Math 113 Assignment 11 Solutions

Problem 1 (§4.2, 1). a) Let 7; be a circle of radius 2 about the origin. Note that 1/(z + 1) has exactly
one singularity, at z = —1. The Laurent expansion of this function at —1 has only one term; we have b3 = 0
and all other coefficients 0. In particular Res(1/(z + 1)3; —1) = b; = 0. Then

| i iR/ 1))

§4.2, 2The square v, with vertices 0, 1,1+ 14,7 doesn’t even have —1 inside it, so 1/(z + 1)? is analytic there.
It follows immediately from Cauchy’s theorem that

dz
— = =0.
[/2 (z+1)?

Problem 2 (§4.2, 5). Suppose that f(z) is analytic on and inside a path , as in the conditions for the
Cauchy integral formula. The function f(z)/(z — zo) has a single pole at zg, and by the residue theorem,

JE) 27rz'Res< 1) ;20> .

,YZ—ZO Z— 20

If f(z0) # 0, then Res(f(2)/(z — 20);20) = f(z0) since at zg, f(z) is nonzero and z — 2y has a zero of
order 1. On the other hand, if f(z9) = 0, then f(z)/(z — zp) has a removable singularity at zp, and so
Res(f(z)/(z — #0); 20) = 0. In the first case, the computation with the residue theorem yields

1)

2mi )., 2 — 2o 1 (z0),
as required. In the second case,
1 f(z)
e = 0 =
211 /7 Z— 29 1(zo),

so the Cauchy integral formula holds in either case.

Problem 3 (§4.2, 14). Let v be a circle of radius 8 centered at the origin. Recall that tan z has singularities
whereever cosz = 0, that is, exactly at 7n + 7/2 for n € Z. The singularities contained in + are exactly
—57/2,=37/2,7/2,w/2,3mw /2,57 /2. Since at these points, the numerator of tan z = sin z/ cos z is nonzero,
so the residue at a singularity zg is

sin(zp) sin(zp)

(cos')(z0)  —sin(zo) -l

Then
6

/tanzdz = QWiZRes(tan z,2;) = 2wi(6(—1)) = —12mi.
v

i=1

Problem 4. Assume as in the statement of Proposition 4.2.4 (which is proved by this exercise) that f is
analytic along v and has only finitely many singularities outside . Choosing a large radius Ry, we can
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assume that all the singularities are inside a circle I of radius Ry (traversed counterclockwise). Consider the

curve o illustrated on page 263 of Marsden.

By Proposition 4.2.3, we have
/ f(z)dz = —2miRes(f; 00).
r
But then

mtc,f(z)dz:/Ff(z)dzf/f(z)dz:%riz Res(f; z1),

k=1

where the zj are the singularities of f outside of v but inside I' (these are in fact all the singularities not
inside 7, by choice of Rp). Substituting in the computation involving the residue at infinity, we conclude as

desired that

n+1
/ f(z)dz = —2mi Z Res(f; zk),
R k=1

where the z; (1 < k < n) as the singularities outside ~ as before, and zp41 = cc.

Problem 5 (§4.3, 5). Note that cos(mx)/(1 + %) is even and so

> cosmx 1 [ cosmx 1 [ eim= 1 oo gimz
GOSN =~ [ T g 2 [ Re(-S— ) dz=-R £y
/0 1+22 & 2/_001—1—304 o 2/_00 e<1+z4) *7 3 e(/_m1+z4

).

Let f(2) = e /(1 + z*). Write z = x + 4y, with |2| = R. Note that if R > v/2 we have (R* —1)/R* > 1/2.

Then '
ezmz

14 24

‘e(im)(w+iy) ’ e~ ™Y e—™my 2(R4 _ 1) 2¢~MY

If () =

<
112 “Ri-1 R-1 R R

If my > 0, then e™™¥ < 1. So if m > 0 in the upper half plane we have

2™ 2

|f(2)] < “Rf SRt

Thus the conditions of Proposition 4.3.6 are satisfied, and
/ f(z)dz =2mi Z{residues of f in the upper half plane}.

1 + 2* vanishes at exactly two points in the upper half plane, e?"/*

denominator is nonzero at these points, so we compute

einL(ei"/‘l) eiTrL(\/§/2+i\/§/2) e_m‘/i/Q (COS (_mTﬁ) + 7sin (mT\/i>)

es(f, ™) = , = =
Res(h. ") = Jamry = VB2 iva)) ENCEENGT

eim(e* /%) eim(—V2/2+iV2/2) e~mV2/2 (cos (—mT‘/E) + isin (—m—‘/E

Res(f, e*™/4) = = =

4(e3m/4) 4(V2/2 +1iv/2/2) 2v/2 + 2v/2i

and e37/4. The derivative of the
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Thus
0o imz ‘efmﬁ/2 cos (mTﬂ) + 4 sin (mT2> cos (m§/§> — ¢sin (#)
/ ——dz = 2mi - + -
oo 1424 2v/2 -1+ 1+14
T V32 . my/2 . m\/§
= ——e¢ 1—12){cos| —— | +isin +
2v/2 l( ) ( ( 2 2
2 2
+ (1+4) | cos M —isin M
2 2
Then

% cos(ma) 1 o o gimz 3
/0 Lzt 2 (R /m1+z4d>
m —mV/2/2 mv/2 . mv/2 . mv/2 mv/2
= me v2/ (cos <2> ~+ sin <2> +81n< B ) -+ cos <2>>
Le_m‘/ﬁ/2 cos M + sin M
2V/2 2 2 '

This computation holds for m > 0. But for m < 0, this gives exactly the same integral after replacing m
with —m, since cos(—mz) = cos(mz). Combining the results for these two cases, we obtain

/Oo it dr = u e~ ImIV2/2 ( oog Ll' V2 + sin 7|m| V2
1 = .
o l+x 2V/2 2 2

Problem 6 (§4.3, 6). (This problem was removed from the set because it requires the Mellin transform,
which was not covered in lecture.)

Problem 7 (§4.3, 10). First, note that

T T 2
/ sin®" 0 df = 1 / sin®" 0 df = / sin®" 0 de,
0 2 J)_x 2 Jo

since sin®" 6 is odd and has period 2. Make the standard substitution z = €. Then sinf = (z — 2~ 1) /(2i)
and dz = ie'? df = izdf. First we expand this using the binomial theorem to get the Laurent expansion
centered at 0:

™ 1 [ 1 —zN\"dz 1 1 2 (2 . d
/ sm%ede:f/ sinQ"GdH:f/ S ,—Z:—,i/z )iy
0 2 Jo 2/, 2i iz 2i22(=1)" [, J z

Jj=0

2n

=0
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This function has a single singularity at z = 0. The residue there is exactly the coefficient on the z~! term
in the preceding expansion, which arises when n = j; no other values of j contribute to the residue. This

coefficient is exactly
2n
1= —1)".
a1 ( . )( )

2n

T on 1 1 / 2n o o
- - —1) —<)—
/o sin Gdﬁ—% 22 (— 1) ’YE j (=1)z dz

=0

Thus

1 1 2 (9n
_ . j 2n—25—1,
= S (1) - 2mi Res jE:O (j >(—1)Jz =10

:l.¥27ri 2n (71)n:i 2n :i(Qn)! _ W(Qn)!.
2i 22n(=1)” n 221\ n 92n plpl — (27nl)2

Problem 8 (§4.3, 12). (This problem also requires the Mellin transform, so we didn’t deduct too many
points for mistakes. You should be able to do it if you read the chapter.)

° 1
—d
/0 D)

Set a =1—0b. Then a > 0 is not an integer and we have

Let 0 < b < 1. We wish to evaluate

1 x~b 1

a—1

x(z +1) e+l 7 z+l

The function 1/(xz+1) is analytic except at —1, which is not on the real axis. We can write f(z) =1/(z+1) =
P(z)/Q(z) where P(z) =1 and Q(2) = z+ 1. Since 0 < a < 1 = deg@ — deg P and @Q(0) # 0, Corollary
4.3.17 implies that the hypothesis of Proposition 4.3.16 are satisfied. Then

< dr © 1 e—Piai
o a— de — — d ¢ a1
/0 2z + 1) /0 . sin(ra) Z{rea ues of 27" f(2)}

e e (PN
sin(mb) ()7 =

ﬂ.eTribe—W'i

e TG

~ sin(r — 7b

as claimed.
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