#, -1.1}, {# 1.1}}1& {0.4, 0.6}1}]

1 - o
0.5
0 _—
-0.5 Do
1 — -
-2 -1 0 1 2
Qut[31]= =G aphics -

This looks muchdifferentthanour situationfor the quadratic. Sure , we havea neighborhoodiroundeachrootwherethe
iteratesconvergeto it, butwhataboutbetweerthem? Let’s blow up aregionbetweerntwo basinsof attraction, theone
indicatedin thedashedectangleabove.

m Exercise6

In[32]:= N[1/Sqrt [3]]

Qut[32]= 0.57735

In[33]:= pts =Table[{x, Nest [NM;,, x, 201}, {x, 0.4, 0.6, 0.001}1;
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In[34]:= ListPlot [pts,
Axes -> Fal se,
Frame -> True,
Epi | og -> {Bl ue, Dashing[{0.01, 0.01}],
Map [Li ne[{{#, -1.1}, {#, 1.1}}1& {0.44, 0.46}1}]

l— : ————— ————
0.5/

Of i

-0. 5¢

-1t E
0.4 0.45 0.5 0.55 0.6

Qut[34]= = Gaphics -

In[35]:= pts =Table[{x, Nest [NM;, x, 201}, {x, 0.44, 0.46, 0.0001}];

In[36]:= ListPlot[pts,
Axes -> Fal se,
Frame -> True,
Pl ot Range -> {-1.1, 1.1},
Epi | og -> {Bl ue, Dashing[{0.01, 0.01}],
Map[Li ne[{{#, -1.1}, {#, 1.1}}1& {0.447, 0.451}1}]

10

©
ol

I

-0.5
-1 —
0.44 0. 445 0.45 0. 455 0. 46
Qut[36]= -G aphics -
In[37]:= pts =Tabl e[ {x, Nest [NM,, x, 201}, {x, 0.447, 0.451, 0.00001}1;
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In[38]:= ListPlot [pts,
Axes -> Fal se,
Frame -> True,
Pl ot Range -> {-1.1, 1.1},
Epi | og -> {Bl ue, Dashi ng[{0.01, 0.01}],
Map[Li ne[{{#, -1.1}, {#, 1.1}}1& {0.447, 0.4483}1}]

1

47 0

4

_b..-..-.__-.....

48 0. 449 0. 45 0.451
Qut[38]= =G aphics -

We will seemoredramaticresultslater.

m A transcendental function

Now we considerthe sinefunction.

m Exercise7
In[39]:= Plot [{NMsn[Xx], X}, {X, -2Pi, 2Pi},
PlotStyle -> {{}, {Blue}}]
20+t
L]-O
-6 ‘ 2 4 6
; -10
-20

Qut[39]= =G aphics -

As before,its critical pointsaretherootsof the sinefunction:
{nr | nanyinteger}andits polesareattherootsof the cosinefunction
{5 Inanyinteger}.



Newton.nb 9

In[40]: = NMsin [X]

Qut[40] = x - Tan[x]

In[41]:= Series[NWsin[X], {X, w/2, 1}]

1 2

—
X-7

2
3

x5 +0lx- 3]

_ 7t
Qut [ 41] = oyt > 5

Again, eachpoleis of order1 .

m Exercise 8, with adigression on Compiled Functions

Sineis averytranscendentdlnction. Soto computeit exactlytakesalot of time andspace.ln manycasesywhenwe want
to dolots of number—crunchingespeciallyin the nextComputerProject!),we needto compileour functions. We losealot
of thesymboliccapabilitiesof Mathematica here,butwe gainspeed.Hereis anexampleandanillustration.

NSi n = Conpi l e[ {X, n},
Modul e[{z},
z=X; Do[z=2z - Tan[z], {n}]; z]1]

Ceneral ::spelll:
Possi bl e spelling error: new synmbol nane "NSin" is simlar to existing synbol "Sin".

Conpi | edFunction[{x, n}, Module[{z}, z=x; Do[z=z-Tan[z], {n}]; z], -Conpil edCode-]
Comparethis compiledfunctionwith its symbolicanalogue.For high iteratesthe speedlifferencebecomesemarkable:

Ti mi ng [Nest [NMy n, 1.6, 200]]

{0. 11 Second, 31.4159}

Tim ng[NSin[1.6, 200]]

{0. Second, 31.4159}

War ning: unlessyou write the codecorrectly,the compiledfunctionwill notnecessarilygavetime! It's bestto checkusing
theTi nmi ng functionasabove.

Anyway, here’show we useit to getthe plotsfor Ngp.
pts = Tabl e[{x, NSin[x, 201}, {x, 0., Pi, 0.001}71;

Li st Pl ot [pts,

Axes -> Fal se,

Frane -> True,
FraneTi cks -> {Automatic, Table[nPi, {n, -2, 2}1},
Epi | og -> {Bl ue, Dashing[{0.01, 0.01}],

Map [Li ne[{{#, -10}, {#, 10}}1& {Pi /2, 2}1}]

- Graphics =

pts = Tabl e[{x, NSin[x, 201}, {x, N[Pi /2], 2., 0.0001}7];
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Li st Pl ot [pts,
Axes -> Fal se,
Frame -> True,
Epi | og -> {Bl ue, Dashing[{0.01, 0.01}],
Map [Li ne[{{#, -100}, {#, 100}}1& {Pi /2, 1.65}]1}]

- Gaphics -
pts = Tabl e[{x, NSin[x, 201}, {x, N[Pi /2], 1.65, 0.00001}7;

Li st Pl ot [pts,
Axes -> Fal se,
Frane -> True,
Epi | og -> {Bl ue, Dashing[{0.01, 0.01}],
Map [Li ne[{{#, -200}, {#, 200}}1& {Pi /2, 1.58}]}]

150

100

50

-50

1.58 1.6 1.62 1.64

- Gaphics -

m Exercise9

ConsiderthefunctionNg;,. Plottingit is agoodexampleof thelimitations of Mathematica.

In[45]:= Pl ot [{N'vhin[NNlSin[X]]‘ X}! {Xv O‘ PI }Y
PlotStyle -> {{}, {Blue}}]

20}
15¢

[ A,J————ii?—

0.5 1 2.5 3

s

-10¢F
-15¢

OT
N

Qut[45]= = Graphics -
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Those"peaks"aren’tlocal maxima—-theyareasymptotes!This leadsusto the conjectureghatgivenany root of thesine
function (thatis, anynr), we canfind apointx, near% thatapproachethatrootunderiteration.

Proof: Here’stheidea. Letr beourgivenroot. Thenthereis aneighborhood) aboutr suchthatall pointsin U converge
tor underiterationsof Ng,,. Pickanyy in U; thenthereexistsarbitarily smallslopesof linesthrough(y,0) thataretangent
to thegraphof the sinefunction. Thatmeangherearepointsarbitrarily far awaythatgetmappednto + underNg,, hence
convergeto r. Any oneof thesearbitrarily far awaypointsgetshit by a point near%, andaccordinglywe canpick oneof
themas closeto %aswe like.

m Complex Numbers and Color!

m Exercises10and 11

Let

In[46]:= h[z_] := z"3 -1
sothat

In[47]:= NM[2]

Qut[47] = zf%
In[48]:= Sinplify[%

Qut[ 48] = 3122 + 232

We cancompilecomplexfunctions,too.

In[49]:= Nh =Conpile[{{z, _Conplex}, {n, _Integer}},
Modul e[ {t },
t=z; Do[t =1/ (3t"2)+2t /3, {n}]; t1]

Qut[49] = Conpi | edFunction|{z, n}, Mdule[{t}, t =z; Dot = + , {n}]; t], -ConpiledCode- |

In[50]:= data =Table[Nh[x + | y, 10],
{y, 1.2, -1.2, -0.1}, {x, -1.2, 1.2, 0.13}1;

This functionshouldhavegenerated tableof the"limit" (approximatedy the 10thiterate)of the functionwith initial
conditionsx +iy, for x andy in thegivenrange.
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In[51]: = Tabl eFor m[dat a]
Qut| 51| // Tabl eFor m=
-0.5+0.8660251 -0.5+0.8660251 -0.5+0.8660251 -0.5+0.8
-0.5+0.8660251 -0.5+0.866025 | -0.5+0.866025 | -0.5+0.8
-0.5+0.8660251 -0.5+0.8660251 -0.5+0.8660251 -0.5+0.8
-0.5+0.8660251 -0.5+0.866025 -0.5+0.866025 | -0.5+0.8
-0.5+0.8660251 -0.5+0.866025 | -0.5+0.866025 | -0.5+0.8
-0.5+0.8660251 -0.5+0.8660251 -0.5+0.8660251 -0.5+0.8
-0.5+0.8660251 -0.5+0.866025 | -0.5+0.866025 | -0.5+0.8
-0.5+0.8660251 -0.5+0.866025 | -0.5+0.866025 | -0.5+0.8
-0.5+0.8660251 -0.5+0.8660251 -0.5+0.8660251 -0.5+0.8
-0.5+0.8660251 -0.5+0.8660251 -0.5+0.8660251 -0.5+0.8
1. 00035 + 0. 000787998 | 0. 998578 + 0. 000662602 | -0.5+0.866025 | -0.5+0.8
-4996. 8 + 1067. 51 1. +1.20371x107%5 | 1. -6.68949x10°8 | -0.499641
1. +0.1 1. +0. 1 1. +0. 1 1. 00004 -
-4996. 8 - 1067. 51 1. -1.20371x10 3% | 1. +6.68949x10 81 -0.499641
1. 00035 - 0. 000787998 | 0. 998578 - 0. 000662602 | -0.5-0.866025 | -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.8660251 -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.8660251 -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.8660251 -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.8660251 -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.8660251 -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.866025 I -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.866025 | -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.8660251 -0.5-0.8
-0.5-0.8660251 -0.5-0.8660251 -0.5-0.866025 | -0.5-0.8
-0.5-0.8660251 -0.5-0.866025 | -0.5-0.866025 | -0.5-0.8

This functionwill assigna Hue (whichis a color directive)to eachroot. Thenwe canplot thevaluesasanarrayof colored
squares.

In[52]:= RootColor[z_] := Hue[Arg[z]/ (2Pi)]
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In[53]:= Show[Gr aphi cs [Rast er Array [Map[Root Col or, data, {2}111,
AspectRati o ->1]

Qut[53]= - Graphics -
Neat,huh? Let’s getit abit moredetailed.

In[54]:= Timng[data = Tabl e[Nh[x + | y, 30],
{y, 1.2, -1.2, -0.01}, {x, -1.2, 1.2, 0.01}1;1

Qut[54] = {80.43 Second, Null}
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In[55]:= Show[Gr aphi cs [Rast er Array [Map [Root Col or, data, {2}111,
AspectRati o ->1]

Qut[55]= - Graphics -

Now no onedeniesheintricacyandbeautyof this picture. Whatdoesit mean?You can't"see"therootsonthepicture,
buttheylie in themiddle of thosethreebig coloredregions. Eachroot hasa neighborhooan which thereis quick
convergenceo thatroot, butin betweerroots,thereareareasvherethe convergencés actuallyto thefurthest ratherthan
theclosestoot!



