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Euler-Lagrange Equations for Many Functions
and Variables and High-Order Derivatives

The Case of High-Order Derivatives. The context is to find the extremal for

the functional ,
/ F(Z‘,y,y/,"' 7y(k)) dx

at the function y = f(x) is an extremal compared to other functions nearby,
with the jets up to order k — 1 ﬁxed at the two end-points * = a and xz = b.
In other words, y)(a) = A; and y)(b) = B, for 1 < j <k — 1.

We assume that we have a family of functions y = y(z,t) parametrized
by t € (—¢,¢) so that our assumed solution y = y(x) is y = y(x,0) when the
parameter ¢ is 0. Then

b a 8k
(B): /: a <x,y(m,t), %y(x, ), -+, @y(x,t» dx

is a function of ¢ and its derivative with respect to t must be equal to 0 at
t = 0. Differentiating (f); with respect to ¢, we get
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Setting ¢t = 0, we get
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Integrating by parts repeatedly, we obtain

b
/ {Fy ($,y7y’, e ,y(k)) — %Fy/ (x,y,y’, . 7y(k))
z=a -
+@Fyn (2,9, y™) =+
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where all the boundary terms vanish in the process of integration by parts
because the fixing of the jets up to order £k — 1 at the two end-points x = a
and x = b implies

&’ Oy

(%) ﬁa(x,O):O at t=a and x =0 for 1<j<k—-1.
Since this holds for all choices of %(w, 0) for z € [a, b] as long as the condition

(f) is satisfied, we conclude that
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dxi

(Fym (‘r7 y(ﬂ?), yl(w)a T 7y(k)($))) =0

(=1)?

on x € [a,b], which is the Euler-Lagrange equation and is in general a differ-
ential equation of order 2k if

Fymym (2,y(2), 9/ (2), - ,yW(2))
is nonzero (which is (—1)* times the coefficient of y*) (x)).

The Case of Many Functions. The context is to find the extremal for the
functional

b
k k
/ F<x>ylay/17"'7y§)7"'7y€7y27“'7ylg )> dx

at the functions y; = fi(z),- -+ ,ye = fo(x) is an extremal compared to other
functions nearby, with the jets up to order k£ — 1 fixed at the two end-points
x = a and z = b. In other words, yl(,j)(a) = A;, and y,(,j)(b) = B,, for
1<j<k—1and1<v </ Wecan consider the problem as the problem
of variation for one single function y, = f,(z) with all the other functions
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y, = fu(z) for p # v fixed. Then we get for each 1 < v < £ an Euler-
Lagrange equation

f H)ﬂ% (Fo (=@ vh@), @), wele) (@), 9P(@)) ) = 0

on z € [a,b].

The Case of Many Independent Variables. Let x = (x1,-+- ,z,) € R" and R
be a domain in R™. The context is to find the extremal for the functional

/ F <X, {D?yy,--- 7Da3/€}\a|gk) dxy---dx,
R

at the functions y; = f1(x), -,y = fr(x) is an extremal compared to
other functions on R nearby, with the jets up to order £ — 1 fixed at the
boundary R of the given fixed domain R in R", where

aa1+"‘+an
T 929 Qo

with a = (a1, -+ ,a,) € (NU{0})" and |a| = a; + -+ + a,. A completely
analogous derivation gives us the following Euler-Lagrange equation in this
case foreach 1 < v </

S (1D (Fpuy, (xAD%1, - Dby ) ) =0

la|<k

Da

for x € R.

Minimal Surface. We use the equation of a minimal surface as an exam-
ple of the Euler-Lagrange equation for the case of one function, first-order
derivative, and two independent variables. Let R be a bounded domain in
R? with variables x,y. The problem is to find the Euler-Lagrange equation
for a function z = f(x,y) for (x,y) € R which is a local extremal for the

functional
/ V14 22+ 22 dedy
R

of the area of the graph of z = f(x,y) in R® over R. The Euler-Lagrange
equation is
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which can be rewritten as
0 z 0 2y
2

- i - =0
O T+ 224272 Oy \/1+22+2]

whose expansion is

B Zra +Zx (20220 + ZyZay) _ “yy +Zy (202ay + 2y2yy) _ 0
VItz2+22 (142,24 zy2)% VItz2+z? (142,2+ Zyz)% ’

3
After we clear the denominators by multiplying the equation by (1 + 2,% + 2,°)?,
we get

which can be simplified to

Zrx (1 + zyz) — 22222y + Zyy (1 + zf) =0.

This is the equation for the minimal surface.



