MATH 113 MIDTERM EXAM: SOLUTIONS

(1) Consider the map f(z) =1/z.
(a) For which points z € C does f shrink a sufficiently small neighborhood of 2?7 That is, for which

points z is
. Area(f(De(2)))
e—0 Area(D.(z))
You need not prove your answer.
The map f(z) on the complex plane near the point z is infinitesimally expanded and twisted
by f'(z). In particular, a small disk is shrunk exactly when |f’(z)| < 1. Since f'(z) = —Z, this
happens for |z] > 1.
(b) If z = x + iy, what are the images of the lines © = const and the lines y = const? Draw the
images and identify the geometric objects they trace out, with proof.
The point z = a + iy on the line x = a is mapped to the point

<17

1 a—uy
2 - a2 + y2’
with real and imaginary parts
a Y
U= vV=——.
a? + y2 ’ a2 + y2
These satisfy
9 a? + y? 1 U

2
u“+ v = = = —
(a2 +42)° a*+y? a

1 2+ , 1
U— — v = —
2a 4a?

which is the equation of a circle with radius 1/2|a| and center (1/2a,0); that is, the image of
a vertical line is a circle with center on the z-axis, passing throught the origin. Similarly, the
image of the horizontal line y = b is a circle of radius 1/2|b| with center at (0, —1/2b).

or, equivalently,

(¢) What is the image of the first quadrant? Where does the boundary of the first quadrant go
(with orientation)?
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(2) Evaluate the following sums and integrals:

(b)

*  dx
Lo XA +1
By the arguments in Bak and Newman, pages 130-132, this is equal to the integral around a

closed curve that runs along the real axis and returns around a large loop in the upper half
plane, which in turn is equal to a sum over the residues of the poles included:

* d 1 1
/ 472 = 2m Res a7 + Res ——
— o0 2%+ 1 z=emi/4 2% 4 1 z—e37i/4 24 + 1

i 1 n 1
=2mi | — —
423 y—emi/4 423 y—e3mi/4
_ \/§7r
=5
* cosazx )
/_OO mdm (with a,b € R)

First assume a > 0, b > 0 for simplicity. As in class, this is the real part of an integral involving

eiaac:
> cosax oo plax
[w7x2+62dx:Re (/OO x2+b2dm)

Since a > 0, if we close off the contour with a large half-circle in the upper half-plane, the
integral doesn’t change, so the value of the integral equals the sum over the residues at the
poles in the upper half-plane. Since the only pole is at « = i|b|, we have

> cosax glax
S g = i .
/_Oo 222 Re( mi Res (x-i—ib)(a:—ib))

efab
- I
Re( i 57 )

7T€_ab

b
In general, it’s easy to see that the answer doesn’t depend on the sign of a or b:

/c° cosaxd e~labl

T = .
2 2

oo T2 +D D]

o]
—1)" T
E i (Hint: the function is useful for summing alternating series).
sinmz

— (2n +1)3
Note that the summand is symmetric with respect to n — —1 — n, so the sum we are looking

for is
o0

oo

(" 1 (-1

S = —_— == —_—

2 onr 172 2 iy
n=0 n=-—o0o

Next, observe that the function

f(z) =

™

(2z+1)3sinmz

has a pole at every integer n with residue (—1)"/(2n +1)3, in addition to a pole at —1/2. Thus
N

L flzydz= > ﬂ+ Res f(z)

271 Jou = @n+ 1) =1y

where Cy is a circle of radius N + 1/2 around the origin. As N — oo, the integral goes to 0
(as proved in Bak and Newman, page 142), so in the limit we have

0=25+ 23—818/2 f(z)



or

1
5= _5 z_l:{—els/Qf( )

To evaluate the residue, it is most convenient to translate the function so we can do a power
series expansion around 0, by substituting w = z — 1/2:

™ ™

Res = Res
z:felb/z (2z+1)3sinmz w0 (2w)3(— cos Tw)

We need the first few terms of the Laurent series

2?2 2t
cosz—1—5+ﬂ—~-~
22 bt
sz Tttt
_ w22 bt
cos7rz_7T+ 2 + 24 T
T ™ 3 5mdw

- = 4.
(2w)dcosTw  8w3 16w = 192
(Note that we carried out the series to one more term than necessary. The easiest way to go

from the series for cos z to 1/ cos z is to solve for the coefficients term-by-term.) Therefore, we
have

7r
S—_> Res — "™
2 z:—els/Z (224 1)3sinwz
“Res — o
2 web (2w)3 cos Tw
3
32
(3) Find the doubly-infinite expansion for the function f(z) =
annulus 1 < [z| < 2.
We can expand out f(z) using a partial fraction expansion:

m which converges inside the

2
3(z 2)  3(2z—1)

oo (oo}
:Z 2n+lzn+z 3.9n— 2 on 17

n n=1

=0
-2 5 5

f(z) =

Alternatively, you can guess the expansion above, check that it converges in the right range, and
multiply by (z—2)(2z—1) and see that you get 1. Finally, you can take the expansions for 2z —1 and
z — 2 and multiply them together. Since both series converge absolutely, you can rearrange terms in
the product to find the same expansion.

(4) Find § zdz around

(a) The boundary of an arbitrary rectangle and
(b) The boundary of an arbitrary circle.
Does the result have a geometric significance? (Hint: you might want to show that the integral is
invariant under translation of the contour first.)



Most students parametrized the curves in order to do this; this was the intended solution, but
there’s a more general solution:

%Zdz = j{(:t —iy)(dz + idy)

- (%xdm+ydy) +i<]{zdy—ydz>

The real part of this integral vanishes since it is a total derivative of 2 +y?. For the imaginary part,
Stoke’s theorem tells us that for a curve C' enclosing a region R,

fgxdy://Rdxdy:Area(R).
jgydx://l%dydx:fArea(R).

7{ zZdz = 2i Area(R).
c

Suppose that f(z) is a meromorphic function on all of C, and that lim,_. f(z) = co. (Specifically,

this means that for every r > 0, there is an R > 0 so that for |z| > R, |f(z)| > r.)

(a) Show that f(z) has only a finite number of poles. (Hint: you might start by considering the
function g(z) = 1/f(1/z). What is the behaviour of g(z) near 07)

(b) Show that f(z) is a ratio of two polynomials: there are polynomials P(z), Q(z) so that

P(z)
flz)= .
“=a0)
(Such a ratio of two polynomials is called a rational function.)
(Proof omitted, since we discussed this in class.)

o0 . b
When does Z(fl)”nsln "

2 2
—n
n=1

a
Since the summand is symmetric about n = 0, we have

Similarly

Thus

converge, with a,b € R, a ¢ Z? Find the value when it does converge.

o0 oo

nsin bn 1 nsin bn
-t == B | | ——
;( ) a? —n? 2n;m( ) a? —n?
Now consider the function
£(2) zsinbz T«
z) = _—
a? — 2% sinmz

In addition to the poles at z = +a, this has a pole at each integer n with residue

(=1)"nsinbn/(a® —n?).

Therefore,
1 o n sin bn
2 o, V05 = 2L U + R f) + Res /()
for a suitable path I'y enclosing —N, ..., N and a and —a. If we can show that the integral along

'y of f(z) tends to 0 as N — oo, then the sum will converge, and we will be able to evaluate it in
terms of the residues of f(z). Let us first temporarily give names to these integrals and their limit
(if the integral exists):

1
Ty = — d
N 271 T'n f(Z) *

T= lim Ty.
NE»noo N



Then we have

53(—1)"M T 1Resf(z) - % Res f(z)

a2 — TL2 2 2 z=a z=—a

T 7wsinba

2 sinma

Let’s first consider the asymptotic behaviour of f(z) away from the real axis.

Lemma 1. If z = x + iy with |y| > € > 0, then there are constants K so that
7)< Kyel=ol

Proof. For z = x + iy with y > € > 0, we have

Ty 61m+y

si =
| sin z| 5

< eY

> # > (1—e ) ev.

and so, for a suitable constant K7 and y > €,
Kye¥ <sin(z +iy) < €Y.
Applying this to the function sin bz A sinmz, we see that for suitable constants

|sinbz| < Kyellv
1

sinmwz

< K36_7ry

2| <y
1

— <K,
22 _g2| =

Zsinbz S Ksye(‘bl_ﬂ-)y_

f(2) =

(22 — a?)sinmz

The case for Imy < 0 follows since the function f(z) is odd.

O

For the integral along I'y to go to zero, this function f(z) should at least go to 0 as we increase
y; this happens when |b| < . So let us suppose for the moment that —7 < b < 7, and let’s show

that the limit is 0 in this case.

Lemma 2. For —m < b <,

lim Tn = 0.

Proof. Take I'y to be a rectangle of height h = v/N and width 2N +1. Then along the two horizontal

sides I1 and I3 and N sufficiently large, we have, by the M-L theorem,

}{ f(z)dz
I1+13

which goes to 0 as N — oc.

< 2(2N + 1) Kshelltl=mh < o N3/2e (bl =mVN




Along the vertical sides I and Iy, |y| < h and, for N sufficiently large (say N > 2|al), we have

eim(N+1/24iy) _ im(N+1/2—iy)

|sinz| = 57
_|ieTY 4 ue?
B 2i
> el
L
sinmz
z  sinbz
F(2)l = 22 —a?sinmz
< B7_goj-mpy
- N
< Br
- N
and so by the M-L theorem
K 4K
7{ flz)dz| < =lan < =L
Ix+14 N \/N

which again goes to 0 as N — oo. Thus, for —7 < b < m,
lim T = 0.
N —o0
O

Now let’s consider the case for general b. Note that if b is an integer multiple of 7, then sinbn = 0
for all integers n and the summands are identically 0. On the other hand, for n an integer, sinbn =
sin(b &+ 27)n and so the values of b differing by multiples of 27 give the same sum. This lets us
evaluate the sum for any value of b which is not of the form b = (2N + 1)7.

In summary, the value of the sum is

a? —n? sin Ta

Z( l)nnsin(bn) msin ba
n=1

where b = b mod 27 takes values in the interval —7 < b <.
(For your amusement; only minimal extra credit will be provided, so only work on this if you have
extra time!) Suppose that the power series

f(z)= Z 2"
n=0

has radius of convergence R, with 0 < R < co. Suppose that f(z) has an extension which has a pole
(as opposed to any other kind of singularity) on the boundary of the disk of convergence. Show that
the series above diverges at all points on the boundary of the disk of convergence.

Suppose that f(z) has a pole at z = zp, with |z9| = R. For convenience, let’s rescale f so that
the pole is at z = 1: consider

9(2) = fl202) = 3 ans™.
n=0

It will suffice to show that the power series for g(z) does not converge anywhere on the circle |z| = 1.
Suppose not: if there is sum z, |z| = 1, so that the sum converges, then in particular the terms of
the series go to zero:
0= lim |a,2"| = lm |ay].
n—oo

n—oo



Pick an € > 0, and choose N so that |a,| < € for n > N. Now consider the function (1 — z)g(z), for
real z, 0 < z < 1, and its limit as & — 1. (That is, consider the radial limit of (1 — 2)g(z) as we
approach the pole of g at z = 1.)

il_)nll(l - x)g(x)’ = ilinl(l —x) z%an:r
n=

N-1 00
< | — n i — n
< il_)Hll(l x) Zanx +iL1111(1 x) Z |an |z
n=0 n=N
< ' — n
< 0+3151in1(1 x) Z ex
n=N
N
ex
= lim (1 —
mel( x)l -

=e.

Since € was arbitrary, we actually have
lim (1 — x)g(z) = 0.

rz—1

But this contradicts the given condition that g has a pole at 1: by definition, this means that there
is some n > 0 and an analytic function h(z) defined near z = 1, with h(1) # 0, so that

__h(z)
so that .
R Il A

In either case,

lim (1 2)g(z) # 0

VA
contradicting our earlier assumption that the power series for g(z) converged at some point on the
boundary.



