Math 113 Assignment 3 Solutions

Problem 1 (§1.4, 24). The textbook just draws a picture of stereographic projection, so before we get
started, let’s derive the equations that describe this projection. Note that it’s not even clear from the
picture on page 55 what sphere we should be projecting from; there are a couple choices here, which yield
different equations, but everything works the same way no matter which we use. I'll go with the most popular
choice and suppose that we're projecting from the sphere {(x,y,2) € R®: 22 + ¢y + (2 — 1/2)? = 1/4} C R?,
that is, a sphere with the south pole at (0,0,0) and north pole at (0,0, 1).

Given a point w = (x,y, ) on the sphere, to find its image under the stereographic projection S : S\ {co} —
R?, we draw a line from the north pole (0,0,1) through w and define S(w) to be its intersection with the
xy-plane. This line has the equation v(t) = (0,0,1) + (z,y,z — 1)t, so v(0) = (0,0,1) and (1) = (z,y, 2).
This intersects the plane at t = 1/(1 — z), so

x
St 2) =20/0-2) = (122 2L ).

From this, we see that S is continuous on the sphere without the North Pole (with respect to the chordal
metric p). It is the restriction to a subset of R® (the sphere) of a map R?* — R? which is continuous
whereever z # 1. All points on S? \ (0,0,1) have z # 1, so stereographic projection is continuous here as
a map R?® — R2. This means exactly that given any e, there is 6§ such that |w; — Walgs < ¢ implies that
|S(w1) — S(w2)|ge < €. But the norm |-|gs restricted to the sphere is exactly our chordal metric, and |-|g. is
the usual metric on C. So continuity of S away from the north pole means exactly that given any e, there
is § such that p(wi,we) < § implies |S(w1) — S(w2)| < €.

We can similarly derive an equation for the inverse T of the stereographic projection. Given (z,y) € C = R2,
define a line from (x,y,0) to the north pole by ~(¢t) = (0,0,1) + (z,y,—1)t, so that v(0) = (0,0,1) and
(1) = (z,y,0). This intersects the sphere when

izuwﬁqu+<u—w—§f

1
:(:U2+y2+1)t2—t+1.

This has two solutions, at t = 0 and t = 1/(2? + y? + 1). It’s the latter of these that we’re interested in; the
first just corresponds to the intersection of the line with the north pole. So

ﬂ@w»=< - y il 'S )

2 +y?+ U a2 +y? + 171+ 22 +y?

This is a continuous map from R? — R3. Using the definition of continuity, and again noting that the chordal
metric is equivalent to the usual metric on R3, this means that given any ¢, there is § such that |21 — 29| < 6
implies that p(T(z1),T(22)) < €.

a) We’re now in position to approach the problem. We claim first that z, — z in C if and only if p(z,, 2) — 0.
First suppose that z,, — z, and fix ¢ > 0; we want to find N such that n > N implies that p(z,,2) < € for
n> N.

By the preceding discussion, there exists €’ such that |z; — 22| < € implies that p(T'(21),T(22)) < €. Since
zn, — z, there is N such that for n > N, |z — z,,| < €, and so p(z, z,) < €. This establishes the first direction.
Suppose conversely that p(z,z,) — 0. There is €’ such that if p(z, z,) < € we have |z — z,,| < e. But there
exists N such that for n > N we have p(z, z,,) < €, and thus |z — z,,| < €, S0 2 — z,, as desired.
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b) Now we show that p(z,,00) — 0 if and only if |z,| — oco. I claim that given €, there is a constant R,
such that |z| = R, precisely if p(oo,z) = €. Indeed, from the preceding equation, equation, computing the

distance from T'(z) to co we obtain
1

p(z,00) = \/ﬁ

Now, suppose p(zp,00) — 0. For fixed R, there is N such that p(z,,0) < eg for n > N. But this means
exactly that |z,| > R, as required. Conversely, suppose |z,| — co. Given e, there is N such that for n > N
we have |z,| > Re, s0 p(zn,00) < €, as required.

For those who have seen some topology, we can interpret this result in topological terms. We have two ways
to put a topology on C: one is as the one-point compactification of C, and the other is the subspace topology
inherited from R3 (with the usual euclidean metric). We’ve checked that the two topologies are in fact the
same; part (a) shows that neighborhoods of points other than co are the same, and part (b) shows that
neighborhoods of 0o are also the same.

¢) Consider the function f(z) = %idb. We're asked to show that it’s continuous at co. This doesn’t make
any sense as stated, since it isn’t even defined there. What we need to do is define f : C — C as a function
on the entire sphere. We do this in the expected way; if ¢ # 0, then define
Z;ts if 7é —d/C, 00,
f(z)=< o0 if z=—d/c

a
c

if z = o0.

If ¢ =0, we set

jo-fi 1er

00 if z = oo.

We’ll prove continuity at oo (considering these two cases seperately). Continuity has the usual e—J definition,
but with respect to the metric p. We want to show that given ¢, there is § such that p(z,00) < § implies
that p(f(z), f(o0)) <e.

Consider the ¢ # 0 case first, so f(c0) = a/c. There is an € such that |f(z),a/r| < € implies p(f(z2), f(0)) <
€, and given R, there is Rs such that |z| > Rs < p(z,00) < 4. So it suffices to find R so |z| > R implies

|f(z) —a/c| < €.

We have
a az+b| |acz+ad acz+bc| | ad—bc |ad — be|
¢ cz+d| |z4+ed cF+ed| |Rz+ed el |z| = |ed|
But this is less than ¢ as long as
1 d—b
2] > — <|“C - |cd|) = M,
] €

Set § to be €p in the preceding notation. We have continuity at oo, since p(z,00) < § « |z| > M —

[f(2) = f(o0)| < € = p(f(2), f(00)) <€, as needed.
Now consider the case ¢ = 0. Suppose € is given; we want to find § so p(z,00) < ¢ implies p(f(2), f(o0)) =

p(f(2),00) < e. We have f(z) = (az + b)/d, and then

SN
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which exceeds R, as long as |z[ > [4| (R + |%]) = M. But taking 6 = ey, we have p(z,00) < § — |2| >
M — f(2) > R. — p(f(2),00) < ¢, as needed.

The function f = (az + b)/(cz + d) is called a Mdbius transformation or fractional linear transformation.
This function wasn’t just devised for this problem; such functions are important and will appear again in
this course. One may check that the Mobius transformations are in fact bijections, and thus automorphisms
of C; it turns out that in fact every automorphism of the sphere is of this form.

Interestingly, letting M denote the group of Mdbius transformations (with composition as the group oper-
ation), one may check that the map ¢ : M — GL3(C) sending Zfis — (%) is a group homomorphism,
so that composition of Mobius transformations works like multiplication of matrices. Moreover, note that
multiplying a, b, c,d all by some constant A doesn’t change the transformation, so we in fact have a map

¢ : M — PGL2(C), the projectivization; this map turns out to be an isomorphism between M and PGL4(C),

~

and so Aut(C) 2 M = PGLy(C). (Don’t worry about this stuff if you haven’t taken 122. You really don’t
need to worry about it even if you have.)

Problem 2 (§1.5, 9). We will verify the Cauchy-Riemann equations for f(z) = 22 + 3z + 2. Writing
z = x + iy, we then expand

flx+iy) = (x+iy)® + 3(x +iy) + 2 = 2% + 22yi — y*> + 30 + iy + 2 = (2® — y* + 32+ 2) +i(2zy + 3y).

So f = wu+ iv, where
u(z,y) =2® —y* +32+2,  v(z,y) =2y +3y.

Then we compute

Ju ou
— =243 — =-2
or + dy Y
v v
— =2 — =2 3.
oz Y Jy v
We see that g—g = %Z and g—; = —%, so the Cauchy-Riemann equations are satisfied.

Problem 3 (§1.5, 10). Again set z = x + iy. Consider the function

f(2) = |z = Va2 + 42,

The book’s vague about where we’re supposed to show this function isn’t analytic; I'll check that it’s not
analytic at any point in C. First, consider any point zo = (2o, y0) # (0,0) which is not the origin. Note that

the real part u(z + iy) = /22 + y? and v(z + iy) = 0. Computing the partial derivatives,

Ou :%\/xbrgﬂ(zgc):L o _,

oz x? + y? oz
@_1*/$2+ 2(2)_ Y @—0
dy 2 4 y_x2—|—y2 oy
At zg, either xo or yo is nonzero, so either %(zo) #£0= g—; or g—Z #0= —%, and the Cauchy-Riemann

equations are not satisfied so the function is not analytic. We can check also that the function is not
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differentiable at (0,0) by computing the limit in two different directions. If z is a positive real, then

f(z) = £(0)

2l _

lim ——————~= lim — = lim —=1.
z—0t z—0 z—0t % z—0T T
y=0 y=0 y=0
If z is a negative real,
. z)— f(0 . z . —x
lim M = lim u = lim — = -1.
z—0" z—0 rz—0~ < z—0" T
y=0 y=0 y=0

These are different, so the function is not analytic here either.

Problem 4 (§1.5, 11). We claim that in polar coordinates the Cauchy-Riemann equations have the form

ou 10w ov 10u

o rdg’ o  roo
First we give the equations for switiching between polar and rectangular coordinates. Writing x = r cos 6
and y = rsin @, the chain rule then yields

@*@%—F@@*msﬂ@—l—sm@@ %*@%4—@@*—11&10@4—7@059&
or  dxor Oyor Ox oy’ 00  0x 00  Oyoh Ox oy’

@_@%—F@@—COSG@—FQH@@ @—@%4—@@——7"%10@4-1%089@
or dxor Oyor Ox oy’ 00  0x00 Oyoo Ox oy’

Solving these for the partials in rectangular coordinates, for which we know the Cauchy-Riemann equations,
we obtain

@—cosﬁ@f—sma@ @—siHQ%Jr—COSH%
or or r 00’ oy or r 00’
@7(3080@751110@ @78,110@ cos@@
ar  Var 1 00 gy " ar T T ae
By the usual Cauchy-Riemann equations, we can equate %Z = %Z and %Z = _27127 and so
9@_811&0@_ . 6@+COSG@ ) 9%_‘_0059%__ 9@+sin9@
€08 or r 00 St or r 00’ i or r 00 €08 or r 00

By multiplying the first of these by cosf and the second by sinf, then adding together, we can use the
identity sin? 6 + cos? @ = 1 to obtain

cos? 9@ _ sinfcosf Ju +sin29@ + sinfcosf du _ Sin@cose% n cos® § dv —sin@cosH@ N sin” 6 dv
or r 00 or r 00 or r 00 or r 00

Ju 10v

o rag
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Instead multiplying the first term by —sin € and the second by cos 6 and adding, we obtain

fsinﬂcosﬂ@ + sin” 0 0u + sin&cosO@ + 7(;082 b0u _ — sin? 9@ _ sinfcos6 v cos? 0@ sinf cos
or r 00 or ro 00 or r 00 or r
v _ 10
o rao

We conclude as desired that
Ou  10v ov 10u

o o0 or . v e

Problem 5 (§1.6, 2). a) Since the maps f(z) = zlog3 and g(z) = e are entire, go f(2) = €*1°83 = 3% is
entire as well. Thus, its region of analyticity is C and its derivative is log3 - e*1983,

b) Since log z is analytic on C \ R<g, log(z + 1) is analytic on C\ R<_;. Its derivative is 1/(z + 1).
c) Since 2! has the form 2® for a € C\ Z, it is analytic on C \ R.g. Its derivative is (1 + 7)z".
d) v/z also has the form z® for a € C\ Z, and so it is analytic on C\ R<q. It derivative is 1/(21/z).

e) ¢/z also has the form 2¢ for a € C\ Z, and so it is analytic on C \ R.g. It derivative is 1/(32/3).

Problem 6 (§1.6,3). a) Since e* is an entire function, we know that

exists and equals e® = 1.

b) This limit does not exist. Observe, by L’Hopital’s rule, that

sin |z| cos 2

lim = lim — =1,
z—0t 2 z—0t 1
while ) )
. sin|z| . sin| — 2] . COSZ
lim —— = lim ——— = lim =—1.
2—0- 2 20t —Z z—0t —1

Problem 7 (§1.6, 8). We can see by inspection that u?(x,y) —v?(z,y) and 2u(z, y)v(z,y) are the real and
imaginary parts of the function (u(x,y)+iv(x,y))2. Since u and v satisfy the Cauchy-Riemann equations, and
are presumably continuous with continuous partial derivatives, u(x,y) + iv(x,y) is a holomorphic function.
This isn’t stated explicitly in the problem. If the partials aren’t continuous, the result is still true, but we have
to check it by a direct computation. Thus, since the function g(z) = 22 is holomorphic, (u(z, y) +iv(z,y))? =
g(u(z,y)+iv(x,y)) is holomorphic as well, which means that its real and imaginary parts satisfy the Cauchy-
Riemann equations. Similarly, e“(®*¥) cosv(x,y) +ie*®¥) sinv(zx,y) = exp(u(z,y) +iv(z,y)), and since e* is
holomorphic, e“(®¥) cos v(x, y) +ie*(®¥) sin v(z, y) is holomorphic, and so its real and imaginary parts satisfy
the Cauchy-Riemann equations.
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Problem 8 (§1.6, 9). a) We proved on problem set 2 that the only two complex roots of unity are 1 and
—1. Therefore, since a rational function is analytic on C minus the zero set of its denominator, z/(2% — 1)
is analytic on C\ {1, —1} and has derivative (—z2 —1)/(z* — 222 +1).

b) e*T(1/2) is analytic on C* and has derivative (1 — 1/22)e+1/%,
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