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Chapter 8

Hyperbolicity.

8.1 (Y linearization near a hyperbolic point

Let E be a Banach space. A linear map
A:E—- E

is called hyperbolic if we can find closed subspaces S and U of E which are
invariant under A such that we have the direct sum decomposition

E=SeU (8.1)
and a positive constant a < 1 so that the estimates
”As” <a<l, A;= AlS (8-2)

and
14, 1 <a<1, Ay=Apy (8.3)

hold. (Here, as part of hypothesis (8.3), it is assumed that the restriction of A
to U is an isomorphism so that Ay is defined.)

If p is a fixed point of a diffeomorphism f, then it is called a hyperbolic fixed
point if the linear transformation df, is hyperbolic.

The main purpose of this section is prove that any diffeomorphism, f is
conjugate via a local homeomorphism to its derivative, df, near a hyperbolic
fixed point. A more detailed statement will be given below. We discussed the
one dimensional version of this in Chapter 3.

Proposition 8.1.1 Let A be a hyperbolic isomorphism (so that A~' is bounded)

and let
1—a

e< m (84)

If ¢ and ¢ are bounded Lipschitz maps of E into itself with

Liplg] <e, Lip[y] < e



then there is a unique solution to the equation
(id+u)o(A+¢)=(A+¢)o (id+w) (8.5)

in the space, X of bounded continuous maps of E into itself. If $(0) = ¢(0) =0
then u(0) = 0.

Proof. If we expand out both sides of (8.5) we get the equation
Au—u(A+¢) = ¢ —@id + u).
Let us define the linear operator, L, on the space X by
L(u) = Au —uo (id + ¢).
So we wish to solve the equation
L(u) = ¢ — (A +u).
We shall show that L is invertible with

141
(I—a)’

Assume, for the moment that we have proved (8.6). We are then looking for a
solution of

I~ < (8.6)

u = K(u)
where
K(u) = L' ¢ — ¢(id + u)].
But

1K (u1) = K(u2)ll = [IL7'¢ —(id + u1) — ¢ + 9 (id + u2)]|
= |IL7'(id + u2) — ¢ (id + w)]]|
< IL7H|Tip[]llug — |
< cllug —wul], e<1

if we combine (8.6) with (8.4). Thus K is a contraction and we may apply the
contraction fixed point theorem to conclude the existence and uniqueness of the
solution to (8.5). So we turn our attention to the proof that L is invertible and
of the estimate (8.6). Let us write

Lu = A(Mu)

where
Mu=u— A uo(A+¢).

Composition with A is an invertible operator and the norm of its inverse is
[|[A=1]]. So we are reduced to proving that M is invertible and that we have the

estimate 1
MY < —. 8.7
|| || =1"4 ( )



Let us write
u=fodg, [f:E—-S, g:E—->U

in accordance with the decomposition (8.1). So if we let Y denote the space of
bounded continuous maps from F to S, and let Z denote the space of bounded
continuous maps from E to U, we have

X=YoZ

and the operator M sends each of the spaces Y and Z into themselves since A~!
preserves S and U. We let M, denote the restriction of M to Y, and let M,
denote the restriction of M to Z. It will be enough for us to prove that each of
the operators M, and M, is invertible with a bounds (8.7) with M replaced by
M, and by M,. For f € Y let us write

Myf=f-Nf, Nf=A"'fo(A+4).
We will prove
Lemma 8.1.1 The map N is invertible and we have
N7 < a.
Proof.We claim that he map A + ¢ a homeomorphism with Lipschitz inverse.

Indeed
1

Az|| >
el >

[l
SO

42+ 6(0) — Ay — 9 > [~ Linlal| e =l

> 2 |lz—yll
2 TaanlT—Y
[A-T]]

by (8.4). This shows that A + ¢ is one to one. Furthermore, to solve
Az + ¢(z) =y
for xz, we apply the contraction fixed point theorem to the map
2 A7 (y — 4(a)).

The estimate (8.4) shows that this map is a contraction. Hence A + ¢ is also
surjective.
Thus the map N is invertible, with

Nf=Afo(A+¢) .

Since ||A4s|| < a, we have

INTHFI < allfI-



(This is in terms of the sup norm on Y.) In other words, in terms of operator

norms,
N7 < a.

We can now find M ' by the geometric series
Mt = (I-N)t
[(=M)(T =N
= (=N)"'[I+N '+ N 24 N34+...]

and so on Y we have the estimate

a
MY < .
I ) <
The restriction, M, of M to Z is
Myg=9—-Qg
with
1Qgll < allgll

so we have the simpler series
M7'=T+Q+Q*+--

giving the estimate

1
M|l < ——.
M)l < T

Since
a 1

l—-a 1-a
the two pieces together give the desired estimate

1
M) < —,
—a

completing the proof of the first part of the proposition. Since evaluation at zero
is a continuous function on X, to prove the last statement of the proposition
it is enough to observe that if we start with an initial approximation satisfying
u(0) = 0 (for example v = 0) Ku will also satisfy this condition and hence so
will K™u and therefor so will the unique fixed point.

Now let f be a differentiable, hyperbolic transformation defined in some
neighborhood of 0 with f(0) =0 and dfy = A. We may write

f=A+g

where

We wish to prove



Theorem 8.1.1 There exists neighborhoods U and V of 0 and a homeomor-
phism h : U — V such that
hoA:th. (88)

We prove this theorem by modifying ¢ outside a sufficiently small neighborhood
of 0 in such a way that the new ¢ is globally defined and has Lipschitz constant
less than e where € satisfies condition (8.4). We can then apply the proposition
to find a global A which conjugates the modified f to A, and h(0) = 0. But since
we will not have modified f near the origin, this will prove the local assertion
of the theorem. For this purpose, choose some function p: R — R with

p®)=0 V t>1
1
pit)y=1 V t< B
(B < K vt
where K is some number,
K >2.

For a fixed € let r be sufficiently small so that the on the ball, B,(0) we have
the estimate €

ldall < 5+
which is possible since dgg = 0 and d¢ is continuous. Now define

ll[l
r

P(z) = p(=)9(2),

and continuously extend to
P(x) =0, |zl >r

Notice that .
V(@) = ¢(2), el < 5

Let us now check the Lipschitz constant of 1. There are three alternatives: If
z1 and x2 both belong to B,.(0) we have

[l

W) — vl = o )ga) - o122 g(a,)

< ol o2l g4 o122 o) - e
< (Kl — /) o | % (6/2K) + (e/2K) x ey —
< ellzr — 2.

If z; € B.(0), x5 ¢ B,.(0), then the second term in the expression on the second
line above vanishes and the first term is at most (e/2)||z1 — z2||. If neither z;
nor zs belong to B,.(0) then ¢ (z1) — ¢ (z2) = 0— 0 = 0. We have verified that
Lip[¢] < € and so have proved the theorem.



8.2 invariant manifolds

Let p be a hyperbolic fixed point of a diffeomorphism, f. The stable manifold
of f at pis defined as the set

W*(p) = W*(p, f) = {o] lim f"(z) = p}. (8.9)
Similarly, the unstable manifold of f at p is defined as
W(p) = W(p, f) = {z| lim_f~"(z) = p}. (8.10)

We have defined W?® and W* as sets. We shall see later on in this section that
in fact they are submanifolds, of the same degree of smoothness as f. The
terminology, while standard, is unfortunate. A point which is not exactly on
W#(p) is swept away under iterates of f from any small neighborhood of p. This
is the content of our first proposition below. So it is a very unstable property
to lie on W?. Better terminology would be “contracting” and “expanding”
submanifolds. But the usage is standard, and we will abide by it. In any event,
the sets W#(p) and W¥(p) are, by their very definition, invariant under f.

In the case that f = A is a hyperbolic linear transformation on a Banach
space E = S @ U, then W#(0) = S and W*(0) = U as follows immediately
from the definitions. The main result of this section will be to prove that in the
general case, the stable manifold of f at p will be a submanifold whose tangent
at p is the stable subspace of the linear transformation dfj,.

Notice that for a hyperbolic fixed point, replacing f by f~! interchanges the
roles of W* and W*. So in much of what follows we will formulate and prove
theorems for either W*¢ or for W*. The corresponding results for W* or for W#
then follow automatically.

Let A be a hyperbolic linear transformation on a Banach space E =S @ U,
and consider any ball, B, = B,(0) of radius r about the origin. If x € B, does
not lie on S N B,, this means that if we write £ = z5 ® z, with z; € S and
Z, € U then z, # 0. Then

A% = (|4 + [ A"z
(A" .||

"lzll-

vV IV

If we choose n large enough, we will have ¢”||zy|| > r. So eventually, A"z ¢ B,.
Put contrapositively,

SN B, ={z € B,|A"z € B,Vn > 0}.

Now consider the case of a hyperbolic fixed point, p, of a diffeomorphism, f. We
may introduce coordinates so that p = 0, and let us take A = dfy. By the C°
conjugacy theorem, we can find a neighborhood, V' of 0 and homeomorphism

h:B. =V



with
hof=Aoh.

Then
fM(z)=h"toA"oh (x)

will lie in U for all n > 0 if and only if h(z) € S(A) if and only if A"h(z) — 0.
This last condition implies that f"(z) — p. We have thus proved

Proposition 8.2.1 Let p be a hyperbolic fixed point of a diffeomorphism, f.
For any ball, B,(p) of radius r about p, let

B;(p) = {z € B,(p)|f"(z) € B;(p)¥n > 0}. (8.11)
Then for sufficiently small r, we have
Bl (p) c W*(p).

Furthermore, our proof shows that for sufficiently small » the set BZ(p) is a
topological submanifold in the sense that every point of B:(p) has a neighbor-
hood (in BZ(p)) which is the image of a neighborhood, V' in a Banach space
under a homeomorphism, H. Indeed, the restriction of h to S gives the desired
homeomorphism.
Remark. In the general case we can not say that B:(p) = B,(p)NW?*(p) because
a point may escape from B, (p), wander around for a while, and then be drawn
towards p.

But the proposition does assert that BZ(p) C W*(p) and hence, since W* is
invariant under f~!, we have

"B (p)] C W*(p)

for all n, and hence

U "B ()] c W*(p).

n>0
On the other hand, if x € W#(p), which means that f"(z) — p, eventually
f™(x) arrives and stays in any neighborhood of p. Hence p € f "[B:(p)] for
some n. We have thus proved that for sufficiently small r we have

we(p) = J f "B ). (8.12)

n>0

We will prove that BZ(p) is a submanifold. It will then follow from (8.12) that
W#(p) is a submanifold. The global disposition of W#(p), and in particular
its relation to the stable and unstable manifolds of other fixed points, is a key
ingredient in the study of the long term behavior of dynamical systems. In this
section our focus is purely local, to prove the smooth character of the set BZ(p).
We follow the treatment in [?].

We will begin with the hypothesis that f is merely Lipschitz, and give a proof
(independent of the C© linearization theorem) of the existence and Lipschitz



character of the W*. We will work in the following situation: A is a hyperbolic
linear isomorphism of a Banach space E = S @ U with

[Az]| < allzll, z € S, [[A™ 2]l < allzl,z € UL

We let S(r) denote the ball of radius s about the origin in S, and U(r) the ball
of radius r in U. We will assume that

f:8(r)xU(r) = E

is a Lipschitz map with

IfO)I<é (8.13)

and
Lip[f — A] <e. (8.14)

We wish to prove the following

Theorem 8.2.1 Let ¢ < 1. There exists an € = €(a) and a 6 = §(a,€,T) so that
if  satisfies (8.18) and (8.14) then there is a map

g: Eu(r) - Es(r)

with the following properties:
(i) g is Lipschitz with Lip[g] < 1.
(i) The restriction of f~1 to graph(g) is contracting and hence has a fized point,

p, on graph(g).
(iii) We have

graph(g) = [ fM(S(r) @ U(r)) = W*(p) N [S(r) ® U(p)]-

The idea of the proof is to apply the contraction fixed point theorem to the
space of maps of U(r) to S(r). We want to identify such a map, v, with its
graph:

graph(v) = {(v(z),z), = € U(r)}.
Now

flgraph(v)] = {f(v(x), 2)} = {(fs(v(2), 2), fu(v(z), 7))},

where we have introduced the notation

fs:psofa fu:puofa

where p,; denotes projection onto S and p, denotes projection onto U.
Suppose that the projection of f[graph(v)] onto U is injective and its image
contains U(r). This means that for any y € U(r) there is a unique z € U(r)
with
fulv(z),z) = 9.
So we write

T = [fu o (Uaid)]_l(y)



where we think of (v,id) as a map of U(r) — E and hence of

fuo (v,id)

as a map of U(r) — U. Then we can write

flgraph(v)] = {(fs(v([fu o (v,id)] " (y), )} = graphG(f (v)]
where
Gy(v) = fs o (v,id) o [fuo (v,id)] . (8.15)
The map v — Gy (v) is called the graph transform (when it is defined). We are
going to take
X = Lip, (U(r), S(r))

to consist of all Lipschitz maps from U(r) to S(r) with Lipschitz constant < 1.
The purpose of the next few lemmas is to show that if € and ¢ are sufficiently
small then the graph transform, G is defined and is a contraction on X. The
contraction fixed point theorem will then imply that there is a unique g € X
which is fixed under Gy, and hence that graph(g) is invariant under f. We will
then find that g has all the properties stated in the theorem.

In dealing with the graph transform it is convenient to use the box metric,
| |, on S @ U where

|75 @ zu| = max{[|a]], |z}
ie.
|| = max{[|ps(2)|l, [|pu(z)[|}-

We begin with

Lemma 8.2.1 Ifv € X then
Lip[fu o (v,id) — Au] < Lip[f - A]
Proof. Notice that
Py 0 A(v(z),2) = pu(As(v(z)), Auz) = Ayz
S0
fuo (v,id) — Ay = py o [f — A] o (v,id).

We have Lip[p,] < 1 since p,, is a projection, and

Lip(v, id) < max{Lip[v], Lip[id]} =1
since we are using the box metric. Thus the lemma follows.
Lemma 8.2.2 Suppose that 0 < e < ¢! and

Lip[f — 4] < e.

Then for any v € X the map fu o (v,id) : E,(r) = E, is a homeomorphism
whose inverse is a Lipschitz map with

Lip [[fu © (v,id)] "] <

(8.16)

cl—¢

10



Proof.Using the preceding lemma, we have

Lip[fu — Au] < € < ™" <A77 = (Lip[4.]) "
By the Lipschitz implicit function theorem we conclude that f, o (v,id) is a
homeomorphism with

Lip [[fu o (v, id)] '] . !

< o . . <
14w 17! — Lip[fy o (v,id) — Ay] — ¢! —€

by another application of the preceding lemma. QED. We now wish to show
that the image of f, o (v,id) contains U(r) if € and ¢ are sufficiently small:
By the proposition in section 5.2 concerning the image of a Lipschitz map, we
know that the image of U(r) under f, o (v,id) contains a ball of radius /A
about [fy o (v,id)](0) where X is the Lipschitz constant of [f, o (v,id)]~!. By
the preceding lemma, r/\ = r(c™! — €). Hence f, o (v,id)(U(r)) contains the
ball of radius

r(ct =€) = [1fu(v(0),0)]]
about the origin. But
1£u(©(0),0) < [1£u(0,0)]| + [|fu(v(0),0) — £.(0,0)]]
17u(0, 0} + [|(fu — PuA)(v(0),0) — (fu — puA)(0,0)]|
|7O)] + |(f = A)(v(0),0) = (f = A)(0,0)]
|£(0)| + er.

The passage from the second line to the third is because p, A(z,y) = A,y =0
if y = 0. The passage from the third line to the fourth is because we are using
the box norm. So

rct =€) = | £u(v(0),0)[| > (¢! —2¢) = &
if (8.13) holds. We would like this expression to be > r, which will happen if
§<r(ct —1-2€). (8.17)

ANRVANNVAN!

We have thus proved

Proposition 8.2.2 Let f be a Lipschitz map satisfying (8.13) and (8.14) where
2e < ¢! —1 and (8.17) holds. Then for everyv € X, the graph transform, G (v)

is defined and
c+e

Lip[G(v)] < P

The estimate on the Lipschitz constant comes from

Lip[G¢(v)] < Lip[fs o (v,id)|Lip[(fu o (v,id)]

< Lip[fs]Lip[v]Lip - ———

< (Lip[A,] + Lip[ps o (f — 4)]) - C,ll_ c
+

< S

11



In going from the first line to the second we have used the preceding lemma.
In particular, if
2e<cl—c (8.18)

then
LiplG; (0)] < 1.

Let us now obtain a condition on § which will guarantee that
G()(U(r) C S(r).
Since
fuo (v,id)U(r) D U(r),

we have

[fuo (v,id)]'U(r) C U(r).

Hence, from the definition of G'¢(v), it is enough to arrange that
fs o (vid)[U(r)] C S(r).
For z € U(r) we have

Il fs(v(2), )| llps o (f — A)(v(z), 2)[| + [|Asv(2)]]

I(f = A)(v(=), 2)| + cllv()]]

I(f = A)(v(z),2) = (f = A)(0,0)| + [£(0)] + er
e|l(v(z),z)|+ 0 +cr

er +46 +cr.

IANIA IN IN A

So we would like to have
(e+cor+d<r
or
0<r(l—c—e). (8.19)

If this holds, then Gy maps X into X.

We now want conditions that guarantee that Gy is a contraction on X,
where we take the sup norm. Let (w,z) be a point in S(r) ® U(r) such that
fu(w,z) € U(r). Let v € X, and consider

[(w,z) = (v(2),2)| = [lw—v(@)],

which we think of as the distance along S from the point (w,z) to graph(v).
Suppose we apply f. So we replace (w,z) by f(w,z) = (fs(w, ), fu(w,z)) and
graph(v) by f(graph(v)) = graph(G¢(v)). The corresponding distance along S
is || fs(w, z) — G¢(v)(fu(w, z)||. We claim that

1fs(w,z) — G (0)(fulw, 2))[| < (c+ 2€)[lw — v(@)]|. (8.20)
Indeed,
fs(v(@),2) = Gp(v)(fulv(z), 2)

12



by the definition of G, so we have

I fs(w,2) — G () (fu(w, )| < [[fs(w,z) — fs(v(z), )| +
+G 5 (0) (ful(v(2), 2) = Gp (V) (ful(w, 2))]]
Lip[fs]|(w,z) — (v(2), z)| +

<
+Lip[fu]|(v(2), 2) — (w, )|

< Lip[fs — psA + psAlllw — v(@)|| +
+Lip[fu — pud]ljw — v(z)||

< (etcte)flw—ov(@)

which is what was to be proved.
Consider two elements, v; and va of X. Let z be any point of U(r), and
apply (8.20) to the point

(w,2) = (v1([fu 0 (v1,id)]7](2)), [fu © (v1,1d)] 7'](2))

which lies on graph(vi), and where we take v = vy in (8.20). The image of
(w, z) is the point (Gf(v1)(2), ) which lies on graph(Gy(v1)), and, in particular,
Sfu(w,z) = 2. So (8.20) gives

1G 1 (v1)(2) =G (v2) ()| < (c+2€)[|vr([fuo(vr,id)]~1](2)) ~va([fuo(vr,id)] T'](2)]|-
Taking the sup over z gives
IG¢(v1) — Gy (v2)llsup < (¢ + 26€)[[v1 — V2llsup- (8.21)

Intuitively, what (8.20) is saying is that Gy multiplies the S distance between
two graphs by a factor of at most (¢ + 2¢). So Gy will be a contraction in the
sup norm if

2e<1—c (8.22)

which implies (8.18). To summarize: we have proved that Gy is a contraction
in the sup norm on X if (8.17), (8.19) and (8.22) hold, i.e.

2¢<1l—c, §<rmin(c™' —1—2¢ 1—c—e).
Notice that since ¢ < 1, we have ¢! —1 > 1 — ¢ so both expressions occurring
in the min for the estimate on ¢ are positive.

Now the uniform limit of continuous functions which all have Lip[v] < 1 has
Lipschitz constant < 1. In other words, X is closed in the sup norm as a subset
of the space of continuous maps of U(r) into S(r), and so we can apply the
contraction fixed point theorem to conclude that there is a unique fixed point,
g € X of Gy. Since g € X, condition (i) of the theorem is satisfied. As for (ii),
let (g(x),x) be a point on graph(g) which is the image of the point (g(y),y)
under f, so

13



which implies that
z = [fu o (9,id)](y).

We can write this equation as

Du© f|graph(g) = [fu ° (gald)] ° (pu)lgraph,(g)-
In other words, the projection p, conjugates the restriction of f to graph(g)
into [fy o (g,id)]. Hence the restriction of f~1 to graph(g) is conjugated by p,
into [fy, o (g,id)]~!. But, by (8.16), the map [f, o (g,id)]~! is a contraction since

cl—1>1-c>2
S0

cl—e>1+e>1.
The fact that Lip[g] < 1 implies that

I(g(2), z) = (9(y),9)| = llz -yl

since we are using the box norm. So the restriction of p, to graph(g) is an
isometry between the (restriction of) the box norm on graph(g)and the norm
on U. So we have proved statement (ii), that the restriction of f~! to graph(g)
is a contraction.

We now turn to statement (iii) of the theorem. Suppose that (w,z) is a
point in S(r) ® U(r) with f(w,z) € S(r) ® U(r). By (8.20) we have

1 fs(w, z) — g(fu(w, z)[| < (¢ + 2€)[|w — g(2)]]
since G¢(g) = g. So if the first n iterates of f applied to (w,z) all lie in
S(r) @ U(r), and if we write
[ (w,z) = (2,9),
we have
Iz =9Il < (¢ +2€)"[|w — g(2)|| < (c+ 2€)r.
So if the point (z,y) is in (] f*(S(r) ® U(r)) we must have z = g(y), in other

words

ﬂ fr(S(r) @ U(r)) C graph(g).
But

graph(g) = flgraph(g)] N [S(r) ® U(r)]

SO

graph(g) C () f"(S(r) @ U(r)),
proving that

graph(g) = [ f™(S(r) ® U(r)).

We have already seen that the restriction of f~! to graph(g) is a contraction,
so all points on graph(g) converge under the iteration of f~! to the fixed point,
p. So they belong to W*(p). This completes the proof of the theorem.

Notice that if f(0) =0, then p = 0 is the unique fixed point.

14



Chapter 9

Symbolic dynamics.

9.1 Symbolic dynamics.

We have already seen several examples where a dynamical system is conjugate
to the dynamical system consisting of a “shift” on sequences of symbols. It is
time to pin this idea down with some formal definitions.

Definition. A discrete compact dynamical system (M, F') consists of a
compact metric space M together with a continuous map F': M — M. If F is
a homeomorphism then (M, F') is said to be an invertible dynamical system.

If (M,F) and (N,QG) are compact discrete dynamical systems then a map
¢ : M — N is called a homomorphism if

e ¢ is continuous, and

Gog=¢oF,

in other words if the diagram

M-t M

comrmutes.

If the homomorphism ¢ is surjective it is called a factor. If ¢ a homeomorphism
then it is called a conjugacy.

For the purposes of this chapter, we will only be considering compact discrete
situations, so shall drop these two words.

15



Let A be a finite set called an “alphabet”. The set A% consists of all bi-
infinite sequences ¢ = ---T_2,%_1,%0, T1,T2,T3, - -. On this space let us put
the metric (a slight variant of the metric we introduce earlier) d(z,z) = 0 and,
if  # y then

d(z,y) = 2% where k = max [Z_i, 2] = [y—i, yi]-
Here we use the notation [z, 2] to denote the “block”

[Tk, Te] = TrTpy1 -~ Te

from k to £ occurring in z. (This makes sense if £ < £. If £ < k we adopt the
convention that [z, z,] is the empty word.) Thus the elements z and y are close
in this metric if they agree on a large central block. So a sequence of points {z™}
converges if and only if, given any fixed k and ¢, the [z}, z}] eventually agree
for large n. From this characterization of convergence, it is easy to see that
the space AZ is sequentially compact: Let z" be a sequence of points of AZ,
We must find a convergent subsequence. The method is Cantor diagonalization:
Since A is finite we may find an infinite subsequence n; of the n such that all the
xy" are equal. Infinitely many elements from this subsequence must also agree
at the positions —1 and 1 since there are only finitely many possible choices of
entries. In other words, we may choose a subsequence n;; of our subsequence

such that all the [:ch] ,x?ij ] are equal. We then choose an infinite subsequence
of this subsubsequence such that all the [z_3, 3] are equal. And so on. We
then pick an element N; from our first subsequence, an element No > N; from
our subsubsequence, an element N3 > N» from our subsubsubsequence etc. By
construction we have produced an infinite subsequence which converges.

In the examples we studies, we did not allow all sequences, but rather ex-
cluded certain types. Let us formalize this. By a word from the alphabet 4 we
simply mean a finite string of letters of 4. Let F be a set of words. Let

X5 ={z € A%|[xy, ] € F}

for any k£ and £. In other words, X consists of those sequences x for which no
word of F ever occurs as a block in z. From our characterization of convergence
(as eventual agreement on any block) it is clear that Xz is a closed subset of
AZ and hence compact. It is also clear that X is mapped into itself by the
shift map

o: A% 5 A% (o) = Thet

It is also clear that o is continuous. By abuse of language we may continue to
denote the restriction of o to Xx by ¢ although we may also use the notation
ox for this restriction. A dynamical system of the form (X, ox) where z = Xx
is called a shift dynamical system.

Suppose that (X,0x) with X = Xz C AZ and (Y, 0y) with Y = Yy C BZ
are shift dynamical systems. What does a homomorphism ¢ : X — Y look like?
For each b € B, let

Co(b) = {y € Ylyo = b}
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(The letter C is used to denote the word “cylinder” and the subscript 0 denotes
that we are constructing the so called cylinder set obtained by specifying that
the value of y at the “base” 0.) The sets Co(b) are closed, hence compact, and
distinct. The finitely many sets ¢~1(Co (b)) are therefore also disjoint. Since ¢
is continuous by the definition of a homomorphism, each of the sets ¢—1(Co)(b)
is compact, as the inverse i age of a compact set under a continuous map from
a compact space is compact. Hence there is a § > 0 such that the distance
between any two different sets ¢~ (Cy(b)) is > §. Choose n with 27" < §. Let
if z,2’ € X. Then

[#n,@a] = [215, 23] = 6(2) = $(2')

since they are at distance at most 2™ and hence must lie in the same ¢ (Co(b).
In other words, there is a map

b A 5 B

such that
¢(z)o = ®([T-n,Zn])-

But now the condition that oy o ¢ = ¢ o ox implies that

¢(@)1 = ®([& nt1,2n +1])

and more generally that

3(@); = 2([Tj—n, Tjtnl)- (9.1)

Such a map is called a sliding block code of block size 2n + 1 (or “with
memory 1 and anticipation n”) for obvious reasons. Conversely, suppose that
¢ is a sliding block code. It clearly commutes with the shifts. If z and 2’ agree
on a central block of size 2N + 1, then ¢(z) and ¢(y) agree on a central block
of size 2(N —n) + 1. This shows that ¢ is continuous. In short, we have proved

Proposition 9.1.1 A map ¢ between two shift dynamical systems is a homo-
morphism if and only if it is a sliding block code.

The advantage of this proposition is that it converts a topological property,
continuity, into a finite type property - the sliding block code. Conversely, we
can use some topology of compact sets to derive facts about sliding block codes.
For example, it is easy to check that a bijective continuous map ¢ : X — Y
between compact metric spaces is a homeomorphism, i.e. that ¢! is continuous.
Indeed, if not, we could find a sequence of points y; € Y with y, — y and
T, = ¢ (yr) A = ¢ (y). Since X is compact, we can find a subsequence
of the z, which converge to some point z' # z. Continuity demands that
¢(z') = y = ¢(x) and this contradicts the bijectivity. Form this we conclude
that the inverse of a bijective sliding block code is continuous, hence itself a
sliding block code - a fact that is not obvious from the definitions.
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9.2 Shifts of finite type.

For example, let M be any positive integer and suppose that we map X C A%
into (AM)Z as follows: A “letter” in AM is an M-tuplet of letters of A. Define
the map ¢ : Xz — (AM)Z by letting ¢(z); = [2i, Tiya]- For example, if M =5
and we write the 5-tuplets as column vectors, the element x is mapped to

r_q Zo Iy Io
Zo I T2 Z3
ey 1 | 22 |, xs |,| x4 |,dots.
z2 ] T4 Ts
xrs3 T4 T5 Z6

This map is clearly a sliding code, hence continuous, and commutes with shift
hence is a homomorphism. On the other hand it is clearly bijective since we can
recover ¢ from its image by reading the top row. Hence it is a conjugacy of X
onto its image. Call this image X ™.

We say that X is of finite type if we can choose a finite set F of forbidden
words so that X = X .

9.2.1 One step shifts.

If w is a forbidden word for X, then any word which contains w as a substring
is also forbidden. If M + 1 denotes the largest length of a word in F, we may
enlarge all the remaining words by adding all suffixes and prefixes to get words
of length M. Hence, with no loss of generality, we may assume that all the words
of F have length M. So F C AM. Such a shift is called an M-step shift. But if
we pass from X to XM*! the elements of (A)M+> are now the alphabet. So
excluding the elements of F means that we have replaced the alphabet AM+1
by the smaller alphabet &, the complement of F in AM*>°. Thus XM+ C £2.
The condition that an element of B% actually belong to X is easy to describe:
An M + 1-tuplet y; can be followed by an M + 1-tuplet y;4; if and only if the
last M entries in y; coincide with the first M entries in y;41. All words w = yy'
which do not satisfy this condition are excluded. but all these words have length
two. We have proved that the study of shifts of finite type is the same as the
study of one step shifts.

9.2.2 Graphs.

We can rephrase the above argument in the language of graphs. For any shift
and any positive integer K X we let Wk (X) denote the set of all admissible
words of length K. Suppose that X is an M-step shift. Let us set

V= Wu(X),
and define
E =Wy (X)
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as before. Define maps
i: €=V, t: €2V

to be
i(aoal .. .aM) =aoa1 - GpM—1 t(aoal .. .aM) =ai---apy.
Then a sequence u = - --u UgU Uz - - - € £%, where u; € & lies in XM+ if and
only if
t(Uj) = i(Uj + 1) (9.2)
for all j.

So let us define a directed multigraph (DMG for short) G to consist of a
pair of sets (V, &) (called the set of vertices and the set of edges) together with
a pair of maps

1: &2V, t: &>V

We may think the edges as joining one vertex to another, the edge e going from
i(e) (the initial vertex) to ¢(e) the terminal vertex. The edges are “oriented” in
the sense each has an initial and a terminal point. We use the phrase multigraph
since nothing prevents several edges from joining the same pair of vertices. Also
we allow for the possibility that i(e) = ¢(e), i.e. for “loops”.

Starting from any DMG G, we define Y C £% to consist of those sequences
for which (9.2) holds. This is clearly a step one shift.

We have proved that any shift of finite type is conjugate to Y for some
DMG G.

9.2.3 The adjacency matrix

suppose we are given V. Up to renaming the edges which merely changes the
description of the alphabet, £, we know G once we know how many edges go
from ¢ to j for every pair of elements ¢, € V. This is a non-negative integer,
and the matrix
A= A(G) = (ay)

is called the adjacency matrix of G. All possible information about G, and
hence about Yy is encoded in the matrix A. Our immediate job will be to
extract some examples of very useful properties of Y from algebraic or analytic
properties of A. In any event, we have reduced the study of finite shifts to the
study of square matrices with non-negative integer entries.

9.2.4 The number of fixed points.

For any dynamical system, (M, F) let p,(F) denote the number (possibly infi-
nite) of fixed points of F™. These are also called periodic points of period n.
We shall show that if A is the adjacency matrix of the DMG G, and (Yg,0v)
is the associated shift, then

pn(oy) = tr A™. (9.3)
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To see this, observe that for any vertices ¢ and j, a;; denotes the number of
edges joining i to j. Squaring the matrix A, the ij component of 42 is

E ik O
k

which is precisely the number of words (or paths) of length two which start at
1 and end at j. By induction, the number of paths of length n which join ¢ to
j is the ij component of A™. Hence the i component of A™ is the number of
paths of length n which start and end at 4. Summing over all vertices, we see
that tr A™ is the number of all cycles of length n. But if ¢ is a cycle of length n,

then the infinite sequence y = - - - cccce- - - is periodic with period n under the
shift. Conversely, if y is periodic of period n, then ¢ = [yg,yn_1] is a cycle of
length n with y = ---ccecc- --. Thus p,(oy) = the number of cycles of length

n=trA". QED

9.2.5 The zeta function.

Let (M, F') be a dynamical system for which p, (F) < oo for all n. A convenient
bookkeeping device for storing all the numbers p, (F) is the zeta function

(r(t) := exp (an(F)%) -

Let z be a periodic point (of some period) and let m = m(z) be the minimum
period of z. Let v = v(z) = {z,Fx,...,F™ 'z} be the orbit of z under F
and all its powers. So m = m(y) = m(z) is the number of elements of v. The
number of elements of period n which correspond to elements of v is m if m|n
and zero otherwise. If we denote this number by p,(F,~) then

tmi

tn
exp Zm(ﬂv)—) =exp [ Y mj— | =
( n n mj

J
tmy 1

J
exp ZT =exp(—10g(1—tm)):1_tm.
J

Now

pu(F) = an(Fa’Y)

since a point of period n must belong to some periodic orbit. Since the expo-
nential of a sum is the product of the exponentials we conclude that

(r(t) = 1;[ (ﬁ) :
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Now let us specialize to the case (Yg, o0y ) for some DMG, G. We claim that

1

G (t) = det(T —4)’ (9.4)

Indeed,
pn(o) =tr A" = Z/\z"

where the sum is over all the eigenvalues (counted with multiplicity). Hence
(At)" 1 1
(t) = = = . QED
GOy =]Jewd == =]1 Tonit) = detr—ta) @

9.3 Topological entropy.

Let X be a shift space, and let W, (X) denote the number of words of length n
which appear in X. Let w, = #(W,(X) denote the number of words of length
n. Clearly w, > 1 (as we assume that X is not empty), and

Wm4n S Wy * Wn

and hence
logy (Wimtn) < logy (W) + logy (wy).
This implies that

.1
lim —logywy,
n—oon

exists on account of the following;:

Lemma 9.3.1 Let ai,as... be a sequence of non-negative real numbers satis-
fying
Gmtn < Qm + Qn.

Then lim,,_, %an exists and in fact

.1 . 1
lim —a, = inf —a,.
n—oo N n—oo N

Proof. Set a :=inf,, %an. For any € > 0 we must show that there exists
an N = N(e) such that

1
~an <a+e Vn>N().
Choose some integer r such that

1
ar < a-+ 56.
Such an r > 1 exists by the definition of a. Using the inequality in the lemma,
ifo<j<r
amrﬂ. < Am? -+ % .
mr+) - mr+j3 mr+)
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Decreasing the denominator the right hand side is <
Gmr + a_J
mr  mr
There are only finitely many a; which occur in the second term, and hence by

choosing m large we can arrange that the second term is always < %e. Repeated
application of the inequality in the lemma gives

1
Amr S ma, — & <a+ - QED
mr mr r 2

Thus we define 1

and call h(X) the topological entropy of X. (This is a standard but unfortu-
nate terminology, as the topological entropy is only loosely related to the concept
of entropy in thermodynamics, statistical mechanics or information theory). To
show the it is an invariant of X we prove

Proposition 9.3.1 Let ¢ : X — Y be a factor (i.e. a surjective homomor-
phism). Then h(Y) < h(X). In particular, if h is a conjugacy, then h(X) =
h(Y).
Proof. We know that ¢ is given by a sliding block code, say of size 2m + 1.
Then every block in Y of size n is the image of a block in X of size n +2m + 1,
ie.

Inlogy#(Wn(Y)) < 1nlogy#(Wniom+1(X)).

Hence

; 1nlogs #(Wht2m+1(X)).

Linlog, #(Wa(Y)) < (" 2m+ 1) !

n+2m+1

The expression in parenthesis tends to ! as n — oo proving that h(Y) < h(X).
If ¢ is a conjugacy, the reverse inequality applies. Box

9.3.1 The entropy of Y; from A(G).

The adjacency matrix of a DMG has non-negative integer entries, in particular
non-negative entries. If a row consisted entirely of zeros, then no edge would em-
anate from the corresponding vertex, so this vertex would make no contribution
to the corresponding shift. Similarly if column consisted entirely of zeros. So
without loss of generality, we may restrict ourselves to graphs whose adjacency
matrix contains at least one positive entry in each row and in each column. This
implies that if A* has all its entries positive, then so does A**! and hence all
higher powers. A matrix with non-negative entries which has this property is
called primitive. A matrix is called irreducible if In terms of the graph G, the
condition of being primitive means that for all sufficiently large n any vertices
i and j can be joined by a path of length n. A slightly weaker condition is that
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of irreducibility which asserts for any ¢ and j there exist (arbitrarily large)
n = n(i,j)) and a path of length n joining 7 and j. In terms of the matrix,
this says that given ¢ and j there is some power n such that (A™);; > 0. For

example, the matrix
01
(10)
is irreducible but not primitive.
The Perron-Frobenius Theorem whose proof we will give in the next
section asserts every irreducible matrix A has a positive eigenvalue A4 such
that Ag > |p| for any other eigenvalue p and also that Av = A4v for some

vector v all of whose entries are positive, and that no other eigenvalue has an
eigenvector with all positive entries. We will use this theorem to prove:

Theorem 9.3.1 Let G be a DMG whose adjacency matriz A(G)is irreducible.
Let yg be the corresponding shift space. then

h(Ye) = Aaq)- (9.6)

Proof. The number of words of length n which join the vertex i to the vertex
j is the ij entry of A™ where A = A(G). Hence

#Wa(Ye)) = 3 (A"
ij
Let v be an eigenvector of A with all positive entries, and let m > 0 be the

minimum of these entries and M the maximum. Also let us write X for A 4. We
have A™v = A™w, or written out

Z(An)ij’l)j = /\n’l)i.
J
Hence

J

Summing over ¢ gives
m#WL(Ya)) < rMA"

where r is the size of the matrix A. Hence
logom + logo# Whn(Ya)) < logy(Mr) + nlogyA.
Dividing by n and passing to the limit shows that
h(Ye) < Aa.

On the other hand, for any i we have

mA" < Ay <) (A" < MDY (AM)ig.
j J

J
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Summing over j gives
rmA" < M#Wn(Ya)).

Again, taking logarithms and dividing by n proves the reverse inequality h(Yg) >
Aa. QED
For example, if

then
2 1
42 = ( 2 ! )
so A is primitive. Its eigenvalues are

1++5
2

so that

1+
2
If A is not irreducible, this means that there will be proper subgraphs from

which there is “no escape”. One may still apply the Perron Frobenius theorem

to the collection of all irreducible subgraphs, and replace the A4 that occurs

in the theorem by the maximum of the maximum eigenvalues of each of the

irreducible subgraphs. We will not go into the details.

I

h(Ye) =

9.4 The Perron-Frobenius Theorem.

We say that a real matrix T' is non-negative (or positive) if all the entries of
T are non-negative (or positive). We write T' > 0 or T > 0. We will use these
definitions primarily for square (n X n) matrices and for column vectors (n x 1
matrices). We let

Q={zeR":2>0, z+#0}

8o () is the non-negative “orthant” excluding the origin. Also let
C:={z>0:|=z| =1}

So C' is the intersection of the orthant with the unit sphere.

A non-negative matrix square 7 is called primitive if there is a k such that
all the entries of T* are positive. It is called irreducible if for any 4, j there is
a k = k(i,j) such that (T%);; > 0. If T is irreducible then I + T is primitive.
Until further notice in this section we will assume that 7' is non-negative and
irreducible.

Theorem 9.4.1 Perron-Frobenius,1. T has a positive (real) eigenvalue Amax
such that all other eigenvalues of T satisfy

Al < Amax-
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Furthermore Amax has algebraic and geometric multiplicity one, and has an
eigenvector x with X > 0. Finally any non-negative eigenvector is a multiple of
x. More generally, if y > 0, y # 0 is a vector and u is a number such that

Ty < py

then
y>0, and p> Amax

with p = Amax of and only if y is a multiple of x.

If0< S <T, S#T then every eigenvalue o of S satisfies |o| < Amax- In
particular, all the diagonal minors T; obtained from T by deleting the i-th row
and column have eigenvalues all of which have absolute value < Apax-

Proof. Let
P:=(+ T)"_1

and for any z € @) let

L(z) :=max{s:s2 < Tz} = 1<.r<nin » (TZ)z
S1SN,24 i

By definition L(rz) = L(z) for any r > 0, so L(z) depends only on the ray
through 2. If 2 <y, z # y we have Pz < Py. Also PT =TP. Soif sz <T=z
then

sPz < PTz=TPz

so
L(Pz) > L(z).

Furthermore, if L(z)z # Tz then L(2)Pz < TPz. So L(Pz) > L(z) unless z is
an eigenvector of T'. Consider the image of C under P. It is compact (being
the image of a compact set under a continuous map) and all of the elements of
P(C) have all their components strictly positive (since P is positive). Hence
the function L is continuous on P(C). Thus L achieves a maximum value, Lax
on P(C). Since L(z) < L(Pz) this is in fact the maximum value of L on all of
@, and since L(Pz) > L(z) unless z is an eigenvector of T', we conclude that
L,ax is achieved at an eigenvector, call it  of of 7" and 2 > 0 with Ly, the
eigenvalue. Since Tz > 0 and Tx = Lyyaxx we have Ly,q, > 0.

We will now show that this is in fact the maximum eigenvalue in the sense
of the theorem. So let y be any eigenvector with eigenvalue A, and let |y| denote
the vector whose components are |y;|, the absolute values of the components of
y. We have |y| € Q and from

Ty =My

and the triangle inequality we conclude that
[Allyl < Tlyl.
Hence |\ < L(Jy|) < Lnax- So we may use the notation

)\max = Lmax
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since we have proved that
Al < Amax-

Suppose that 0 < S < T. Then sz < Sz and Sz < Tz implies that sz < Tz
s0 Ls(z) < Lr(z) for all z and hence

Lyax (S) < Linax(T).

We may apply the same argument to 7't to conclude that it also has a positive
maximum eigenvalue. Let us call it 7. (We shall soon show that n = \az.)
This means that there is a vector w > 0 such that

wiT = qu.

We have
wiTz = anm = Amaxw'z

implying that 5§ = \jqe since wiz > 0.
Now suppose that y € @ and Ty < py. Then

Amaxw'y = wiTy < pw'y

implying that Ap.e < u, again using the fact that all the components of w
are positive and some component of y is positive so wly > 0. In particular, if
Ty = py then then p = Apax-

Furthermore, if y € @) and Ty < py then

0<Py=I+T)" 'y <Q+p" 'y

SO
y > 0.

If 4 = Amax then w!(Ty — Anasy) = 0 but Ty — Apax < 0 and so w!(Ty —
Amazy) = 0 implies that Ty = Amaxy-
Suppose that 0 < S < T and Sz =0z, z #0. Then

T|z[ > Slz| = |o]|2|

SO
|0| < Lmax(T) = )\max;

as we have already seen. But if |o| = Amax then L(|2|) = Lmax(T) so |z| > 0 and
|z is also an eigenvector of T'. with the same eigenvalue. But then (T'—S)|z| =0
and this is impossible unless S = T since |z| > 0. Replacing the i-th row and
column of T by zeros give an S > 0 with S < T since the irreducibility of T'
precludes all the entries in a row being zero.

Now p
Ty det(M = T) = Z det(A\I — T(3))
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and each of the matrices Apax — T(i) has strictly positive determinant by what
we have just proved. This shows that the derivative of the characteristic poly-
nomial of T is not zero at Apax, and therefore the algebraic multiplicity and
hence the geometric multiplicity of Apax is one.  QED

Let us go back to one stage in the proof, where we started with an eigenvector
y, so Ty = Ay and we applied the triangle inequality to get

[Aly| < Tyl

to conclude that |A| < Amax. When do we have equality? This can happen only
if all the entries of > tiiY; have the same argument, meaning that all the y;
with ¢;; > 0 have the same argument. If T" is primitive, we may apply this same
argument to T* for which all the entries are positive, to conclude that all the
entries of y have the same argument. So multiplying by a complex number of
arrange value one we can arrange that y € @ and from Ty = Ay that A > 0
and hence A = Anax and hence that y is a multiple of z. In other words, if T is
primitive then we have
|Al < Amax

for all other eigenvalues.

The matrix of a cyclic permutation has all its eigenvalues on the unit circle,
and all its entries zero or one. So without the primitivity condition this result
is not true. But this example suggests how to proceed.

For any matrix S let |S| denote the matrix all of whose entries are the
absolute values of the entries of S. Suppose that |S| < T and let Apax =
Amax(A4), and suppose that Sy = oy for some y # 0,i.e. that ¢ is an eigenvalue
of S. Then

lollyl = loyl = |Sy| < |Slly| < |S]ly]

SO
|f7| < Amax = Lmax(A)-

Suppose we had equality. Then we conclude from the above proof that |y| = z,
the eigenvector of T' corresponding to Amax, and then from the above string
of inequalities that |B|z = Az and since all the entries of x are positive that
|B| = A. Define the complex numbers of absolute value one

e = yi/lyk| = yr/xx

and let D denote the diagonal matrix with these numbers as diagonal entries,
so that y = Dz. Also write 0 = €*®A\pax. Then

oy = e Amax Dz = SDx

SO )
AmaxZ = e YD 1SDzx = Tx.

Since all the entries of e??D~1SD have absolute values < the correspond-
ing entries of T', and since all the entries of X are positive, we must have
le? D~1SD| = T and all the rows have a common phase and in fact

S =eDTD™1.
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In particular, we can apply this argument to S = T to conclude that if

€' Amax for some ¢ then

T =¢e’DTD™".
Since DT D~! has the same eigenvalues as T, this shows that rotation through
angle ¢ carries all the eigenvalues of A into eigenvalues.

The subgroup of rotations in the complex plane with this property is a
finite subgroup (hence a finite cyclic group) which acts transitively on the set
of eigenvalues satisfying 0| = Amax. It also must act faithfully on all non-zero
eigenvalues, so the order of this cyclic group must be a divisor of the number of
non-zero eigenvalues. If n is a prime and 7" has no zero eigenvalues then either
all the eigenvalues have absolute value Apax Or Amax has multiplicity one.

We first define the period p of a non-zero non-negative matrix as T follows:
For each ¢ consider the set of all positive integers s such that 7;; > 0 and let p;
denote the greatest common denominator of this set. We show that this does
not depend on 7. Indeed, for some other j, there is, by irreducibility an integer
M such that TZ-IJ‘-’I > 0 and an integer N such that Tﬁ{ > 0. Since THN >
THT] > 0 we conclude that p;|(M + N) and similarly that p;|(M + N). Also,
if T5 > 0 then TN > TMTSTNTM > 0 so pj|s and so pj|p; and the
reverse. Thus p; = p;, and we call this common value p.

Using the arguments above we can be more precise. We claim that 77, = 0
unless s is a multiple of the order of our cyclic group of rotations, so this order
is precisely the period of T'. Indeed, let k be the order of this cyclic group and
¢ = 2m/k. We have

T =¢e“DTD™!
and hence
TS = eisd)DTsD_l,
in particular
T = eis¢Tisi-
Since e#? # 1 if s is not a multiple of & we conclude that k¥ = p. So we can
supplement the Perron-Frobenius theorem as

Theorem 9.4.2 Perron-Frobenius 2. If T is primitive, all eigenvalues sat-
isfy |o| < Amax- More generally, let p denote the period of T as defined above.
Then there are exactly p eigenvalues of T satisfy |0| = Amax and the entire
spectrum of T is invariant under the cyclic group of rotations of order p.

9.5 Factors of finite shifts.

Suppose that X is a shift of finite type and ¢ : X — Z is a surjective homomor-
phism, i.e. a factor. Then Z need not be of finite type. Here is an illustrative
example. Let A = {0,1} and let Z C A%/ consist of all infinite sequences such
that there are always an even number of zeros between any two ones. So the
excluded words are

101, 10001, 1000001, 100000001, ...
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(and all words containing them as substrings). It is clear that this can not be
replaced by any finite list, since none of the above words is a substring of any
other.

On the other hand, let G be the DMG associated with the matrix

11
=(10);
and let Yg be the corresponding shift. We claim that there is a surjective
homomorphism ¢ : Yo — Z. To see this, assume that we have labelled the
vertices of G as 1,2, that we let a denote the edge joining 1 to itself, b the edge
joining 1 to 2, and cthe edge joining 2 to 1. So the alphabet of the graph Yg

and the excluded words are
ac bb, ba, cc

and all words which contain these as substrings. So if ab occurs in an element
of Y it must be followed by a ¢ and then by a sequence of bc’s until the next
a. Now consider the sliding block code of size 1 given by

®:a—1, b0 c—0.

From the above description it is clear that the corresponding homomorphism is
surjective.

We can describe the above procedure as assigning “labels” to each of the
edges of the graph G; we assign the label 1 to the edge a and the label 0 to the
edges b and c.

It is clear that this procedure is pretty general: a labeling of a directed
multigraph is a map:® : £ — A from the set of edges of G into an alphabet
A. Tt is clear that ® induces a homomorphism ¢ of Yz onto some subshift of
Z C A% which is then, by construction a factor of a shift of finite type.

Conversely, suppose X is a shift of finite type and ¢ : X — Z is a surjective
homomorphism. Then ¢ comes from some block code. Replacing X by XV
where N is sufficiently large we may assume that X% is one step and that the
block size of ® is one. Hence we may assume that X = Y for some G and that
® corresponds to a labeling of the edges of G. We will use the symbol (G, L)
to denote a DMG together with a labeling of its edges. We shall denote the
associated shift space by Y(q 1)-

Unfortunately, the term sofic is used to describe a shift arising in this way,i.e.
a factor of a shift of finite type. (The term is a melange of the modern Hebrew
mathematical term sofi meaning finite with an English sounding suffix.
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