
Math 113 Assignment 2 Solutions

Problem 1 (§1.3, 5). a) 1 = 1 · ei0, so log 1 = log(1) + i(0 + 2πn) = 2πni, where n ranges over Z.

b) i = 1 · eiπ/2, so log i = log(1) + i(π/2 + 2πn) = πi/2 + 2πni, where again n ∈ Z.

Problem 2 (§1.3, 7). a) Recall that (−i)i = ei log(−i) by definition, so our first step is to find all values of
log(−i). We can write −i = 1 ·e−iπ/2, and so (as in the preceding problem), log(−i) = 3πi/2+2πin (n ∈ Z).
Then

(−i)i = ei(−πi/2+2πin) = eπ/2−2πn,

where n ranges over Z. Note that we could use −n instead of n, and this would range over exactly the same
values, so this is equivalent to the set of eπ/2+2πn. Similarly, using n+ 1 instead of n would also range over
the same values, so this could just as well be written e−3π/2+2πn or e−3π/2−2πn (with n ∈ Z in all cases).

b) The first step in finding all values of (1 + i)1+i is to compute all values of log(1 + i). We can write
1 + i =

√
2eiπ/4 (by computing the modulus and argument), and so

log(1 + i) = log
√

2 + (π/4 + 2πn)i, (n ∈ Z).

Next we expand using the definition of exponentiation,

(1 + i)1+i = e(1+i) log(1+i) = e(1+i)(log
√

2+(π/4+2πn)i)

= e(log
√

2−π/4−2πn)+(log
√

2+π/4+2πn)i

=
√

2e−π/4−2πne(log
√

2+π/4)i

=
√

2e−π/4−2πn

(
cos
(

1
2

log 2 +
π

4

)
+ i sin

(
1
2

log 2 +
π

4

))
,

again with n ∈ Z.

Problem 3 (§1.3, 20). a) Fix a branch of logarithm; we claim that abac = ab+c for complex numbers
a, b, c. Since we’re in a fixed branch, log a is just some constant; there’s no +2πni term on the end. I’ll write
this as Log a to remind us of this. Now we apply the definition and properties of the exponential to obtain

abac = ebLog aecLog a = ebLog a+cLog a = e(b+c) Log a = ab+c,

as claimed.

b) Now suppose that a branch of log is chosen so that log(ab) = log(a) + log(b), for some fixed a, b ∈ C.
Then we can write

(ab)c = ec log(ab) = ec(log a+log b) = ec log a+c log b = ec log aec log b = acbc.

Problem 4 (§1.3, 27). Let n be a positive integer, and let w = e2πi/n. We claim that the nth roots
of unity are exactly {1, . . . , wn−1}. Let U = {z ∈ C : zn = 1} be the set of nth roots of unity and let
V = {1, . . . , wn−1}. Note that wn = (e2πi/n)n = e2πi = 1, so w is a root of unity. Then for any wk ∈ V , we
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have (wk)n = wkn = (wn)k = 1, so every element of V is also in U , and V ⊆ U . Conversely, suppose that
z ∈ U . Write z = reiθ, and then by De Moivre’s formula, we have zn = rneinθ = 1. rn = 1 implies that
r = 1, and einθ = 1 means that inθ = 2πmi for some integer m, by Proposition 1.3.2.vii. so θ = 2πm/n for
some integer m. But we can write m = kn+ q, where k is an integer and 0 ≤ q ≤ n− 1. Then

z = 1 · e2πmi/n = e2π(kn+q)i/n = e2πkni/ne2πqi/n = 1 · wq,

so z = wq for some 0 ≤ q ≤ n− 1; thus z ∈ V , and U ⊆ V . We conclude that U = V .

For those who have seen some algebra, this problem demonstrates that w is a generator of the group of nth

roots of unity. This group is isomorphic to Z/nZ under the map φ : Ωn → Z/nZ defined by φ(wk) = k̄, the
equivalence class of k modulo n.

Problem 5 (§1.4, 2). a) Pick z1, z2 ∈ C, such that zj = xj + iyj for xj , yj ∈ R.
By definition,

|Re z1 − Re z2| = |x1 − x2|,

while
|z1 − z2| = |(x1 − x2) + i(y1 − y2)| =

√
(x1 − x2)2 + (y1 − y2)2

We can see that |x1 − x2| and |z1 − z2| are real numbers for which

|z1 − z2|2 − |x1 − x2|2 =
(√

(x1 − x2)2 + (y1 − y2)2
)2

− (|x1 − x2|)2 = (y1 − y2)2 ≥ 0,

which implies that
|Re z1 − Re z2| ≤ |z1 − z2|.

In addition, we know by the triangle inequality that

|z1 − z2| = |(x1 + iy1)− (x2 + iy2)| = |(x1 − x2) + i(y1 − y2)|

≤ |x1 − x2|+ |i(y1 − y2)| = |x1 − x2|+ |i||y1 − y2| = |Re z1 − Re z2|+ | Im z1 + Im z2|.

b) Suppose that limx→x0,y→y0 u(x, y) = a and limx→x0,y→y0 v(x, y) = b. By definition, given ε > 0, there
exist δux, δuy, δvx, δvy > 0 for which |x − x0| < δux, |y − y0| < δuy ⇒ |u(x, y) − a| < ε/2, and |x − x0| <
δvx, |y− y0| < δvy ⇒ |v(x, y)− b| < ε/2. If we let z := x+ iy, z0 := x0 + iy0, and δ := min{δxu, δxv, δyu, δyv},
then by the first half of part a),

|z − z0| < δ ⇒ |x− x0| = |Re z − Re z0| ≤ |z − z0| < δ

and
|y − y0| = |Re iz − Re iz0| ≤ |iz − iz0| = |i||z − z0| = |z − z0| < δ.

This implies in turn that |u(x, y) − a| < ε/2 and |v(x, y) − b| < ε/2, which means that we can invoke the
second half of part a) to conclude that

|f(z)−(a+bi)| ≤ |Re f(z)−Re f(z0)|+| Im f(z)−Im f(z)| = |u(x, y)−u(x0, y0)|+|v(x, y)−v(x0, y0)| < ε/2+ε/2 = ε.

Thus, |z − z0| < δ ⇒ |f(z)− (a+ bi)| < ε, which means that limz→z0 f(z) = a+ bi.
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Now, suppose conversely that limz→z0 f(z) = a+ bi for some a, b ∈ R, such that for every ε > 0, there exists
δ > 0 for which |z − z0| < δ ⇒ |f(z) − (a + bi)| < ε. If we suppose that |x − x0| < δ/2 and |y − y0| < δ/2,
then by the second half of part a),

|z − z0| ≤ |x− x0|+ |y − y0| < δ/2 + δ/2 = δ.

Therefore, we know by the first half of part a) that

|u(x, y)− a| = |Re f(z)− Re(a+ bi)| ≤ |f(z)− (a+ bi)| < ε

and
|v(x, y)− b| = |Re if(z)− Re i(a+ bi)| ≤ | − i||f(z)− (a+ bi)| < ε.

We conclude that limx→x0,y→y0 u(x, y) = a, and limx→x0,y→y0 v(x, y) = b.
If f(z) is continuous then limz→z0 f(z) = f(z0) for all z0 ∈ C. This implies that

lim
x→x0,y→y0

u(x, y) = Re lim
z→z0

f(z) = Re f(z0) = u(x0, y0)

and
lim

x→x0,y→y0
v(x, y) = Im lim

z→z0
f(z) = Im f(z0) = v(x0, y0)

for all x0, y0 ∈ R, which means that u(x, y) and v(x, y) are continuous as well. Conversely, if u(x, y) and
v(x, y) are continuous, then limx→x0,y→y0 u(x, y) = u(x0, y0) and limx→x0,y→y0 v(x, y) = v(x0, y0) for all
x0, y0 ∈ R, which implies that

lim
z→z0

f(z) = lim
x→x0,y→y0

u(x, y) + iv(x, y) = u(x0, y0) + iv(x0, y0) = f(z0)

for all z0 ∈ C. Thus, f(z) is continuous if and only if u(x, y) and v(x, y) are both continuous.

Problem 6 (§1.4, 3). By the continuity of f , there exists δ > 0 for which |z − z0| < δ ⇒ |f(z)− f(z0)| <
|f(z0)|. If f(z) = 0, then we can see directly that |f(z)− f(z0)| = |0− f(z0)| = |f(z0)|, which implies that
z /∈ D(z0, δ. Thus, f is nonzero on the entire open disk D(z0, δ).

Problem 7 (§1.4, 11). Since every nonzero complex number has finite, nonzero absolute value, we can see
that if limn→∞ |zn| = 0, then limn→∞ zn = 0. Similarly, if limn→∞ |zn| = ∞, then limn→∞ does not exist.
If |z| > 1, then by proposition 1.4.4ii,

lim
n→∞

|nzn| = lim
n→∞

n · lim
n→∞

|z|n =∞ ·∞ =∞.

Similarly, if |z| = 1, then
lim
n→∞

|nzn| = lim
n→∞

n · lim
n→∞

1n =∞ · 1 =∞.

We can apply L’Hopital’s rule from ordinary real analysis to treat the case |z| < 1, imagining n to be a
continuous real variable, to see that one of these two scenarios always occurs:

lim
n→∞

|nzn| = lim
n→∞

n

|z|−n
= lim
n→∞

∂
∂n (n)

∂
∂n exp(−n log |z|)

= lim
n→∞

1
−n log |z| · exp(−n log |z|) · (− log |z|)
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= lim
n→∞

1
n log2 |z| exp(−n log |z|)

= lim
n→∞

|z|n

n log2 |z|
= 0

Therefore, the sequence zn converges to 0 if |z| < 1, and diverges otherwise.
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