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Path Integration, Stokes’s Theorem, and Cauchy’s Theorem for

Smooth Functions Satisfying the Cauchy-Riemann Equation

Cauchy-Riemann Equations for Composite Functions. For a complex-valued
function f(z) of a complex variable z the Cauchy-Riemann equation is

∂f

∂x
=

1

i

∂f

∂y
,

where z = x + iy. An equivalent way to write it is

(

∂

∂x
+ i

∂

∂y

)

f = 0.

We introduce the partial differential operator with constant complex coeffi-
cients

∂

∂z̄
=

1

2

(

∂

∂x
+ i

∂

∂y

)

so that the Cauchy-Riemann equation is now written as

∂

∂z̄
f = 0.

The reason for the factor 1
2

in the definition of ∂
∂z̄

is that with this definition
its value at the function f ≡ z̄ is precisely 1, i.e.,

∂

∂z̄
z̄ =

1

2

(

∂

∂x
+ i

∂

∂y

)

(x − iy) ≡ 1.

After we rewrite the Cauchy-Riemann equation as getting zero when the par-
tial differential operator ∂

∂z̄
with complex constant coefficients, we conclude

readily that rational functions R(f) = P (f)
Q(f)

of any function f satisfying the
Cauchy-Riemann equation must also satisfy the Cauchy-Riemann equation
at points where the denominator Q(f) is nonzero. The reason is that

∂

∂x

(

P (f)

Q(f)

)

=
Q(f)∂P (f)

∂x
− P (f)∂Q(f)

∂x

Q(f)2

=
Q(f)P ′(f) − P (f)Q′(f)

Q(f)2

∂f

∂x
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and

∂

∂y

(

P (f)

Q(f)

)

=
Q(f)∂P (f)

∂y
− P (f)∂Q(f)

∂y

Q(f)2

=
Q(f)P ′(f) − P (f)Q′(f)

Q(f)2

∂f

∂y

from which we get

∂

∂z̄

(

P (f)

Q(f)

)

=
Q(f)P ′(f) − P (f)Q′(f)

Q(f)2

∂f

∂z̄

which is zero whenever ∂f

∂z̄
= 0.

We can do this in general for composite functions of functions which satisfy
the Cauchy-Riemann equation. Consider two functions g(w) and w = f(z) so
that both satisfy the Cauchy-Riemann equation. To make the bookkeeping
easier to handle, we introduce the the partial differential operator ∂

∂z
with

complex constant coefficients which formally is the complex-conjugate of the
partial differential operator ∂

∂z̄
with complex constant coefficients. More pre-

cisely,
∂

∂z
=

1

2

(

∂

∂x
− i

∂

∂y

)

so that

∂

∂x
=

∂

∂z
+

∂

∂z̄
,

∂

∂y
= i

(

∂

∂z
−

∂

∂z̄

)

and the Cauchy-Riemann equation for f(z) is equivalent to

∂f

∂x
=

∂f

∂z

and also equivalent to
∂f

∂y
= i

∂f

∂z
.

Moreover, f ′(z) = ∂f

∂z
if it exists. Likewise, for w = u + iv we introduce

∂

∂w
=

1

2

(

∂

∂u
− i

∂

∂v

)
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and
∂

∂w̄
=

1

2

(

∂

∂u
+ i

∂

∂v

)

and analogous conclusions hold for the functions of the variable w = u + iv

instead of for the functions of the variable z = x + iy. For the function
F (z) = g(f(z)) the chain rule gives

∂F

∂z̄
=

1

2

(

∂

∂x
+ i

∂

∂y

)

F

=
∂g

∂u

1

2

(

∂

∂x
+ i

∂

∂y

)

u +
∂g

∂v

1

2

(

∂

∂x
+ i

∂

∂y

)

v

=
∂g

∂u

∂u

∂z̄
+

∂g

∂v

∂v

∂z̄
=

∂g

∂w

∂u

∂z̄
+ i

∂g

∂w

∂v

∂z̄
=

∂g

∂w

∂f

∂z̄
= 0.

Thus we conclude that the composite function F (z) = g(f(z)) satisfies the
Cauchy-Riemann equation if both g(w) and w = f(z) satisfy the Cauchy-
Riemann equation.

Path Integration and Cauchy’s Theorem for the Smooth Case. Suppose we
have two continuously differentiable complex-valued functions P (x, y) and
Q(x, y) (up to the boundary) on a domain D with piecewise continuously
differentiable boundary C. The path integral

∫

C
P (x, y)dx + Q(x, y)dy is

defined by

∫

C

P (x, y)dx + Q(x, y)dy =

∫ β

t=α

(

P (x(t), y(t))
dx

dt
+ Q (x(t), y(t))

dy

dt

)

dt

when C is parametrized by t 7→ (x(t), y(t)) for α ≤ t ≤ β. Stokes’s theorem
yields

∫

C

P (x, y)dx + Q(x, y)dy =

∫

D

(

∂Q

∂x
−

∂P

∂y

)

dxdy.

For the special case P (x, y) = f(z) and Q(x, y) = i f(z)

∫

C

P (x, y)dx + Q(x, y)dy =

∫

D

(

∂Q

∂x
−

∂P

∂y

)

dxdy

=

∫

D

(

i
∂f

∂x
−

∂f

∂y

)

dxdy = 2i

∫

D

∂f

∂z̄
dxdy
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which is zero if f satisfies the Cauchy-Riemann equation ∂f

∂z̄
= 0. For

the special case P (x, y) = f(z) and Q(x, y) = i f(z) the path integral
∫

C
P (x, y)dx + Q(x, y)dy can be rewritten as

∫

C

P (x, y)dx + Q(x, y)dy =

∫

C

f(z)dx + i f(z)dy =

∫

C

f(z)dz.

We thus have the following conclusion (known as the Cauchy theorem)

∫

C

f(z)dz = 0

for any function f which satisfies the Cauchy-Riemann equation ∂f

∂z̄
= 0

and whose two partial derivatives ∂f

∂x
and ∂f

∂y
are both continuous (up to

the boundary) on the domain D with piecewise continuously differentiable
boundary C.

Some Special Path Integrals. For the application of Cauchy’s theorem to the
evaluation of definite integrals, some rather easy special path integrals play
an important rôle. For a ∈ C and r > 0 and n ∈ Z,

∮

|z−a|=r

(z − a)n
dz =

{

0 for n 6= −1

2πi for n = −1

as one can easily compute with the parametrization θ 7→ z = a + reiθ for
0 ≤ θ ≤ 2π as follows.

∮

|z−a|=r

(z − a)n
dz =

∫ 2π

θ=0

rneinθireiθdθ = i

∫ 2π

θ=0

rn+1ei(n+1)θdθ

which is equal to

rn+1

n + 1
ei(n+1)θ

∣

∣

∣

∣

θ=2π

θ=0

= 0

when n 6= −1 and is equal to

i

∫ 2π

θ=0

dθ = 2πi

when n = −1.
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Geometric Interpretation of the Cauchy-Riemann Equation by Complex-Linearity

of the Differential Map. The differential df of the map f is given by the Jaco-

bian matrix

(

ux uy

vx vy

)

when the basis ~ex, ~ey for the domain R
2 and the basis

~eu, ~ev for the image R
2 are being used. The differential map df : R

2 → R
2 is

by definition R-linear. With such a notation the map df is simply given by
the chain rule. That is, the image of ~ex is ∂u

∂x
~eu + ∂v

∂x
~ev according to the chain

rule. We can regard the domain R
2 with coordinates x, y as a C-vector space

by defining the multiplication of ~ex by i to be ~ey. Likewise we can regard the
target R

2 with coordinates u, v as a C-vector space by defining the multipli-
cation of ~eu by i to be ~ev. The Cauchy-Riemann equation is equivalent to
the statement that df is complex-linear. The complex-linearity of df is the
same as saying that i times the image of ξ~ex + η~ey under df is equal to the
image of the product of i and ξ~ex + η~ey under df . The former is equal to i

times
(ξ ux + η uy)~eu + (ξ vx + η vy)~ev

which is the same as

−(ξ vx + η vy)~eu + (ξ ux + η uy)~ev.

The latter is equal to

(−η ux + ξ uy)~eu + (−η vx + ξ vy)~ev.

For both to be equal for all ξ and η the necessary and sufficient condition is
that ux = vy and uy = −vx, which is the Cauchy-Riemann equation.

This geometric interpretation of the Cauchy-Riemann equation by complex-
linearity has as its immediate consequence the statement that the composite
function F (z) = g(f(z)) satisfies the Cauchy-Riemann equation if both g(w)
and w = f(z) satisfy the Cauchy-Riemann equation, which we earlier proved
in a rather involved way using the chain rule.


