1.

Solution Set 8 oot 113

Derive the fundamental theorem of algebra as a consequence of Rouché’s theorem

Let f(2) = an2™ +an_12""1 +...4+ap with n > 1. As discussed before, it suffices to find
a zero of f.
lim A =
z—=o0 f(2) — apz™
because the degree of the numberator is greater than the degree of the denominator. This

implies that we have a r such that for |z| > r % > 1. Soon |z| =7, |ayz"| >

|a, 12" 1+ ...+ ag|- We then apply Rouché’s theorem to the circle of radius r, to see that
the number of zeros inside the disk of radius r of f is n, i.e. the number of zeros of a, 2"
inside the disk of radius r.

Find the number of zeros of
a) f(2) =¢*—2z—1in|z| <1
We claim that on the unit circle, |2z + 1| > |e*| which will imply by Rouche’s
theorem that f has one zero in the unit disk. So we establish the claim. |e*| = |e?|.
|22 + 1| =|(2z + 1) + 2iv/1 — 22| = /42 + 5. The claim holds when z = -1 and z = 1
by inspection. Furthermore, as real functions, e® is convex and v/4z + 5 is concave (by,
for instance, taking second derivatives), so the claim holds and the answer is 1.
b) f(z) =249 +22+22+4in|2|<1
On the unit circle, [924| = 9> 1+14+2+4 = |28 + |23 + (22| +4 > |26 + 23+ 22+ 4],
so Rouché’s theorem says that the number of zeros of f in the unit disk is the same as
the number of zeros of 9z%, namely 4.
c) f(z2)=2"=52+1in1<|2| <2

For |z| = 2, |z%| = 16 > | — 52z + 1|, so Rouché’s theorem tells us that the number of
zeros of f in |z| < 2 is the same as the number of zeros of z* in that region, namely
4. f has no roots on the circle of radius 2 by the triangle inequality (i.e. there is no
triangle with sides of norms 4,1, and 10). On |z| = 1, | — 52| = 5 > |2* + 1], so by
Rouché’s theorem there is 1 zero of f in |z| < 1. There are therefore 4 +0—1 = 3 zeros
of finl<|z]<2.
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Suppose f is entire and that f(z) is real iff z is real. Use the argument principle
to show that f can have at most one zero.

It is enough to show that there is at most one zero of f in a disk of radius r for all r.
Fix r. Let v be the circle of radius r. Let 71 be the intersection of « with the upper half
plane. f(71) does not touch the real axis and it therefore contained in either the upper or
the lower half planes. This implies that the change in argument over f(v;) is less than .
Similarly we may let 2 be the intersection of v with the lower half plane, and we have that
the change in argument over f(7;) is less than m. This implies that the number of zeros
minus the number of poles of f inside v is 3~ AArgf(y) < 5 (2m) = 1. Since f has no poles,
the result follows.

a) Let k be an integer. Prove directly that f(z) = z* is locally injective for
z #0.

If f(z1) = f(z2) with 21 # 22, |21|F = |22|¥, which implies that |z;| = |2a|, and
kArg(z1) — kArg(zs) is divisible by 27, which implies that Arg(z;) — Arg(z2) is greater
than 27 /k. So on an open pie slice {z]0 < arg(z)f+ 2%} for any 6 and some appropriate
choice of argument, f is injective. Since these regions cover, f is locally injective.

b) Find the largest disk centered at z = 1 on which the function f(z) = z* is
injective.

By the same reasoning as in the first part, f is injective on the region between the
two lines y = = and y = —z. Plane geometry then shows that the radius of the largest
disk centered at z = 1 on which f is injective is %

Near what points are the following maps conformal?
a) fr) =2

f is analytic nowhere, and it is C?, so by the discussion from class we know that
f is conformal nowhere. To see this directly, choose a point zg = z¢ + iyo and let L,
be the horizontal line through 2z and Lo be the vertical line through zy parameterized
by arc length, Li(t) = zo + t + iyo, La(t) = mo + i(yo + t). The angle from the
tangent vector of L; to the tangent vector of L at zq is w/2. f(L1(t)) = zo +t — iyo-
f(La(t)) = 2o — iyo — it. The angle from the tangent vector of f(Ly(t)) to the tangent
vector of f(L2(t)) at f(zo) is 37/2 = —m/2. Since these angles are not the same, f is
nowhere conformal.

b) f(z) = tan(z)
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f is defined on C — {n/2 + kr|k € Z} because as determined on a previous problem
set the zeros of cosine are {w/2 + kn|k € Z}. On this domain however, f is analytic
an f_’ (z) = m # 0, which as discussed in class implies that f is conformal on this

omain.

What is the image of a horizontal or vertical line in C under the mapping f(z) =
e*?

Use the notation L; and Ly from the previous problem. f(L1(t)) = e*e! with t € R.
Since e is a constant and e’ ranges over the interval (0, 00), f(L1(t)) traces out a ray from,
and not including, the origin, with the same argument and e®. f(Ly(t)) = e®e. Since et
traces out a circle, so does f(L2(t)). f(L2(t)) is the circle with radius e® centered at the
origin.

The Fourier transform of a function f : R — C, if it exists, is a function f :R—>C
defined by the improper integral

~

1 * —ijwx
flu) = = / e,

The normal distribution probability function is given by the formula

1 2
T) = ——e /2
f) =
Prove that f is equal to its own Fourier transform, i.e. that the improper integral
defining f exists, and that f(w) = f(w) for all w € R. (You may use the
standard fact from real analysis that ffom e 2dy =/ 2w.) [Hint: Prove that

1= e~(@+iw)*/2qy = /21 for all w € R by considering the contour integral of
g9(z) = e=*/2 around a rectanlge C with vertices at —R, R, R + wi, —R + wi and

letting R — oo]

We establish that [*°_ e~ (=+%)*/2dg = \/2r for all w € R. To show that this limit in fact
exists you can expand out —(z + iw)?, note that ev’/? is a constant, and express e~ ¥ in
terms of sines and cosines to see that the integral converges. Here we’ll get the convergence in
the process of the computation as most people wanted to do. The annoying little point is just

that the existance of limp_, o ffR g(z)dz does not imply the existance of [*_g(z)dz defined

by limpg, 00 limpg, 00 ff;l g(z)dz. So if we do existence and computation at the same time
we change our rectangle to C, the rectangle with vertices —R;, Rz, Rs + wi, —R; +wi. Call
the segments from —R; + wi to —R; and Ry to Ry + wi, V4 and V5 respectively.

R2 5 R2 ) ,
/g(z)dz:/ g(z)dz+/ g(z)dz+/ e T /Qdm—/ o (@+iw)?/2 g0
C V1 V2 7R1 7R1
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By the closed curce theorem, [, g(z)dz = 0, which implies

R,

R2 2 2
/ e~ (@Hiw)"/2 gy — / g(2)dz +/ g(z)dz+/ e .
—Ry Vi Va —R

Jy, 9(x)dz < wMax|e~(Bi+i)*/2| = yMax|e=(Ri)*/2||ev*/2|. This implies that Jy, 9(2)dz

approaches 0 as R; — co. Now take the limit of f_Rf%l e~(@+iw)* /24y a5 Ry — co. Because

s e’ /2dz exists fiﬁ e~ /2dz exists. Jv, 9(2)dz approaches 0, so this exists as well,
N2

and we conclude that limpg, o f;l e~ (@+iw)"/2 4y exists. Similar reasoning shows that the

limit of limpg, 00 ff;l e~ (@+iw)*/2dy as Ry — oo exists and we have
o0 . 2 o0 2
/ e~ (@tiw) /2y :/ e 2dy = Vor
— 00 —0o0

because the other two terms vanish in the limit.

Existence of ffooo e~ (@+iw)’/2qy implies the existence of f because the integrals differ only
by a constant. Furthermore,

A 1 * 1 _22/2 —iwa 1 _ e b (mtiw)? 1 e
f(w)z—,ﬂ/ 7=¢ 2 dr = ;e /2/ P )/Qda::—_%e = f(w),

as desired.




