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Euler-Lagrange Equations for Many Functions

and Variables and High-Order Derivatives

The Case of High-Order Derivatives. The context is to find the extremal for
the functional

∫ b

x=a

F
(

x, y, y′, · · · , y(k)
)

dx

at the function y = f(x) is an extremal compared to other functions nearby,
with the jets up to order k − 1 fixed at the two end-points x = a and x = b.
In other words, y(j)(a) = Aj and y(j)(b) = Bj for 1 ≤ j ≤ k − 1.

We assume that we have a family of functions y = y(x, t) parametrized
by t ∈ (−ε, ε) so that our assumed solution y = y(x) is y = y(x, 0) when the
parameter t is 0. Then

(♮)t

∫ b

x=a

F

(

x, y(x, t),
∂

∂x
y(x, t), · · · ,

∂k

∂xk
y(x, t)

)

dx

is a function of t and its derivative with respect to t must be equal to 0 at
t = 0. Differentiating (♮)t with respect to t, we get

d

dt

∫ b

x=a

F

(

x, y(x, t),
∂

∂x
y(x, t)

)

dx

=

∫ b

x=a

[

Fy

(

x, y(x, t),
∂

∂x
y(x, t), · · · ,

∂k

∂xk
y(x, t)

)

∂

∂t
y(x, t)

+Fy′

(

x, y(x, t),
∂

∂x
y(x, t), · · · ,

∂k

∂xk
y(x, t)

)

∂2

∂x∂t
y(x, t)dx

+ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+ Fy(k)

(

x, y(x, t),
∂

∂x
y(x, t), · · · ,

∂k

∂xk
y(x, t)

)

∂k

∂xk∂t
y(x, t)dx

]

Setting t = 0, we get

∫ b

x=a

[

Fy

(

x, y, y′, · · · , y(k)
) ∂

∂t
y(x, 0) + Fy′

(

x, y, y′, · · · , y(k)
) ∂2

∂x∂t
y(x, 0)dx

+ · · · + Fy(k)

(

x, y, y′, · · · , y(k)
) ∂k

∂xk∂t
y(x, 0)dx

]

= 0.
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Integrating by parts repeatedly, we obtain

∫ b

x=a

[

Fy

(

x, y, y′, · · · , y(k)
)

−
d

dx
Fy′

(

x, y, y′, · · · , y(k)
)

+
d2

dx2
Fy′′

(

x, y, y′, · · · , y(k)
)

− + · · ·

+ (−k)−1 dk

dxk
Fy(k)

(

x, y, y′, · · · , y(k)
)

]

∂y

∂t
(x, 0) dx,

where all the boundary terms vanish in the process of integration by parts
because the fixing of the jets up to order k − 1 at the two end-points x = a

and x = b implies

(♯)
dj

dxj

∂y

∂t
(x, 0) = 0 at x = a and x = b for 1 ≤ j ≤ k − 1.

Since this holds for all choices of ∂y

∂t
(x, 0) for x ∈ [a, b] as long as the condition

(♯) is satisfied, we conclude that

k
∑

j=0

(−1)j dj

dxj

(

Fy(j)

(

x, y(x), y′(x), · · · , y(k)(x)
))

≡ 0

on x ∈ [a, b], which is the Euler-Lagrange equation and is in general a differ-
ential equation of order 2k if

Fy(k)y(k)

(

x, y(x), y′(x), · · · , y(k)(x)
)

is nonzero (which is (−1)k times the coefficient of y(2k)(x)).

The Case of Many Functions. The context is to find the extremal for the
functional

∫ b

x=a

F
(

x, y1, y
′
1, · · · , y

(k)
1 , · · · , yℓ, y

′
ℓ, · · · , y

(k)
ℓ

)

dx

at the functions y1 = f1(x), · · · , yℓ = fℓ(x) is an extremal compared to other
functions nearby, with the jets up to order k − 1 fixed at the two end-points
x = a and x = b. In other words, y

(j)
ν (a) = Aj,ν and y

(j)
ν (b) = Bj,ν for

1 ≤ j ≤ k − 1 and 1 ≤ ν ≤ ℓ. We can consider the problem as the problem
of variation for one single function yν = fν(x) with all the other functions
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yµ = fµ(x) for µ 6= ν fixed. Then we get for each 1 ≤ ν ≤ ℓ an Euler-
Lagrange equation

k
∑

j=0

(−1)j dj

dxj

(

F
y
(j)
ν

(

x, y1(x), y′
1(x), · · · , y

(k)
1 (x), · · · , yℓ(x), y′

ℓ(x), · · · , y
(k)
ℓ (x)

))

≡ 0

on x ∈ [a, b].

The Case of Many Independent Variables. Let x = (x1, · · · , xn) ∈ R
n and R

be a domain in R
n. The context is to find the extremal for the functional

∫

R

F
(

x, {Day1, · · · , Dayℓ}|a|≤k

)

dx1 · · · dxn

at the functions y1 = f1 (x) , · · · , yℓ = fℓ (x) is an extremal compared to
other functions on R nearby, with the jets up to order k − 1 fixed at the
boundary ∂R of the given fixed domain R in R

n, where

Da =
∂a1+···+an

∂xa1
1 · · · ∂xan

n

with a = (a1, · · · , an) ∈ (N ∪ {0})n and |a| = a1 + · · · + an. A completely
analogous derivation gives us the following Euler-Lagrange equation in this
case for each 1 ≤ ν ≤ ℓ

∑

|a|≤k

(−1)|a|Da

(

FDayℓ

(

x, {Day1, · · · , Dayℓ}|a|≤k

))

≡ 0

for x ∈ R.

Minimal Surface. We use the equation of a minimal surface as an exam-
ple of the Euler-Lagrange equation for the case of one function, first-order
derivative, and two independent variables. Let R be a bounded domain in
R

2 with variables x, y. The problem is to find the Euler-Lagrange equation
for a function z = f(x, y) for (x, y) ∈ R which is a local extremal for the
functional

∫

R

√

1 + zx
2 + zy

2 dxdy

of the area of the graph of z = f(x, y) in R
3 over R. The Euler-Lagrange

equation is

−
∂

∂x

(

√

1 + zx
2 + zy

2
)

x
−

∂

∂x

(

√

1 + zx
2 + zy

2
)

y
= 0,
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which can be rewritten as

−
∂

∂x

zx
√

1 + zx
2 + zy

2
−

∂

∂y

zy
√

1 + zx
2 + zy

2
= 0,

whose expansion is

−
zxx

√

1 + zx
2 + zy

2
+

zx (zxzxx + zyzxy)

(1 + zx
2 + zy

2)
3
2

−
zyy

√

1 + zx
2 + zy

2
+

zy (zxzxy + zyzyy)

(1 + zx
2 + zy

2)
3
2

= 0.

After we clear the denominators by multiplying the equation by (1 + zx
2 + zy

2)
3
2 ,

we get

zxx

(

1 + zx
2 + zy

2
)

−zx (zxzxx + zyzxy)+zyy

(

1 + zx
2 + zy

2
)

−zy (zxzxy + zyzyy) = 0,

which can be simplified to

zxx

(

1 + zy
2
)

− 2zxyzxzy + zyy

(

1 + zx
2
)

= 0.

This is the equation for the minimal surface.


