ANSWER TO SELECTED PROBLEMS IN HOMEWORK SETS 5

partial answer to the additional problem:

Let L(z) = az, Li1(z) = bz, where both a > 1 and b > 1. Notice that both L and L; have
a repelling fixed point at £ = 0. We want to construct a homeomorphism A : R — R such that
hoL = Lyoh,ie. h(ax) = bh(z) for all z € R.

We see that a fundamental domain for L is (1,a] U [-a,—1). We know L"(z) = a"z. L"

maps (1,a] onto (a",a*!] and [—a, —1) onto [—a™*!, —a™). Moreover, L"(1,a] = (a",a™*!] and

L™[—a,—-1) = [-a™*!,—a™), n,m € Z are mutually disjoint and
U _o(a™, a1 = (0,00), Ul [—a"t —a") = (—00,0).

We can take a fundamental domain for Lq as (1,b] U [—b, —1).
Now define A : (1,a] — (1, 5] by the linear function

Cb—1

h) a—1

(z—1)+1

This function h is a homeomorphism from (1,a] — (1,b], and h(1) = 1, h(a) = b. Now from
hoL = Lyoh, we have ho L™ = L} o h, or h = L} o ho L™". Notice that for z € (a",a""!],
L="(z) € (1, a]. For n € Z, we define

h(z) =LY ohoL™"(z) for z € (a",a" "]
This defines h(z) for all z € (0,00). It is clear that this function A : (0,00) — (0,00) is a homeo-

morphism. Likewise, we define h : [—a,—1) — [—b, —1) by the linear function taking h(—1) = —1
and h(—a) = —b; and define

Wz)=LiohoL™"(z) forz € [-a"*", ~a")

This defines h : (—o0,0) — (—00,0). Since A maps fixed points to fixed points, and 0 is the only
fixed point for both L and L;, we must define

h(0) = 0
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Since lim,_,_o h(a™) = lim,,_ o, b" = 0, lim,, o, h(—a™) = —lim,,_,_ b™ = 0, h is continuous
at 0. This finishs the construction of the homeomorphism » : R — R such that ho L = Ly o h.
QED.

§1.9:5 We want to show that Fy(x) = 4z(1 — z) is not structurally stable. Consider
ge(z) = 4z(1 — ) + ¢,
where € > 0. Notice that d,.(Fy, g) = €, for all r. Solving g.(z) = = we find g, has two fixed points:

a—3_\/9+166 18_3—I-\/9+166
- 8 P08

Now gc(1/2) = 1+ ¢, and g2(1/2) = ge(1 + €) = —4(1 + €)e. Since

_ (3—=v94+16€)(3+ 9+ 16¢) —2¢ o
- 8(3 4+ V9 + 16¢) 349+ 16¢

we have

g:(1/2) <

Graphic analysis shows that for z < «, we have g/*(z) - —oo monotonically as n — oco. Now
we want to show that g. is not topologically conjugate to Fy4. If not, we assume that there is a
homeomorphism A : R — R such that ho Fy = g. o h. h is either increasing or decreasing. Since
Fy has two fixed points: 0 and 1, and h takes fixed points of Fy to fixed points of g., we have that
h :[0,1] = [, 8] is a homeomorphism. In particular, A=1(1/2) € [0,1], since 1/2 € [a, 3]. Now
from h o Fy = gc o h, we have ho Fj' = g7 o h. So

(1) 9¢(1/2) = ho Ff o h™(1/2)

Notice that the left hand side of (1) goes to —oo as » — oo while the right hand side of (1) stays in
interval [a, (] for all $n.T hisisacontradiction.There foreg. and Fy are not topologically conjugate.

QED.



