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2.1 Affine equivalence
An affine transformation of the real line is a transformation of the form
z+— h(z)=Az+ B

where A and B are real constants with A # 0. So an affine transformation
consists of a change of scale (and possibly direction if A < 0) given by the
factor A, followed by a shift of the origin given by B. In the study of linear
phenomena, we expect that the essentials of an object be invariant under a
change of scale and a shift of the origin of our coordinate system.

For example, consider the logistic transformation, L,(z) = pz(1 — z) and
the affine transformation

hu(z) = —pz + %
We claim that
hyoLyoh,'=Q. (2.1)
where
Qelw) =2 +¢ (2.2)
and where c is related to p by the equation
c= —”ZZ + g (2.3)

In other words, we are claiming that if ¢ and p are related by (2.3) then we have

hu(Ly(x)) = Qc(hy())-

To check this, the left hand side expands out to be

p o M
—plpe(1 - )] + 5 = p’e’ —prz + 3,

while the right hand side expands out as

2
_ Py A B 202 2. H
(/uc+2) T T TR Tt
giving the same result as before, proving (2.1).
2
We say that the transformations L, and Q.,c = —5- + & are conjugate by

the affine transformation, k.

More generally, let f: X — X and g: Y — Y be maps of the sets X and Y
to themselves, and let A : X — Y be a one to one map of X onto Y. We say
that h conjugates f into g if

hofoh™ =g,
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or, what amounts to the same thing, if
hof=goh.
We shall frequently write this equation in the form of a commutative diagram

x 4 x

L
Yy — Y
g
The statement that the diagram is commutative means that going along the
upper right hand path (so applying h o f) is equal to traversing the left lower
path (which is g o f).
Notice that if ho fo h~' = g, then

gcircn =ho fon ° hfl‘

So the problem of studying the iterates of g is the same (up to the transformation
h) as that of f, providing that the properties we are interested in studying are
not destroyed by h.

Certainly affine transformations will always be allowed. Let us generalize
the preceding computation by showing that any quadratic transformation (with
non-vanishing leading term) is conjugate (by an affine transformation) to a
transformation of the form @, for suitable ¢. More precisely:

Proposition 2.1.1 Let f = az?+bx+d then f is conjugate to Q. by the affine
map h(zx) = Az + B where
2
A=a, B= g, and c=ad+g—bz.
Proof. Direct verification.

Let us understand the importance of this result. The general quadratic
transformation f depends on three parameters a,b and d. But if we are inter-
ested in the qualitative behavior of the iterates of f, it suffices to examine the
one parameter family C,.. Any quadratic transformation (with non-vanishing
leading term) has the same behavior (in terms of its iterates) as one of the Q..
The family of possible behaviors under iteration is one dimensional, depending
on a single parameter c. We may say that the family @), (or for that matter
the family L) is universal with respect to quadratic maps as far as iteration is
concerned.

2.2 Conjugacy of T and L,

Let T : [0,1] — [0,1] be the map defined by

1
T(z)=2z, 0<z <

2 T(z) =—2z+2,



2.2. CONJUGACY OF T AND Ly 61

So the graph of T looks like a tent, hence its name. It consists of the straight
line segment of slope 2 joining z = 0,y = 0 to # = 1,y = 1 followed by the
segment of slope —2 joining z = 3,y =1toz =1,y =0.
Of course, here L, is our old friend, Ly(z) = 4x(1 — ). We wish to show
that
L4 oh=hoT

h(z) = sin” (%) .

In other words, we claim that the diagram of section 1 commutes when f =
T, g = L4 and h is as above. The function sin 8 increases monotonically from 0
to 1 as 6 increases from 0 to 7/2. So, setting

where

we see that h(z) increases monotonically from 0 to 1 as z increases from 0 to 1.
It therefore is a one to one continuous map of [0,1] onto itself, and thus has a
continuous inverse. It is differentiable everywhere with h(z) > 0 for 0 < z < 1.
But A'(0) = A'(1) = 0. So h™! is not differentiable at the end points, but is
differentiable for 0 < = < 1.

To verify our claim, we substitute

Li(h(z)) = 4sin?(1 —sin?6)
= 4sin®6fcos® 6
= sin%20
= sin’7z.

So for 0 < z < 1 we have verified that
La(h(z)) = h(2z) = h(T(z)).
For%<:c§1wehave

h(T(z)) = h(2-22)
= sin®(7 — 7x)
= sin’7x
= sin®26
= 4sin®*4(1 — sin® 9)
= Ly(h())

where we have used the fact that sin(m —a) = sin« to pass from the second line
to the third. So we have verified our claim in all cases.

Many interesting properties of a transformation are preserved under conju-
gation by a homeomorphism. (A homeomorphism is a bijective continuous map
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Figure 2.1: The tent map.
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Figure 2.2: h(z) = sin® (
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with continuous inverse.) For example, if p is a periodic point of period n of f,
so that f°"(p) = p, then

9°"(h(p)) = ho f"(p) = h(p)

if ho f = go h. So periodic points are carried into periodic points of the same
period under a conjugacy. We will consider several other important properties
of a transformation as we go along, and will prove that they are invariant under
conjugacy. So what our result means is that if we prove these properties for
T, we conclude that they are true for L,. Since we have verified that L, is
conjugate to () _2, we conclude that they hold for ) _5 as well.

Here is another example of a conjugacy, this time an affine conjugacy. Con-
sider

V(z) =2|z| — 2.

V is a map of the interval [—2,2] into itself. Consider
h2 (.Z') =2 —4x.

So h2(0) = 2,ha(1) = —2. In other words, ho maps the interval [0,1] in a one
to one fashion onto the interval [—2,2]. We claim that

VOthhQOT.

Indeed,
V(ha(z)) = 2|2 — 4z| — 2.

For 0 < z < 1 this equals 2(2 — 4z) — 2 = 2 — 8z = 2 — 4(2z) = hy(Tz). For
1 <z <1 we have V(ha(z)) = 82 — 6 = 2 — 4(2 — 2z) = ho(Tz). So we have
verified the required equation in all cases. The effect of the affine transformation,
hy is to enlarge the graph of T, shift it, and turn it upside down. But as far as
iterations are concerned, these changes do not effect the essential behavior.

2.3 Chaos

A transformation F' is called (topologically) transitive if for any two open (non
empty) intervals, I and J, one can find initial values in I which, when iterated,
will eventually take values in J. In other words, we can find an z € I and an
integer n so that F™(z) € J.

For example, consider the tent transformation, 7. Notice that T" maps the
interval [0, ] onto the entire interval [0, 1], and also maps the interval [1, 1] onto
the entire interval, [0,1]. So T°% maps each of the intervals [0, 1],[3,1],[3, 2]
and [2] onto the entire interval [0, 1]. More generally, T°" maps each of the 2"
intervals [2%, ’“2%1], 0 <k < 2™ —1 onto the entire interval [0,1]. But any open
interval I contains some interval of the form [, ££L1 if we choose n sufficiently
large. For example it is enough to choose n so large that 2% is less than the
length of I. So for this value on n, T°" maps I onto the entire interval [0, 1],
and so, in particular, there will be points, z, in I with F(z) € J.
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Figure 2.3: V(z) = 2|z| — 2.
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Proposition 2.3.1 Suppose that go h = h o f where h is continuous and sur-
jective, and suppose that f is transitive. Then g is transitive.

Proof. We are given non-empty open I and J and wish to find an n» and an
x € I so that ¢g°*(z) € J. To say h is continuous means that h=1(J) is a
union of open intervals. To say that h is surjective implies that h=1(J) is not
empty. Let L be one of the intervals constituting h=1(J). Similarly, h=1(I) is
a union of open intervals. Let K be one of them. By the transitivity of f we
can find an n and a y € K with f°"(y) € L. Let x = h(y). Then z € I and

9°"(z) = g°"(h(y)) = h(f°"(y)) € M(L) C J. QED.

As a corollary we conclude that if f is conjugate to g, then f is transitive
if and only if g is transitive. (Just apply the proposition twice, once with the
roles of f and g interchanged.) But in the proposition we did not make the
hypothesis that h was bijective or that it had a continuous inverse. We will
make use of this more general assertion.

A set S of points is called dense if every non-empty open interval, I, contains
a point of S. The behavior of density under continuous surjective maps is also
very simple:

Proposition 2.3.2 If h : X = Y is a continuous surjective map, and if D is
a dense subset of X then h(D) is a dense subset of Y.

Proof. Let I C Y be a non-empty open interval. Then h~!(I) is a union of
open intervals. Pick one of them, K and then a point y € D N K which exists
since D is dense. But then f(y) € f(D)NI. QED

We define PER( f) to be the set of periodic points of the map f. If hof = goh,
then f°"(p) = p implies that g°"(h(p)) = h(f°"(p)) = h(p) so

K[PER(f)] C PER(g).

In particular, if h is continuous and surjective, and if PER(f) is dense, then so
is PER(g).

Following Devaney and recent work (1992) by J. Banks et.al. Amer. Math.
Monthly 99 (1992) 332-334, let us call f chaotic if f is transitive and PER(f)
is dense. It follows from the above discussion that

Proposition 2.3.3 If h : X — Y is surjective and continuous, if f : X — X
is chaotic, and if ho f = go h, then g is chaotic.

We have already verified that the tent transformation, T, is transitive. We
claim that PER(T) is dense on [0, 1] and hence that T is chaotic. To see this,
observe that T™ maps the interval [2%, %] onto [0,1]. In particular, there is a
point x € [2%, kztl] which is mapped into itself. In other words, every interval

zi,,, kztl] contains a point of period n for T'. But any non-empty open interval
I contains an interval of the type 2%, ’%1] for sufficiently large n. Hence T is
chaotic.

From the above propositions it follows that L4, ) _2, and V are all chaotic.
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2.4 The saw-tooth transformation and the shift

Define the function S by

1 1

S(z) = 2z, 0§$<§, S(z)=2x-1, §§x§1. (2.4)
The map S is discontinuous at z = .5. However, we can find a continuous,
surjective map, h, such that hoS = T o h. In fact, we can take h to be T itself!

In other words we claim that

commutes where I = [0, 1]. To verify this, we successively compute both T o T'
and T o S on each of the quarter intervals:

T(T(z)) = T(2z) = 4z for 0 <2 <0.25
T(S(z)) = T(2z) = 4z for 0 <2 <0.25
T(T(z)) = T(22) = —4z+2 for0.25<z<0.5
T(S(z)) = T(2x) = —4r+2 for0.25<z<0.5
T(T(z)) = T(-2c+2) = 4c-2 for0.5<z<0.75
T(S(z)) = TRzx—-1) = 4z-2 for0.5<2<0.75
T(T(z)) = T(-2c+2) = —dz+4 for0.75<z<1
T(S(z)) = TR2zx—-1) = —-4z+4 for0.75<z<1

The h that we are using (namely h = T') is not one to one. That is why our
diagram can commute even though T is continuous and S is not.

We now give an alternative description of the saw-tooth function which
makes it clear that it is chaotic. Let X be the set of infinite (one sided) se-
quences of zeros and ones. So a point of X is a sequence {ajazas ...} where
each each a; is either 0 or 1. However we exclude all points with a tail con-
sisting of infinite repeating 1's. So a sequence such as {00111111111...} is
excluded. We will identify X with the half open interval [0,1) by assigning to
each point z € [0,1) its binary expansion, and by assigning to each sequence
a = {ajazas ...} the number

a
h(a) = 2—:

The map h : X — [0,1) just defined is clear. The inverse map, assigning to
each real number between 0 and 1 its binary expansion deserves a little more
discussion: Take a point z € [0,1). If z < 3 the first entry in its binary
expansion is 0. If % < z then the first entry in the binary expansion of z is 1.
Now apply S. If S(z) < 1 (which means that either 0 <z <  or £ <z < 3)
then the second entry of the binary expansion of x is 0, while if % <Sx)<1
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then the second entry in the binary expansion of x is 1. Thus the operator S
provides the algorithm for the computation of the binary expansion of z. Let
7

us consider, for example, z = {%. Then the sequence {S*(z)},k =0,1,2,3,...
is

7T 731

16’8747 2’
In general it is clear that for any number of the form 2%, after n — 1 iterations
of the operator S the result will be either 0 or 3. So all S*¥(z) = 0,k > n.
In particular, no infinite sequence with a tail of repeating 1’s can arise. We
see that the binary expansion of h(a) gives us a back, so we may (and shall)
identify X with [0,1). Notice that we did not start with any independent notion
of topology or metric on X. But now that we have identified X with [0,1), we
can use use standard notions of distance on the unit interval but expressed in
terms of properties of the sequences. For example, if the binary expansions of
z and y agree up to the kth position, then

0,0,0,....

|z —y| < 27F.

So we define the distance between to sequences a and b to be 2~ % where & is
the first place they do not agree. (Of course we define the distance from an a
to itself to be zero.)

The expression of S in terms of the binary representation is very simple:

S : .a10a20a304 - - - —> .A2030405 . . ..

It consists of throwing away the first digit and then shifting the entire sequence
one unit to the left.

From this description it is clear that PER(S) consists of points with even-
tually repeating binary expansions, these are the rational numbers. They are
dense. We can see that S is transitive as follows: We are given intervals I and J.
Let y = .b1bybs ... be a point of J, and let z = .ajasas - .. be a point of I which
is at a distance greater than 27" from the boundary of I. We can always find
such a point if n is sufficiently large. Indeed, if we choose n so that the length
of I is greater than m, the midpoint of I has this property. In particular,
any point whose binary expansion agrees with z up to the n—th position lies in
I. Take z to be the point whose first n terms in the binary expansion are those

of z, followed by the binary expansion of y, so
x = 0.a1a2a;3 ...a,b1bob3by . ...

The point z lies in I and S™(z) = y. Not only is S transitive, we can hit any
point of J by applying S™ (with n fixed, depending only on I) to a suitable
point of I. This is much more than is demanded by transitivity. Thus S is
chaotic on [0, 1).

Of course, once we know that S is chaotic on the open interval [0,1), we
know that it is chaotic on the closed interval [0,1] since the addition on one
extra point (which gets mapped to 0 by S) does not change the definitions.
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Now consider the map t — €27 of [0,1] onto the unit circle, S1. Another
way of writing this map is to describe a point on the unit circle by e’ where
6 is an angular variable, that is § and 8 + 27 are identified. Then the map is
t — 27t. This map, h, is surjective and continuous and is one to one except at
the end points: 0 and 1 are mapped into the same point on S'. Clearly

hoS=Doh

where

D(6) = 26.
Or, if we write z = €', then in terms of z, the map D sends
z = 22

So D is called the doubling map or the squaring map. We have proved that it
is chaotic. We can use the fact that D is chaotic to give an alternative proof of
the fact that QQ_» is chaotic. Indeed, consider the map h : S — [-2,2]

h(8) = 2cosb.
It is clearly surjective and continuous. We claim that
hoD=Q_so0h.
Indeed,
h(D(6)) = 2cos28 =2(2cos’§ — 1) = (2cosb)? — 2 = Q_»(h(h)).

This gives an alternative proof that @ _» (and hence Ly and T') are chaotic.

2.5 Sensitivity to initial conditions

In this section we prove that if f is chaotic, then f is sensitive to initial conditions
in the sense of the following

Proposition 2.5.1 (Sensitivity.) Let f : X — X be a chaotic transforma-
tion. Then there is a d > 0 such that for any x € X and any open set J
containing x there is a point y € J and an integer, n with

|F" () — f"(y)] > d. (2.5)

In other words, we can find points arbitrarily close to z which move a distance
at least d away. This for any x € X. We begin with a lemma.

Lemma 2.5.1 There is a ¢ > 0 with the property that for any x € X there is a
periodic point p such that

lz — f* @) > ¢, VE.
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Proof of lemma. Choose two periodic points, 7 and s with distinct orbits, so
that |f°F(r) — f°!(s)| > 0 for all k and I. Choose c so that 2¢ < min |f°*(r) —
f°!(s)|. Then for all k and I we have

2 < |fF(r) = fs)|
= |fF(r) —z+z - fs)]
< |foR(r) — x| + | £U(s) — .

If x is within distance ¢ to any of the points f°I(s) then it must be at a greater
distance than ¢ from all of the points f°*(r) and vice versa. So one of the two,
r or s will work as the p for z.

Proof of proposition with d = ¢/4. Let x be any point of X and J any open
set containing z. Since the periodic points of f are dense, we can find a periodic
point q of f in

U = JN By(z),

where By(x) denotes the open interval of length d centered at x,
By(z) = (z —d,z + d).

Let n be the period of q. Let p be a periodic point whose orbit is of distance
greater than 4d from z, and set

Wi = Ba(f*'(p)) N X.

Since f°i(p) € Wi, i.e. p € f{(W;) = (f°1) ' (W;) for all i, we see that the
open set
V=ftW)n fPWe) N0 fT (W)

is not empty.

Now we use the transitivity property of f applied to the open sets U and
V. By assumption, we can find a z € U and a positive integer k such that
f¥(2) € V. Let j be the smallest integer so that k < nj. In other words,

1<nj—k<n.

FM(2) = fR7R(FR(2)) € FRV).
But

FORWY = R (W) N F W) N0 F (W)

fraR(F WL )
Wi

N

In other words, ' 4
|f™(2) = f7*(p)| < d.
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On the other hand, f™(q) = q, since n is the period of q. Thus

/(@) - f(2) = la—f(2)

|z — fY75(p) + 7 (p) = fY(2) + q — 2|
lz — [ ()| = 1 *(p) — [ (2)| - g — =
4d —d—d = 2d.

Il

>
2

But this last inequality implies that either
[f™ (z) = 7 (2)| > d

or . .
|f™ (2) = ™ (g)| > d

for if x were within distance d from both of these points, they would have to be
within distance 2d from each other, contradicting the preceding inequality. So
one of the two, z or ¢ will serve as the y in the proposition with m = nj.

2.6 Conjugacy for monotone maps

We begin this section by showing that if f and g are continuous strictly mono-
tone maps of the unit interval I = [0, 1] onto itself, and if their graphs are both
strictly below (or both strictly above) the line y = z in the interior of I, then
they are conjugate by a homeomorphism. Here is the precise statement:

Proposition 2.6.1 Let f and g be two continuous monotone strictly increasing
functions defined on [0,1] and satisfying

f0) =0
9(0) = 0
) =1
g(1) = 1
flz) < =z Yz #0,1
g(z) < =z Vr#0,L

Then there exists a continuous, monotone increasing function h defined on [0, 1]
with

and
hof=goh.
Proof. Choose any point (xo,yo) in the open square

0<z<l1l O0O<y<l.
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If (xo,y0) is to be a point on the curve y = h(z), then the equation ho f = goh
implies that the point (z1,y1) also lies on this curve, where

z1 = f(20), ¥1=9(%o)-

By induction so will the points (z,y,) where

Tp = fn(mO)J Yn = gn(yO)
By hypothesis
To > T1 > T2 > ...,
and since there is no solution to f(z) = z for 0 < z < 1 the limit of the
Zn, M — oo must be zero. Also for the y,. So the sequence of points (2, y»)

approaches (0,0) as n — +oo. Similarly, as n — —oo the points (z,,yn)
approach (1,1). Now choose any continuous, strictly monotone function

y = h(z),
defined on
z1 <z <o
with
h(z1) =1,  h(@o) = yo.
Extend its definition to the interval zo < z < z1 by setting

h(z) = g(h(f ' (2))), @<z <

Notice that at 21 we have

g(h(f~(z1))) = g(h(z0)) = g(y0) = v1,

so the definitions of h at the point x; are consistent. Since f and g are monotone
and continuous, and since h was chosen to be monotone on z; < z < xo,
we conclude that A is monotone on 2o, < 2 < x; and hence continuous and
monotone on all of z9 < z < x. Continuing in this way, we define h on the
interval £,41 <z <z, n>0Dby

h=g"oho f7™

Setting h(0) = 0, we get a continuous and monotone increasing function defined
on 0 < z < xo. Similarly, we extend the definition of h to the right of zo up
to z = 1. By its very construction, the map h conjugates f into g, proving the
proposition.

Notice that as a corollary of the method of proof, we can conclude

Proposition 2.6.2 Let f and g be two monotone increasing functions defined
in some neighborhood of the origin and satisfying

f(0)=9(0) =0, [f(@)] <lz|, |g(x)| <|z|, V2 #0.
Then there exists a homeomorphism, h defined in some neighborhood of the
origin with h(0) =0 and
ho f =go h.
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Indeed, just apply the method (for n > 0) to construct h to the right of the
origin, and do an analogous procedure to construct h to the left of the origin.
As a special case we obtain

Proposition 2.6.3 Let f and g be differentiable functions with f(0) = g(0) =0
and

0< f'(0)<1, 0<g'(0)<1. (2.6)

Then there exists a homeomorphism h defined in some neighborhood of the origin
with h(0) = 0 and which conjugates f into g.

The mean value theorem guarantees that the hypotheses of the preceding propo-
sition are satisfied.
Also, it is clear that we can replace (2.6) by any of the conditions

1< f'(0), 1<4'(0)
0> f'(0)>-1, 0>4'(0)> -1
-1 > fl(o ) -1 > 91(0)7

and the conclusion of the proposition still holds.

It is important to observe that if f'(0) # ¢'(0), then the homeomorphism,
h, can not be a difftomorphism. That is, A can not be differentiable with
a differentiable inverse. In fact, h can not have a non-zero derivative at the
origin. Indeed, differentiating the equation g o h = h o f at the origin gives

g'(0)h'(0) = h'(0)£(0),

and if A'(0) # 0 we can cancel it form both sides of the equation so as to obtain

£'(0) = 4'(0). (2.7)
What is true is that if (2.7) holds, and if
IF'(0)] # 1, (2.8)

then we can find a differentiable h with a differentiable inverse which conjugates
f into g.

We postpone the proof of this result until we have developed enough ma-
chinery to deal with the n-dimensional result. These theorems are among my
earliest mathematical theorems. A complete characterization of transformations
of R near a fixed point together with the conjugacy by smooth maps if (2.7)
and (2.8) hold, were obtained and submitted for publication in 1955 and pub-
lished in the Duke Mathematical Journal. The discussion of equivalence under
homeomorphism or diffeomorphism in n-dimensions was treated for the case of
contractions in 1957 and in the general case in 1958, both papers appearing
in the American Journal of Mathematics. We will return to these matters in
Chapter ?77.
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2.7 Sequence space and symbolic dynamics.

In this section we will illustrate a powerful method for studying dynamical
systems by examining the quadratic transformation

Q.:x— 2’ +c

for values of ¢ < —2.
For any value of ¢, the two possible fixed points of Q). are

p-(€) = 51~ VI=), pile)=5(1+VI—1o)
by the quadratic formula. These roots are real with p_(c) < p4(c) for ¢ < 1/4.
The graph of ). lies above the diagonal for x > p4 (¢), hence the iterates of any
z > pi(c) tend to +oo. If g < —py(c), then 1 = Q.(x0) > p4(c), and so the
further iterates also tend to +o0o. Hence all the interesting action takes place in
the interval [—py,py]. The function @, takes its minimum value, ¢, at x = 0,
and

c=—pslc) = —%(1 +v1—4c)

when ¢ = —2. For —2 < ¢ < 1/4, the iterate of any point in [—p,,p4] remains
in the interval [—p,4, p4]- But for ¢ < —2 some points will escape, and it is this
latter case that we want to study.

To visualize the what is going on, draw the square whose vertices are at
(£p4,E£p+) and the graph of Q. over the interval [—py,py]. The bottom of
the graph will protrude below the bottom of the square. Let A; denote the
open interval on the z-axis (centered about the origin) which corresponds to
this protrusion. So

Ar = {2]Qc(z) < —p+(9)}.

Every point of A; escapes from the interval [—py,py] after one iteration.
Let
Az = Q7' (Ar).

Since every point of [—p4, p4+] has exactly two pre-images under )., we see that
A, is the union of two open intervals. To fix notation, let

I =[-py,ps]

and write
I\Al =lhhUuli

where I is the closed interval to the left of A; and I; is the closed interval to
the right of A;.Thus A, is the union of two open intervals, one contained in I
and the other contained in ;. Notice that a point of A, escapes from [—p4, p4]
in exactly two iterations: one application of (). moves it into A; and another
application moves it out of [—py, py].
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Conversely, suppose that a point z escapes from [—p4,py] in exactly two
iterations. After one iteration it must lie in Ay, since these are exactly the
points that escape in one iteration. Hence it must lie in A,.

In general, let

Any1 = Q7" (A1)

Then A, 11 is the union of 2™ open intervals and consists of those points which
escape from [—py,p1] in exactly n + 1 iterations. If the iterates of a point x
eventually escape from [—p,, p4], there must be some n > 1 so that z € 4,,. In
other words,

U 4n

n>1

is the set of points which eventually escape. The remaining points, lying in the
set

A:=1\ ] Anm,

n>1

are the points whose iterates remain in [—py,py] forever. The thrust of this
section is to study A and the action of @, on it.

Since A is defined as the complement of an open set, we see that A is closed.
Let us show that A is not empty. Indeed, the fixed points, p+ certainly belong
to A and hence so do all of their inverse images, Q. "(ps). Next we will prove

Proposition 2.7.1 If

2
< —5+T‘/3 = —2.368... (2.9)

then A is totally disconnected, that is, it contains no interval.

In fact, the proposition is true for all ¢ < —2 but, following Devaney [?] we will
only present the simpler proof when we assume (2.9). For this we use

Lemma 2.7.1 If (2.9) holds then there is a constant A > 1 such that
|QL(z)| >A>1, Vzel\A. (2.10)

Proof of Lemma. We have |Q'(z)| = |2z| > A > 1if [z| > X forall 2 € I\ A;.
So we need to arrange that A; contains the interval [—1, 1] in its interior. In
other words, we need to be sure that

1
QC(E) < —D+-
The equality
1
QC(§) = =P+
translates to
1 L 1++1—4c
- +c=-— .
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Solving the quadratic equation gives

5+2V5
1

as the lower root. Hence if (2.9) holds, Qc(3) < —py.

Proof of Prop. 2.7.1. Suppose that there is an interval, J, contained in A.
Then J is contained either in Iy or I;. In either event the map Q. is one to one
on J and maps it onto an interval. For any pair of points, z and y in J, the

mean value theorem implies that

Qe(z) — Qe(y)| > Alz —yl.

Hence if d denotes the length of J, then Q.(J) is an interval of length at least
Ad contained in A. By induction we conclude that A contains an interval of
length A™d which is ridiculous, since eventually A\"d > 2p, which is the length
of I. QED.

Now consider a point € A. Either it lies in Iy or it lies in I;. Let us define
so(z) =0 Vz e Iy

and
so(z) =1 Vx € I1.

Since all points Q™ (z) are in A, we can define s,(z) to be 0 or 1 according to
whether Q2™ (z) belongs to Iy or I1. In other words, we define

0 if Q(z)el,
sp(z) = . (2.11)
1 if Q"(x)el

higher iterates of Q..
So let us introduce the sequence space, X, defined as

EZ{(S()SlSQ...) | Sj =0or 1}

Notice that in contrast to the space X we introduced in Section 3.4, we are
not excluding any sequences. Define the notion of distance or metric on ¥ by
defining the distance between two points

s = (s08182...)

and
t= (t0t1t2 .. )

to be -
def |s; — &
d(S,t) = Z %

i=0
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It is immediate to check that d satisfies all the requirements for a metric: It
is clear that d(s,t) > 0 and d(s,t) = 0 implies that |s; — ¢;| = 0 for all 4, and
hence that s = t. The definition is clearly symmetric in s and t. And the usual
triangle inequality

|Si - ’U.i| < |Si - ti| + |ti - ui|

for each ¢ implies the triangle inequality
d(s,u) < d(s,t) +d(t,u).

Notice that if s; = ¢; for : = 0,1,...,n then

o0 oo

& syl L1
d(s,t) = Z i S Z % = an

j=n+1 j=n+1

Conversely, if s; # t; for some i < n then

1 1
t)> —> —.
(s 1) > 5> o

So if .

d(S,t) < 2_n
then s; = t; for all i < n.

Getting back to A, define the map

t: A= X

by
t(z) = (so(x)s1(x)s2(x)s3(x)...) (2.12)

where the s;(x) are defined by (2.11).

The point ¢(z) is called the itinerary of the point . For example, the fixed
point, p; lies in I; and hence do all of its images under Q7 since they all coincide
with py. Hence its itinerary is

Wpy) = (111111...).

The point —p is carried into p; under one application of (). and then stays
there forever. Hence its itinerary is

t(—py) = (01111111...).
It follows from the very definition that
UQc(x)) = S(u(z))
where S is our old friend, the shift map,

S: (80818283 .. ) = (31828384 .. )
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applied to the space X. In other words,
toQ.=Sou.

The map ¢ conjugates (., acting on A into the shift map, acting on X. To show
that this is a legitimate conjugacy, we must prove that ¢ is a homeomorphism.
That is, we must show that ¢ is one-to one, that it is onto, that it is continuous,
and that its inverse is continuous:

One-to one: Suppose that «(z) = «(y) for z,y € A. This means that Q7(z)
and Q" (y) always lie in the same interval, Iy or I;. Thus the interval [z, y] lies
entirely in either Iy or I; and hence (). maps it in one to one fashion onto an
interval contained in either Iy or I;. Applying ). once more, we conclude that
@Q? is one-to-one on [z,y]. Continuing, we conclude that Q7 is one-to-one on
the interval [z,y], and we also know that (2.9) implies that the length of [z, y]
is increased by a factor of A”. This is impossible unless the length of [z,y] is
zero, i.e. x = y.

Onto. We start with a point s = (s¢8152...) € X. We are looking for a point
z with ¢() = s. Consider the set of y € A such that

1

(s, u(y)) < 5
This is the same as requiring that y belong to
A N Isos1...sn

where I s, .5, is the interval

n

ISosl...Sn = {y E Il y e ISo)QC(y) G Isla' . an(y) G Isn}-

So

= L,NnQ. 'I,)N---NnQ,"(Is,)

= L,NQ. (I, n---nQ; " V(I,,))

= I NQ ' (Lsy..s0) (2.13)
= Ligsiesnns NQ"(s,) C Lsg.snn- (2.14)

Isosl...sn

The inverse image of any interval, J under ). consists of two intervals, one
lying in Iy and the other lying in I;. For n = 0, I, is either I or I; and hence
is an interval. By induction, it follows from (2.13) that Iyys,.. s, iS an interval.
By (2.14), these intervals are nested. By construction these nested intervals
are closed. Since every sequence of closed nested intervals on the real line has a
non-empty intersection, there is a point £ which belongs to all of these intervals.

Hence all the iterates of z lie in I, so z € A and «(z) = s.

Continuity. The above argument shows that the interiors of the intervals
Isys, .5, (intersected with A) form neighborhoods of z that map into small
neighborhoods of «(x).
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Continuity of . Conversely, any small neighborhood of z in A will contain

one of the intervals I,, s, and hence all of the points t whose first n coordinates

agree with s = +(z) will be mapped by :~! into the given neighborhood of z.
To summarize: we have proved

Theorem 2.7.1 Suppose that ¢ satisfies (2.9). Let A C [—p+,p4] consist of
those points whose images under Q7 lie in [—ppy] for alln > 0. Then A is a
closed, non-empty, disconnected set. The itinerary map ¢ is a homeomorphism
of A onto the sequence space, ¥, and conjugates Q. to the shift map, S.

Just as in the case of the space X in section 3.4, the periodic points for S
are precisely the periodic or “repeating” sequences. Thus we can conclude from
the theorem that there are exactly 2" points of period (at most) n for .. Also,
the same argument as in section 3.4 shows that the periodic points for S are
dense in ¥, and hence the periodic points for ). are dense in A. Finally, the
same argument as in section 3.4 shows that S is transitive on . Hence, the
restriction of Q. to A is chaotic.



