Solutions to Problems in
Math 115 Second Mid-Term Examination
December 14, 2006, 11:30 a.m. - 1 p.m.
Science Center 411

Some formulae are provided at the end of the problem list. Not all of them
are necessary for the test.

Problem 1. Consider the Poisson integral formula

I e L m—y
) = or ¢:01+T2—2rcos(go—0)ue &

which expresses the value u (Tew) of a harmonic function u at the point re®
(for 0 < r < 1) in terms of its values u (€’¥) at points €’? of the unit circle.

(a) (12%) Use the above Poisson integral formula to show that
/2” db 2
9—o 1 + 72 — 27 cos O 1= 72
for 0 <7 < 1.

(b) (18%) Let 0 <7 <land 0 <a < § and o < § < 5. Express

/ﬁ df
g—a 1 + 72 —27Cos b

in terms of 7, 7, v, 3, rational functions, trigonometric functions, and inverses
of trigonometric functions.

Hint: Use the argument function to write down the harmonic measure for
the counterclockwise arc from e’ to e (which is the harmonic function on
the unit disk assuming boundary value 1 on the counterclockwise arc from
e to € and boundary value 0 on the counterclockwise arc from e? to ™).

Solution.

(a) By applying the Poisson integral formula to u = 1 at the point z = 7
(with r = 7 and 6 = 0), we get
1 [ 1— 72

l=— 5
21 Jouo 1 + 72 — 27 COS

dp,



which is the same as

/% db 2
9—o 1 + 72 — 27 cos 11— 72

after we change the dummy variable ¢ to 6.

(b) Let w, s be the harmonic measure which is a function on the unit disk
characterized by the following properties.

(1) wa,pg is harmonic on the open unit disk,

(ii) wa,p assumes the value 1 on the arc in the counterclockwise sense be-
tween €' and e, and

(ili) wa s assumes the value 0 on the arc in the counterclockwise sense be-
tween e’ and e®.

When z = €% is on the arc between e”® and e’® in the counterclockwise, we
have .
z—é€ 1
ag (225 ) =500

where the argument function is defined with cuts

{Tem 7’21}, {re’ﬂ‘rzl}.

When z = € is on the arc between e and € in the counterclockwise sense
so that a < 6 < 3, we have

arg(ziizz) :7T+1(ﬁ—a).

z

We conclude that

1 — e 1
coa =2 (g (F250) - 50— ).

When z = 7, we have
1 T — P 1
o r (=) -3 0)

Wa,5(2)




= (=) g ) L3 0)

1 B sin 3 B sin «v 1
—;(m“1&&@t7>—m“1&&@t7)—5“—“0’

where the range of tan~! is in [0, 7]. On the other hand, by Poisson’s integral
formula we have

1 [? 1—72
— — dh.
27 Jpeo 1+ 72 — 27 COSO

Wa,5(2)

Z=T

Thus we conclude that

/27r db 2 )
= Wy, (2
o—o 1 + 72 —27cos 1—72 »

2 _ sin 3 _ sin « 1
172 (tan 1 <cosﬁ—7'> — tan™ (cosa—T) B 5(6—04))

with the range of tan™" in [0, 7].

Problem 2. Consider the functional

0 Jwaf%u%w

with
F(x,y,9) = > +y° + 2ye™.

Let y1 =y (z1) and y2 = y (z2).

(a) (12%) Write down the Euler-Lagrange equation for the variation of the
functional J[y] and solve it to get a function y = y(x) of the variable x with
two yet-to-be-determined constants a and b in it.

(b) (12%) For the case where 2y = 0,20 = 1,31 = 1,and yo = 3 (e* + e+ e 1),
compute the extremal function y = y(z) for the functional J[y] with the two
given end-points (z1,y1) and (2, yz).

(c) (12%) The the case where x; = 0, 25 = 1, and y; = 1, and y» is allowed
to vary freely, compute the extremal function y = y(z) for the functional

Jyl.



(d) (15%) For the case where zy = 0,20 =1,y = L,and yo = 5 (e + e+ 1),
compute the extremal function y = y(z) for the functional J[y] with the two
given end-points (z1,y;) and (z9,ys), subject to the integral constraint

z2
/ 2ydx = 1.
xr1

(e) (18%) Show that the extremal y = y(z) for J[y] obtained in Part (b) with
fixed end-points (0,1) and (1,3 (e2+e+e™!)) is a local (weak) minimum
by verifying that for the Jacobi equation of the functional J[y| there is no
point in (0, 1] conjugate to the point 0 and that the strengthened Legendre
condition is satisfied.

(f) (13%) Write down the Hamiltonian

H(z,y,p) =yp—F(x,y,y)

for the functional J[y| of (), where p = F,,. Use the action integral to find
explicitly a solution S (z,y, «) of the Hamilton-Jacobi differential equation

oS oS
— 4+ H — ) =
o + <:c,y, (9y> 0,

where « is a constant parameter, such that
0?8
Oyoa

is not identically zero.
Solution.

(a) The Euler-Lagrange equation of the functional J]y] of (1) is

d
Fy— —Fy =0,

which for our case of
F(z,y,y) =y +y° + 2ye™

becomes

9 (a9, s 2 d 0 (4
- 2 x>___< ) 21‘):(),
oy (y +y + 2ye 0z 0y Yy +y 4+ 2ye



whose expansion is
2y 4+ 2e* —2y" =0

or
(*) y// —y = 621.

The solution of the homogeneous part y” —y = 0 of (x) is obtained by
determining the unknown constant r in y = €"* by substitution into y" —y =
0, which yields 7> — 1 = 0 and r = £1. Thus y = ae® + be™® with two yet-
to-be-determined constants is a solution of the homogeneous part y” —y = 0
of (). A particular solution of (x) is of the form C'e** with the constant C

determined by
4Ce* — Ce* = e

so that C = % Thus
1
y=ae’ +be " + 562‘”

is the general solution of the Euler-Lagrange equation for the functional J[y]

of (7).

(b) We determine the constants a and b of the solution
T —x 1 2z
y=ae’ +be " + §6

of the Euler-Lagrange equation for the functional J[y| of (f) given in Part
(a) from the condition

(62 —i—e—i—e_l),

which means
a+b+z=1

ae+bet i =5 (e +e+et),

yielding a = b = % Thus the answer is

y=-(e"+e " +e¥).

1
3



(c) We apply the general variation formula

+(F —y'Fy)dx

=21 r=x]

o d
0] = / (Fy - %Fy/) (Ory) dz + Fpdy

for the functional J[y] of (1). Since the Euler-Lagrange equation F,— L F,, =
0 is satisfied and

it follows that
5J = Fyzéy

T=x2

From ¢J = 0 and the arbitrariness of dy we conclude that Fj, = 0 at

T=x2

T = T9. Since )

F,=2y = 3 e +ae® —bhe®
which is equal to 2e? + ae —be ' at « = 1, it follows that we have the
following condition for the yet-to-be-determined constants a and b.

a+b+i=1
%eQ—l—ae—be_lzo,

yielding
2(e7t —e?) _ 2(e+€?)
3(e+el)’ 7 3(et+el)

when we add e~! times the first equation to the second equation to get

2 2 _ _
562—§6 1+a(e+e 1):O

to solve for a and then use the first equation to get b = % — a to solve for b.
So the final answer is
2(e+¢€?%) 1

27 =€) oy e 4 — e
e — e
3(e+e) 3(e+et) 3

y:



(d) Welet £ =1 and G (z,y,y") = 2y and apply the Euler-Lagrange equation
d
(F'—=AG), — . (F'=XG), =0
with Lagrange multiplier A € R for the functional J[y| of () subject to the

integral constraint
2

G (z,y,y) de =L € R.

T=T1
Since F—\G = y? 41> +2y (** — \), the Euler-Lagrange equation becomes
2y +2e* — 2\ —2y" =0 or ¥y’ — y = €?®* — \. So the general solution is
1
y=ae’ +be "+ 5621 + A
We have the following three conditions (which are three linear equations)

a+b+i+A=1
ae+be !t + 32+ A=1(+e+el)

fol (cuffD + be ™" + %621 + )\) dr = %
to determine the three constants a, b, and \. After performing the integration
in the third equation, we obtain the following three conditions

a+b+A=2
ae+bet+A=1(e+et)

ale—1)+b(1—et)+A=2—1¢

which, after subtracting the first equation from the second and the third
equations, become

ale=D+blet =) =Le—2+e

ale—2)—be !t =—¢é
whose solutions a and b by Cramer’s rule are

sle—2+et) et -
1.2 -1

—se —e
1
e—1 e+ —1

e—2 —et

1




e—1 s(e—2+¢€)

e—2 —zé

b —
e—1 e1—-1
e—2 —et

Computing the determinants, we get

12 1,1 2,1 _ 1,9
o= 66 ts¢—3t3¢€ 3¢
- 9

e—4+3e!
- —teb—le?+2e— 54 2!
e—4+3e!
and
2
A=—-—a—-b
3
2 gl tge—gtiet—ge? gl gl tge— g+ 3!
3 e—4+3e! e—4+3e!
_2(6—4+3e*1)+%62—%e+1—26*1+e*2+%eg—|—562—46—%5—26*1
B 3(e—4+3e 1)
B %63+62—g€—2+26_1+6_2
3(e—4+3e1)

(e) We compute

1 1 d
P(z) = §Fy’y’7 Qz) = 2 (Fyy - <%Fyy’))

and get
P(z) =1, Qlz) =1
so that the Jacobi differential equation
d
—— (PH h=0
o (Ph)+@Q
for the unknown function hA(x) on [0, 1] is simply
h" —h=0
For a solution with ~2(0) = 0 and /A/(0) # 0 we can take h(z) = e*—e~*, which
is nonzero for 0 < & < 1. Thus for the Jacobi equation of the functional J[y]
there is no point in (0, 1] conjugate to the point 0. Since P > 0 on [0, 1],
the strengthened Legendre condition is satisfied and we conclude that the
extremal y = y(z) for J[y] obtained in Part (b) with fixed end-points (0, 1)
and (1,3 (e24+e+e™!)) is a local (weak) minimum.



(f) Using p = F,; = 2y, we compute the Hamiltonian H = y'p — F' to be

2

2 2
b p 2 2x b 2 2z
H=5% —[Z 442 +2 =5y = 2y,
5 (4 Yy ye) 1 Yy ye

Introduce the action integral

s= [ Fayy)d

=x

along an extremal y = y(z) with end-points (z1,y;) and (z9, y2), as a function
of x1,y1, 2, y2. An extremal is necessarily of the form

1
= ae® + be " + —e**
3
Wlth a=a (zlay17$27y2) and b = b(x17y17x2ay2) depending on ¥y, Yyi, 2, Y-
We set 1 = 0 and y; = a. We use yo = y(z2) to get

1 1
(1) a=a+b+ 3 and Yo = ae®™ + be " 4 562“2.

From

2
y = ae® —be " + 562“

it follows that

F(z,y,9) =vy> +° + 2ye®

2 .\? 1 7
= <ae”” —be ™ + §e2w> + (ae’: 4+ be™* + 562“’) (aem 4+ be " + 56296)

4 4 4
= (CL262$ + bPe % 4 564‘0 — 2ab + gae3$ — gbe‘”>
7 7 1 1 7
+ (age% + ab + gae% + ba + b2e % 4+ gbez + gaegx + gbex + 5649”)

11 4
= 56433 + 4ae® + 2a%e* + gbem — ab + 2b%e™*

and

T2 11 4
S = / (56436 + 4ae’® + 2a%e* + gbex —ab+ 2b262x> dz

=x



11 4 4 e
= %6490 + gae?”” + a’e® + —be® — abx — b

:%(642—1)—{-5&(632—1>+a2(622—1)
4

—i-gb(ez? — 1) —abzy — b* (772 — 1)

r=x1

We now solve for a and b in (I) in terms of a, x2, o to get

3(y2 — ae™™2) o772 — 2
er2 —e "2
3(we™ —yp) + €272 — ™2

er2 —e "2

a =

)

b:

We put the values of a and b into S to get

S 11 (64962 _ 1) + é (3(y2 - ae*xz) +e " — 62332) (eBIz _ 1)

36

3 etz — e~ 2
3(yo — e™2) + e 72 — 22 2 o
* ( er2 — g2 (e - 1)
4 (3 (ae™ — yq) + ¥z — 772
+3 ( ( ex@iz)_ - ) ("2 — 1)
3(yo — e™2) + e 72 — 22 3 (e™ — yo) + €272 — 772
a er2 —e™*2 ez — e 2
3 (ae“ - ?J2) + €22 — 7" ? — 214
- er2 — p—x2 (6 - 1) :

We now replace x5 by x and y, by y to get the final answer

_ —T - _ 2z
g 11(6433—1)4—%(3(3/ ae")+e e )(egx_l)

"~ 36

3 er —e®
3 o —x —x _ 2x 2 4 3 T 2r __ -
+( (y —ae )"’_6 € ) <e2z_1>+_< (ae y)+f € )(ex_l)
3(y—ae™®)+e*—e**\ [(3(ae” —y)+e** —e®
— x

627 — 6711?

~ (3(046”3 —y) +e¥ - 6‘””>2 (1),



This function S is the integral along an extremal whose first end-point is
(0, @) and whose second end-point is (z,y). By using the general variation
formula which gives

oS /
%:F_yFy/:—H(xayap)a
oS
— =F, =
oy = v ="
we conclude that
ﬁ—i—H T @ =
D oy)

Finally we have to check that the second-order derivative 83%5 is not iden-
tically zero. Differentiating S with respect to y yields

08 4 3 -
a_y - 3 (ex_em) (6 1)

o (3(y—ae‘x>+e"”—€2’”) (e - 1) + (em‘_“ex) (e~ 1)

B 3 3(ae” —y) +e*® —e® o 3(y—ae ™) +e " — e

=6 <3 (ae® —y) +€* — e—x) (e —1).

efL’ — e—il? 6(13 —_ e—.T

and one more differentiation with respect to « yields
0?8 6 —3e” "
- ")y
Oyda  e* —e @ \e* —e™®
=) =) =) =)
— x — x
et —e " et —e " er —e " er —e "

—6 3e” 2w
o (Fs) e

36 18e*x
+

e$ _ e—z (Cz _ 6_1)2 .

which is not identically zero.



Some Formulae

(1) Poisson integral formulae for a harmonic function u(z) on the unit disk:

1 2m )
u(z) = —/ u(C) RecidQ with ¢ =e” and |z] < 1.
0

21 Jo—o (—=z
1/2’r (C— 22 , "
u(z) = — u(() =——=df with (=¢" and |z| <1.
0)=5 [ 0= g
( w)i/% L () dp for 0<r <1
e = o w201+r2—2rcos(<,0—9)ue LA

(2) Euler-Lagrange equation

d

Fy (.1', y(l‘), yl(m)) - %Fy' (33', y(l‘),y/($)) =0

on [xy,xs] for the functional

= [ " Flay(),y(@) dr.

=x1
(3) First integral
F —y'F,, = constant
of the Euler-Lagrange equation for the functional
9 /
= [ Py d

when F'(x,y,y’) is independent of x.

(4) General variation formula
T=x9 T=x9

+ (F — y'Fy/) 5l‘

T=x1 r=x1

To d
(SJ = / (Fy — %Fy/) (aty) d.T + Fy/(gy

for the functional



(5) Weierstrass-Erdmann corner condition
r=£+0 r=£—0
F, <5y ) + | (F—=y'F,) (51‘
z=£—0 z=¢ z=£+0

for the functional
2
= [ Py ds

=1

)=
7=

when there is a corner at x = ¢ with z; < £ < x5 for the extremal.

(6) Euler-Lagrange equation

d
(F=2G), = = (F =G), =0

with Lagrange multiplier A € R for the functional

= [ Y Flegy) o

=1

subject to the integral constraint

/ G (z,y,y) de =L € R.

(6) Euler-Lagrange equation

d

(F = A@)g), — 7 (F = Az)g),, =0,
(F = \&)g). — 7 (F = Az)g). =0

with Lagrange multiplier A(z) (which is a real-valued function of x) for
the functional

T2
o= [ Flaeyny.) ds

=x

subject to the pointwise constraint

g(z,y,2) =0.



(7) The canonical variables x, y, p and the Hamiltonian H for the functional

x2

Ty = / F(z,y,y) du

=1
are given by p = F,y and H = —F + y'p. The canonical differential
equations are

dy _OoH — dp _ OH
de  Op’ de Oy’

(8) The action integral for the functional

Iyl :/m F(z,y,y) dx

=z
is the integral

T2
/ F(z,y,y) dz

1

computed along an extremal.

(9) The canonical transformation defined by the generating function ® (x,y,Y)

is given by
0P 0P 0P
=—, P=——, H'=H+ —.
P=% oy e
The canonical transformation defined by the generating function ¥ (x, y, P)
is given by
ov ov ov
=—, Y=— H'=H+ —.
P=ay oP’ e

(10) Legendre’s necessary condition for a local minimum for the variational
problem of the functional

2
Jy] =/ F(z,y.y) dv
T=x1
is P(z) > 0 and the Jacobi differential equation is

d
—— (PH h =
dx( )+ Qh =0

with unknown function h = h(z), where



