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Solutions to Problem Set 7
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la. zcotz has poles at zg = nm, n € Z—0. Remember that zy = 0 is a removable
COSz
sinz ?

=z(1— g—? +...). Hence cotz = 271(1 + O(2?)), where O(z?) denotes terms of
order 2 or higher in z. Therefore, cotz has a simple pole at zg = 0 with residue
1. Since cotz = cot(z — nw), cotz has residue 1 at zy = nw. Hence zcotz has
residue n7 at the singularity zp = nw for all n € Z — 0.

. . 2 . 3
singularity. Now cotz = where cosz = 1— %5 +... andsinz =z — 5, +...

1b. 2* —1 = (2 —1)(z —i)(z + 1)(z +i). Thus 2o = 1 is a simple pole, while
zo = i,—1,—1 are double poles. Using the formulas given in problem 3, one

calculates the residues at 1,47, —1, —¢ to be %, 21‘—51, —% and 2;63’ respectively.
1c. The only singularity of sin% is at zg = 0. Since sinz = z — g—? + ...
in a neighborhood of 0, we can write sin% =21 - 23;,3 4+ ... in a deleted

neighborhood of 0. Since Laurent expansions are unique, this series must be the
Laurent expansion for sin%. Hence the residue at zg = 0 is 1.

1d. The singularities of 71—1 are at zg = 2min for alln € Z. Near 0, e* — 1 =
z+ é +... = 2(1+0(2)), 50 == = 271(1 4+ O(2)) and the residue at zg = 0

er—1
is 1. Since e%l is periodic with period 27in, the residue at each pole 27win is 1.

2. Note that e = el=% = e(e*%), so the only singularity is at 0. Now e~ =
= l—z*1+§+..., so one sees that (2z — 1)e = = 2ez — 3e +2ez~ 1 + ...,
so the residue at zp = 0 is 2. Hence the integral is 4ems.

3a. If A(z) has a zero of order k at 20, then we may write

(k) (5
A = T 11 0 - ),
Similarly we may write
(k+1) (5
B(z) = W(z — 20)" (14 O0(z — 20)).

Therefore,



Alz) _ AW (z0) 1

B(z) = (k )B(kﬂ)(zo) (z—20)" (1 +0(z — 20)),
S0 zg has a simple pole at zg, and the residue of % at zg is (k+1)B‘?,i)7l(f(°Zl).
Now 23 has a zero of order 3 at 29 = 0. 1 — cos(z) = fé(l + 0(2%)), so

(1 —cos(2))? = %(1 + 0(2?)), so (1 — cos(2))? has a zero of order 4 at 2o = 0,
and there are no other zeroes in the unit circle. The third derivative of 23 is
6, while the fourth derivative of (1 — cos(z))? is —2cosz + 8cos2z. Hence the

residue of m at zp = 0 is 4, and the integral is 8mi.

3b. We may write

A(z) = A(z0) + A (20) (2 — 20) + O((2 — 20)?)

and
Be) = P 20t P ) Ol — ))
= T a0+ g g = 20) + O((z = 20
Therefore
L _ 2 P —lB//,(Z())z—z z— 29)?
B(z) - B”(Zo)( 0) (1 3 B”(Zo)( 0) +O(( 0)7))-

Thus 28 has a double pole at zy, and its residue is the coefficient of the

(2 — 29)~! term, which is

2 B"(2), . A'(z0) 2A(z)B"(x)
B”(zo)(A (ZO)_A(ZO))gBH(zO))_ B"(z)  3(B"(2))?

To apply this result to the integral, we note that the value of e* and its first
derivative at zg = 1 are both e. The value of the second derivative of (z —1)? at
zop = 1 is 2, while the third derivative vanishes. One then computes the residue
of (Zf—l)g at zgp = 1 to be e, so the integral is 27ie.
4a. We evaluate the integral of ﬁ% around a semicircular contour of radius R.
The integral from z = —R to z = R gives us ffR fiiﬁ, while the integral over
the semicircular arc approaches 0 as R approaches infinity. Hence we need only

calculate the residues of ﬁ% in the upper half plane.

Put ( =e¥ = %(1 +1). Observe that

L4zt = (2 =)z = )z = )= = ().




Only ¢ and ¢3 lie in the upper half plane. The residue of ﬁ% at ¢ is

2 6
enecre=cry» and the residue at ¢* is r—gyer=ryer=cry- The sum of the

. i . .
residues equals —5v3 50 the integral is 7

4b. Put z = €. Then dz = ie*?df = izdf, so df = —%dz. Also, sinf =
oi0 _ o—if 1, 1 29 _ 2 _ 1
3 (e —e7) = (2 — 1), s0 1 +sin’0 =1 — {(22 — 2+ %), and we get that

2 __db — 412
fo T4sinZf f\z|:1 6:271" We can write

o622 1= (2 - (14 V2) (e = (1= V2)(z = (-1 4+ V2))(z — (-1~ V2)),

so the poles inside the unit circle are just zo = +(1 — V/2). One calculates
the sum of the residues to be —%, so the integral is /2.

2

4c. Put ¢ = e . We integrate along a pie wedge of angle <% and radius R
starting out along the positive z-axis for R units, then making an arc of angle
then coming back in a radial line towards the origin. The integral of

n

along

1+n

this contour will give us fo 1i§" along the positive z-axis, a piece that dies
off as R — oo, and —(? OR H‘fzn along the other edge of the pie wedge. Hence

the desired integral fo Toaw +In equals the integral of —2£- around the contour, as
R — oo, divided by (1 — CQ).
The only pole of 1+ - inside the pie wedge is at z = (. Now (1 + z") =
(z — O 4 272+ -+ ("1, so the residue of 1+z" at ( is m =
. Hence the contour integral equals (2m1) (——) The integral [;

equals
(2mi) (~$) (1) = 22 L = E

T

1+x"

mweotmz
22+a2
each positive integer N, Cy is the square passing through the points £(N + %)
and +i(N + %) The estimates in Bak and Newman show that as N approaches
infinity, the integral approaches zero. Now the poles of “33’:“5 are at zp = n
7, and at zg = Fai. One easily checks that the residue at

5a. Following Bak and Newman, we consider the integral [ On where for

with residue

2
+
. s . . . L
+ai is %@jm) The sum of the residues at +ai, after some manipulation, is
—%. Since the contour integral is zero, the sum of the residues at +ai is

equal to the negative of the sum of the residues at each zg = n, so the sum of
the residues at zg = n is % The sum that we want, y .~ ﬁ;ﬂﬁ is simply
l(T(COthaT() 4 1
2 a 2a2 "

5b. Again following Bak and Newman, we observe that (37?) is the coefficient

of 2™ in (1 + 2)3", so it is the residue at zo = 0 of the function Uti)l Hence

3n
for any circle C' centered at 0, we may write (37?) = 27” /. c (1;?1 We can then

. 3n\g—n __ (1+z)3" d o9 3n _ OO (1+z)3" d
write ( )8 "= 271'1 fC T8 zZ7 S0 Zn*O ( )8 "= n 0 271'1 C (8z)™ 72
To push the summation under the integral, we need y - i (1(';))” to converge



uniformly on C. This can be accomphshed by taking C' to be the circle of radius

% centered at 0; on this circle \(Hz) < 1.

Switching the sum and 1ntegral we get that

3N\ __, dz (1+2)%"
Z(n) 2772/22 (8z)"
n=0

1 1

21,3
27” c Z(]. o 1+32—§3Zz +z )

B 1/ -8
C 27 Jo 234322 =52+ 17

One checks that 2% 4+ 322 =52 +1 = (z—1)(z — (=24+V5))(z — (=2 = V/5)).

The only pole inside the circle C of radius % is zg = —2+ /5, and the residue of

—8 . -8 e’} 3n\g—n __ 4
mar ZOZ—Z—F\/SIS W Hence Zn:0(7z)8 = 3/5-5"

6. Under the assumptions given, in a deleted neighborhood of zy we may write
f(z)= é +9(z), where A is the residue of f at zg and g is analytic in the entire
neighborhood of zy. Now given any € > 0, |g(#)| is bounded by € on the arc ~, for
sufficiently small r. We have that, f7 f= fv i f%g. Thus for sufficiently
small r, the integral f% is bounded above by ear by the M L-inequality. The
other piece | 4 is always equal to Aai. Hence taking the limit as r — 0, we
Yr 2
get lim, o f,y f = Aai = aiRes(f; 20).

7a. If f(z) = 1, then —% f(1) = —1. So f has a removable singularity at
z = 00 (it can be defined to be 0 there), but it has residue -1 at z = co,w = 0.

7b. Making the change of variables w = é, we have

G /w|_% ),

Since R > Ry, the only possible pole of fﬁf(i) is at w = 0. The neg-
ative sign in front of the integral arises because under the mapping w = i, a
counterclockwise loop around z = 0 corresponds to a clockwise loop around
w = 0. Using the definition of residues at infinity, we get that lelzR f(z)dz =

—2miRes(f; 00).

7c. Since f is assumed to have finitely many singularities in C, pick R such that
R > |z for any singularity zo. By part (b), lelzR f(z)dz = —2miRes(f; ).
By the ordinary residue formula, f‘z‘:R f(z)dz =2mi}y ], o Res(f;z0). Hence
ZZOGC Res(f;20) = 0.

7d. Let C be a simple closed curve enclosing all of the singularities of f in C.
Then



/ f(z)dz — / f(2)dz = 2mi Z{residues of f outside v, not including co}.
c v
Now [, f(z)dz = —2miRes(f;00), so

/ f(2)dz = —2mi Z{residues of f outside 7, including co}.

¥

Te. Put P(2) = ppz™ + pp_12"" 1 + -+ +po and Q(2) = ¢mz™ + qm-12""1 +
-+ +qo. Here p,, and ¢,, are nonzero, and m —n > 2. Then

P(z) _ P(L)
Q(z) Q)

P 4 paow” Y 4 g
G W™ + 1w M+ o

W™ A puqw™ T 4 pow”
Gm + @m-1W + - -+ gow™ '

Hence

_ L X
w? Q(

Since m—n > 2, we see that —

) pnwm—n—Q +pn_1wm—n—1 4ot pown—Z

) B dm + qm—1wW + - - - + qow™

gl=g =

1
# gg ¥ ) has a removable singularity at w = 0.

Hence the residue of g at z = o0 is 0.

7f. Using parts (d) and (e), we observe that there is no residue at infinity; the
only residue outside the unit circle is at the pole zyg = 2. The residue there is
—5711. By part (d), the integral is (27i)(5~11).



