
Solutions to Homework #2, Math 116

Keziah Cook and Michael McElroy

October 29, 2003

Problem 2.12 (Luenberger)

Suppose x = {ξ1, ξ2, . . . , ξn, . . . } ∈ lp0 for some p0,1 ≤ p0 ≤ ∞.

• Part 1 Show that x ∈ lp for all p ≥ p0.

• Part 2 Show that ||x||∞ = limp→∞ ||x||p.

Solution to 2.12

• Part 1

Explicitly, we want to show
∑∞

i=1 |ξi|p0 < ∞ implies
∑∞

i=1 |ξi|p < ∞ for all p ≥ p0. However, it
is important to realize that it is often not the case that

∑∞
i=1 |ξi|p <

∑∞
i=1 |ξi|p0 . We will prove

that in the special case where |ξi| < 1∀i, it is in fact true that
∑∞

i=1 |ξi|p <
∑∞

i=1 |ξi|p0 whenever
p ≥ p0. Then we will prove that any element of lp0 contains only finitely many terms with absolute
value greater than or equal to 1. As we know that a finite number of terms does not effect the
convergence of a sum, this suffices to prove the claim.

Claim 1:
∑∞

i=1 |ξi|p ≤
∑∞

i=1 |ξi|p0 whenever p ≥ p0 and |ξi| < 1∀i.
First we note that for any positive real number x < 1 and k > 1, xk < x:

x < 1
xk−1 < 1k−1

xk−1 < 1
x · xk−1 < x · 1

xk < x

as desired. (Note: as this is a simple fact from elementary algebra, it could be stated without
proof.) Thus, since |ξi| < 1∀i, |ξi|p−p0 < |ξi| < 1 for p > p0, and |ξi|p < |ξi|p0 (by multiplication by
|ξi|p0). So

∑∞
i=1 |ξi|p <

∑∞
i=1 |ξi|p0 as each term of the first sum is smaller than the corresponding

term in the second sum. Equality in the statement holds when p = p0.

Claim 2: Any element of lp0 contains only finitely many terms with absolute value greater than or
equal to 1.

Assume this is not the case. Let x = {ξ1, ξ2, . . . , ξn, . . . } ∈ lp0 be an element with infinitely many
terms ≥ 1. Let I := {i||ξi| ≥ 1}.

∑
i∈I |ξi|p0 ≥

∑
i∈I |ξi| as each term on the left is greater than or

equal to the corresponding term on the right. The sum on the right has infinitely many elements
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≥ 1. Thus for any ε < 1, there is no N such that for n, m > N, |Sn−Sm| < ε. Thus the sequence of
partial sums is not Cauchy. Since every convergence sequence is cauchy, this tells us that the partial
sums do not converge, and

∑
i∈I |ξi| ≥ ∞. Since

∑
i∈I |ξi|p0 ≥

∑
i∈I |ξi| and

∑∞
i=1 |ξi|p0 >

∑
i∈I |ξi|p0,

this shows x is not in lp0 .

To finish the proof, we write
∑∞

i=1 |ξi|p =
∑

i∈I |ξi|p +
∑

i∈IC |ξi|p, where I is defined as in Claim 2,
and IC refers to the complement of I in Z>1. We know |I| < ∞ and

∑
i∈I |ξi|p = B < ∞. Thus:

∞∑
i=1

|ξi|p = B +
∑
i∈IC

|ξi|p

< B +
∑
i∈IC

|ξi|p0

< B +
∞∑
i=1

|ξi|p0

< ∞

because x is in lp0 by assumption. Therefore x ∈ lp for p ≥ p0.

• Part 2 First we need to show that x ∈ lp0 implies x ∈ l∞. Then we need to show that in fact
||x||∞ = limp→∞ ||x||p.
x ∈ l∞ means that ∃N < ∞ s.t ξi < N ∀i. Let M = supi|ξi|. We note that for M > 1,
M <

∑∞
i=1 |ξi|p0 < ∞. Thus M is finite. To show that M = |ξi| for some i, consider the contrary.

If M 6= |ξi| for all i, then ∃{xik} s.t {xik} → M by the definition of sup. Thus there are infinitely
many ξi within ε of M . If M > 0, this implies that

∑∞
i=1 |ξi|p0 > ∞ since infinitely many of it’s

terms are within ε of Mp0 . Thus M must actually be attained. Hence x ∈ l∞ and ||x||∞ = M .

To show that ||x||∞ = limp→∞ ||x||p, it suffices to show that for x 6= θ (i.e the sequence of all zeros)
limp→∞

||x||p
M = 1. To prove this, first we note that there are only finitely many i such that |ξi| = M .

(As usual, if not x is not in lp0 .) Suppose there are k such terms, and let I = {is.t.|ξi| < M}

L = lim
p→∞

||x||p

= lim
p→∞

( ∞∑
i=1

|ξi|p
) 1

p

Lp = lim
p→∞

( ∞∑
i=1

|ξi|p
)

(
L

M

)p

= lim
p→∞

( ∞∑
i=1

(
|ξi|
M

)p
)

= lim
p→∞

( ∞∑
i∈I

(
|ξi|
M

)p
)

+ lim
p→∞

 k∑
j=1

(
M

M

)p


= 0 + k

This implies limp→∞
||x||p
M = limp→∞ k

1
p = 1. Hence ||x||∞ = limp→∞ ||x||p as desired.

Problem 2.13 (Luenberger)
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Prove that the normed space D[a, b] is complete.

Solution to 2.13
To show that a space is complete, we need to show that every cauchy sequence converges w.r.t the

given norm. For D [a, b] we’ll use the norm ||f || = maxt∈[a,b] |f(t)|+ maxt∈[a,b] |f
′
(t)|. Also, ||f ||C means

f’s norm in C [a, b]. Let {fn} be a cauchy sequence in D.

• Claim 1: {fn} is Cauchy w.r.t || · ||C and thus converges to some f in C [a, b] (as C is complete.)

Fix ε > 0. Then ∃N s.t ||fn − fm|| < ε for all n, m > N . But ||fn − fm||C < ||fn − fm||, as
maxt∈[a,b] |f

′
n(t)− f

′
m(t)| > 0. Thus {fn} is also cauchy w.r.t || · ||C .

• Claim 2: {f ′
n} is Cauchy w.r.t || · ||C and thus converges to some f

′
in C [a, b].

We just note that maxt∈[a,b] |fn(t)− fm(t)| > 0 and apply the same argument as above.

• Claim 3: f
′
is in fact the derivative of f .

We know (from the fundamental theorem of calculus) that fn(t) =
∫ t
a f

′
n(x)dx. Since {fn} → f in

C, {fn} → f uniformly as well.

f(t) = lim
n→∞

fn(t)

= lim
n→∞

∫ t

a
f

′
n(x)dx

=
∫ t

a
lim

n→∞
f

′
n(x)dx as{f ′

n} → f
′
uniformly.

=
∫ t

a
f

′
(x)dx

f(t) =
∫ t

a
f

′
(x)dx

⇒ d

dt
[f(t)] = f

′
(t) by the fund. thm. of calculus

This completes the proof of Claim 3. It is important to note that you can only interchange the
limit and integral because {f ′

n} → f
′
uniformly. (Most other methods people used to prove this 3rd

claim were not completely correct, although often no points were deducted if you correctly stated
the claim and attempted to prove it in a reasonable fashion.)

Now all that remains is to show that in fact, {fn} → f in D. To see this, note that ||f − fn|| =
||f−fn||C +||f ′−f

′
n||C . Fix ε > 0 From claims 1 and 2, we know we can choose L s.t ||f−fl||C < ε

2 ,∀l > L

and M s.t ||f ′ − f
′
m||C < ε

2 ,∀m > M . Set N = max{L,M}. Then for n > N, ||f − fn|| < ε
2 + ε

2 = ε.
Thus {fn} → f in D and D is complete.

Problem 2.14 (Luenberger)

Two vector spaces, X and Y , are said to be isomorphic if there is a one-to-one mapping T of
X onto Y such that T (α1x1 + α2x2) = α1T (x1)+α2T (x2). Show that any real n-dimensional
space is isomorphic to En.

Solution to 2.14
The easiest way to do this is to explicitly define such an isomorphism. Let {e1, ..., en} be the standard
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basis on En. Let {x1, ..., xn} be a basis on the n-dimensional space X. Note, we know X has a basis
because every finite dimensional space has a basis. Let T : X → En be a map such that for x =

∑n
i=1 αixi,

T (x) =
∑n

i=1 αiei. We need to show this map is well-defined, one-to-one, onto, and linear.

• T is well-defined because any x can be written as a linear combination of basis elements in exactly
one way.

• To see that T is one-to-one, assume x, y ∈ X s.t. T (x) = T (y). Since ei is a basis of En there is
only one way to write T (x) = T (y) =

∑n
i=1 αiei. In order for this to be the case it must be that

x =
∑n

i=1 αixi and y =
∑n

i=1 αixi. Thus x = y and T is one-to-one.

• To see that T is onto, we simply note that any linear combination
∑n

i=1 αiei in En is hit by∑n
i=1 αixi in X.

• Now we just need to show that T (αx + βy) = αT (x) + βT (y). Let x =
∑n

i=1 αixi, y =
∑n

i=1 βixi.
Then

αx + βy = α
n∑

i=1

αixi + β
n∑

i=1

βixi

=
n∑

i=1

(ααi + ββi)xi

T (αx + βy) =
n∑

i=1

(ααi + ββi)ei

= α
n∑

i=1

αiei + β
n∑

i=1

βiei

= αT (x) + βT (y)

Problem 2.15 (Luenberger)

Show that any normed linear space X is isometrically isomorphic to a dense subset of a Banach
space X̂.

Solution to 2.15

(a) Let X be the set of Cauchy sequences {xn} from X with addition and scalar multiplication defined
coordinate-wise. We want to show that X is a linear space. Let α, β ∈ R, {xi}, {yi} ∈ X. We want
to show that α{xi}+β{yi} is a Cauchy sequence, i.e. is in X. We have α{xi}+β{yi} = {αxi+βyi}.
Since {xi} and {yi} are Cauchy, given ε > 0 we choose Nx, Ny ∈ N s.t. ∀n, m > Nx and ∀p, q > Ny

we have |xn − xm| < ε
/
2|α| and |yp − yq| < ε

/
2|β|. Then by choosing N = max{Nx, Ny} we have

for all n, m > N

|αxn + βyn − αxm − βym| ≤ |α| · |xn − xm|+ |β| · |yn − ym| < ε/2 + ε/2 = ε.

So α{xi}+ β{yi} = {αxi + βyi} is Cauchy and X is a linear space.
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(b) For y = {xi}, define ‖y‖ = supn ‖xn‖. We want to show that
(
X, ‖ · ‖

)
is a normed space. We

proceed via the definition of a norm. To avoid notational confusion, I’ll write ‖y‖X for the norm
of the Cauchy sequence elements of X and I’ll use ‖xn‖X for the norm in X. So we have for
y = {xn} ∈ X, ‖y‖X = ‖{xn}‖X = supn ‖xn‖X .

1. Since ‖ · ‖X is a norm, we have ‖ · ‖X ≥ 0, and ‖xn‖X = 0 =⇒ xn = 0. Consequently, we
have ‖y‖X = supn ‖xn‖X ≥ 0, and ‖y‖X = 0 =⇒ ‖xn‖X = 0 =⇒ xn = 0 for all n. Hence
y = {xi} = {0, 0, . . .}.

2. Let α ∈ R be given. Then we have

‖αy‖X =
∥∥{αxi}X

∥∥ = sup
n
‖αxn‖X = sup

n
|α| · ‖xn‖X = |α| · ‖y‖X .

3. Let z = {ξi} ∈ X be given. We want the triangle inequality:

‖y + z‖X = ‖{xi + ξi}|X = supn ‖xn + ξn‖X ≤ supn (‖xn‖X + ‖ξn‖X)
≤ supn ‖xn‖X + supm ‖ξm‖X = ‖y‖X + ‖z‖X .

(c) Let M be the subspace of Cauchy sequences which converge to zero. Define X̂ = X/M . We want

to show that X̂ is a Banach space with norm
∥∥∥∥[{xn}]

∥∥∥∥
X̂

= inf
m∈M

‖{xn}+ m‖X .

First, we show that M is closed wrt ‖ · ‖X . Let ε > 0 and y ∈ X a closure point of M be given. So
we may choose z = {ξi} ∈ M such that ‖z − y‖X < ε/2. We want to show that y ∈ M , i.e. that
xn → 0. To achieve this, we’ll show that there exists an N such that for all n > N , ‖xn‖X < ε.
Since z = {ξi} is Cauchy, we may choose N > 0 such that for all n > N we have ‖ξn‖X < ε/2.
Then what is ‖xn‖X for n > N? We have

‖xn‖X = ‖xn − ξn + ξn‖X ≤ ‖xn − ξn‖X + ‖ξn‖X < ε/2 + ε/2 = ε.

So ‖xN‖X gets arbitrarily small with increasing N . Hence y ∈ M and M is closed.

Since M is a closed subspace of X, proposition 1 from section 2.14 gives us that X̂ = X/M is a
Banach space.

Consider T : X → X̂ defined via for x ∈ X, T (x) = [{x, x, x, . . .}]. T is an isomorphism since for
{αi} ⊂ R, {xi} ⊂ X we have

T (
∑

i

αixi) =

[{∑
i

αixi1,
∑

i

αixi2, . . .

}]
=
∑

i

αi[xi] =
∑

i

αiT (xi).

Clearly T is an isometry. We also see that T (X) is the set of equivalence classes of all Cauchy
sequences which converge.

Problem 2.17 (Luenberger)

Let M be an m-dimensional subspace of an n-dimensional vector space X. Show that X/M
is (n−m)-dimensional.
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Solution to 2.17
Choose a basis of X {x1, x2, . . . , xn} such that {x1, x2, . . . , xm} is a basis for M . We will show that

{[xm+1], [xm+2], . . . , [xn]} serves as a basis for X/M . Clearly these elements are independent since the set
{xi} is independent in X. For all i, [xi] ∈ X/M , so span{[xm+1], [xm+2], . . . , [xn]} ⊂ X/M . We now want
to show the other inclusion. Let [y] ∈ X/M be given. Write out y in terms of its basis in X: y =

∑n
i=1 αixi,

{αi} ⊂ R. Now {xi, i ≤ m} ⊂ M , so
∑m

i=1 αixi ∈ M . We know that for [x], [y] ∈ X/M , [x] = [y] ⇐⇒
x− y ∈ M . Hence [y] = [

∑n
i=1 αixi] =

[∑n
i=m+1 αixi

]
=
∑n

i=m+1 αi[xi] ∈ span{[xm+1], [xm+2], . . . , [xn]},
and thus X/M = span{[xm+1], [xm+2], . . . , [xn]}. Since {[xm+1], [xm+2], . . . , [xn]} is thereby a basis for
X/M , and it has n −m elements. The dimension of a finite-dimensional vector space equals the cardi-
nality of any of its basis sets.

Problem 2.19 (Luenberger)

Let X be a vector space with semi-norm | · |, and consider M = {x : |x| = 0}. Show that the
space X/M with ‖[x]‖ = inf

m∈M
|x + m| is normed.

Solution to 2.19
Note that the semi-norm | · | fails as a norm only if ∃x 6= 0 such that |x| = 0. Let M = {x : |x| = 0};

consider the quotient space X/M with operation ‖[x]‖ = inf
m∈M

|x + m| is normed. Note that ‖·‖ works

on objects in X/M , i.e. equivalence classes of objects in X, while the semi-norm works on objects in X.
There are three requirements to be a norm:

(a) Let [x] ∈ X/M be given. We want to show that ‖[x]‖ ≥ 0 and that if ‖[x]‖ = 0 then [x] = [0].
‖[x]‖ = inf

m∈M
|x + m| ≥ 0. Observe that ∀m ∈ M, we have |m| = 0, so that

|x| = |x + m−m| ≤ |x + m|+ | −m| = |x + m|+ | − 1| · |m| ≤ |x + m| ≤ |x|+ |m| = |x|.

Consequently ‖[x]‖ = inf
m∈M

|x + m| = |x|.

‖[x]‖ = 0 =⇒ |x| = 0, so x ∈ M . Hence [x] = [0].

(b) Let α ∈ R be given.

‖[αx]‖ = ‖α[x]‖ = inf
m∈M

|αx + m| = inf
m′∈M

|αx + αm′| = inf
m′∈M

|α| · |x + m′| = |α| · ‖[x]‖ .

(c) Note that for m1,m2 ∈ M , 0 ≤ |m1 + m2| ≤ |m1| + |m2| = 0, so m1 + m2 ∈ M . So M is closed
under addition, and since 0 ∈ M , every element in M can be expressed as the sum of two elements
in M . Let x, y ∈ X be given. Then we have

‖[x] + [y]‖ = ‖[x + y]‖ = inf
m∈M

|x + y + m| = inf
m1,m2∈M

|x + y + m1 + m2|

≤ inf
m1∈M

|x + m1|+ inf
m2∈M

|y + m2| = ‖[x]‖+ ‖[y]‖ .

We conclude that ‖ · ‖ is a norm on X/M .
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