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1 The Riemann zeta function

The Prime Number Theorem asserts that the number of primes less than or
equal to x is approximately equal to lozx for large values of x (here and for
the rest of these notes, log denotes the natural logarithm). This quantitative
statement about the distribution of primes which was conjectured by several
mathematicians (including Gauss) early in the nineteenth century, and was fi-
nally proved (independently) in 1896 by Hadamard and de la Vallée Poussin.
Their proofs used fairly elaborate analytic methods. Many other proofs and
generalizations of the prime number theorem have subsequently been found. In
these lecture notes, we present a relatively simple proof of the Prime Number
Theorem due to D. Newman (with further simplifications by D. Zagier). Our
goal is to make the proof accessible for a reader who has taken a basic course in
complex analysis but who does not necessarily have any background in number
theory.

Throughout these notes, p will always represent a prime number. We begin with
some definitions and notation.

Definition 1 For x € R, n(x) is the number of primes less than or equal to x.
Definition 2 Let f,g: R — R. We say:

o [ =0(g) if there exists ¢ € R such that |f| < cg

o frgiflimg oo =1.

Using this notation, the Prime Number Theorem is the following statement:

Theorem 1 (Prime Number Theorem)

m(x)

T

Nloga:'

We'll prove a large collection of auxiliary lemmas in order to establish this
result, most of which will concern certain special meromorphic functions. The
most important such function for our purposes is the Riemann zeta function
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It is an exercise to show (using the Weierstrass M-test, for example) that
for § >0, >, ni converges absolutely and uniformly for Re(s) > 1+ ¢, and
therefore ((s) is analytic for Re(s) > 1.

Why in the world should we be interested in the zeta function when we are
trying to prove something about the distribution of prime numbers? The link

is provided by Euler’s product formula for the zeta function.

Lemma 1 For Re(s) > 1,

=1 (1

ProOF. First note that the infinite product on the right-hand side of (1)
converges absolutely for Re(s) > 1, since

D= p e <
P P

(See Proposition 17.3 and Definition 17.4 in [Bak-Newman]).
Next, note that
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By absolute convergence of the product, we can rewrite each term above using
the relation ﬁ =14x+22+..., giving:

1
115 — (142742724 (143743724 ) (14545 2 +...) ...
p

Now we expand the right-hand side of the above equation into a single infinite
sum, each term a product of one summand from each sum. If infinitely many of
these summands are not 1, their product will be zero. So all but finitely many
nonzero summands contributing to each term will be 1, which means (by the
unique factorization of natural numbers as products of primes) that

a 1 1 1 1 =1
1;[1_ . :1+27+§+E+”':ZF:<(5)'

p~° n=1

Remark 1 For an alternate proof, see pp. 238-239 in [Bak-Newman).



Corollary 1 ((s) # 0 for Re(s) > 1.

Proor. This follows from the absolute convergence of the product Hp 1_%
pS

for Re(s) > 1, which was established during the proof of the preceding lemma.
|

A crucial step for the proof of the Prime Number Theorem is to define
a meromorphic continuation of the Riemann zeta function beyond its original
domain of definition, and to study the zeros and poles of the resulting function.'

As a first step toward defining an extension of ((s), we have the following
lemma:

Lemma 2 o IfRe(s) > 1, then

e IfRe(s) >0 andn € N, then

o 1 1
/ L
n
PROOF. Both parts of the lemma follow easily from the (complex version of

the) fundamental theorem of calculus, and are left as exercises for the reader. 2
[ |

We can now prove:

Lemma 3 The function ((s) — ==, initially defined for Re(s) > 1, extends to

s—17

an analytic function on the half-plane Re(s) > 0.

PROOF. When Re(s) > 1, we can use Lemma 2 to obtain
1 1 <1
- =S = |
)= s—g =20 /1 i 3)

We can rewrite the integral in (3) as a sum of integrals going from each
integer to the next, and then combining the sums gives

o0 n+1
(&)= [ Gy p)dn 8

Mn fact, ¢(s) extends to a meromorphic function on the entire complex plane, with a simple
pole at s = 1 and no other poles, but we only need to extend {(s) to Re(s) > 0 for the proof
of the Prime Number Theorem.

2Note that if f is an analytic function on a neighborhood of the real interval [a,b], then

b f(2)dz = | z)dz, where C' is the line segment from a to b.
a C &




We claim that the series given by the right-hand side of (4) converges absolutely
for Re(s) > 0. To see this, we first use Lemma 2 to rewrite the integrand as an

integral over a new variable u:
n+1 x
sdu
/ / i d:c‘ . (5)
n n

n+1
1 1
[ G)e
n s s

We then bound the outer integral on the right-hand side of (5) using the M-L
inequality. The length is 1, so we obtain
T sdu

n+1
1 1
[ -2
n ns xf
We can bound the right-hand side of (6) by using M-L again, noting that the
length is always at most one, so that

A T |
[Gs)e
n n® xf

Our claim, and the lemma itself, now follows from the evident fact that the sum
s L converges for Re(s) > 1. [ |

n=1 nRe(s)

< max
n<u<n+1

s | _ sl
‘uerl ‘ - nRe(s)+l :

Corollary 2 ((s) can be extended to a meromorphic function on Re(s) > 0,
with a simple pole of residue 1 at s =1 and no other poles.

Now that we have extended the domain of definition of ((s), we need some
information on its zeros in the right half-plane Re(s) > 0.2 This is provided by
the following two results. The following lemma is elementary but admittedly
seems to come out of nowhere.

Lemma 4 For all z,y € R with x > 1, we have
| (@) ¢ (@ + iy) P ( + 2iy) | > 1, (7)

PrOOF. Using Lemma 1, it suffices to prove that for each prime p, we have

1 LY 1 —1 ' 1 —1 2 <1 8
- F - p:eriy - p:v+2iy — ( )

If we let 1% =r and p}y = ¢ then 0 < r < 1 and we can rewrite (8) as
|(1 —r)3(1 —re?)4(1 — T€2i9)2| <1. (9)

3As we will see, ¢(s) has no zeros for Re(s) > 1. The famous Riemann hypothesis is the
assertion that all the zeros of {(s) in Re(s) > 0 lie on the line Re(s) = 1/2. This is considered
by many people to be the most important unsolved problem in all of mathematics.



It therefore suffices to prove the elementary fact that for all 0 < r < 1 and all

0 € R, we have
1

(1—r)3"
To establish (10), fix r with 0 < r < 1, and let f(0) = |(1 — re™)*(1 — re??)?|.
A short calculation shows that f(6) = (1 + 72 — 2rcos6)?(1 + 72 — 2r cos 20).

Letting v = cosf and using the identity cos20 = 2cos?6 — 1, we can rewrite
this as

’(1 —re)(1 - rezw)ﬂ < (10)

F0) = g(u) :== (1 4+ 72 = 2ru)*(1 + r% + 2r — 4ru?).

We then can apply the arithmetic-geometric inequality

3
2 < (2a + b)
3

witha=1+7r2—-2ruand b =142+ 2r — 4ru? to get

(34 3r% —2r(2u® + 2u —1))3

g9(u) < h(u) == o
Basic calculus shows that h(u) is maximized at v = —% (where a = b), so
maxf(@):g(—1>=(1+r+r2)3<(1+r+r2+...)3: 1 ,
6 2 (1—7r)3
which proves (10) as desired. |

Lemma 5 ((s) # 0 for Re(s) > 1.

Proor. It follows from Corollary 1 that ((s) # 0 for Re(s) > 1, so it suffices
to consider potential zeros with Re(s) = 1.

Now, we consider the inequality given by equation (7). Suppose that ((s)
has a zero at s = 1+1iyg. We know that ((s) is analytic at s = 1 + 2iyg and has
only a simple pole at s = 1, so that

lim ¢3(z)¢*(z + iyo) P (x + 2iyo) = 0.

r—1t

This contradicts inequality (7), proving the lemma. |

2 The Prime Number Theorem

In addition to the function ((s), we're also going to be interested in a real
function ¥(z) defined by

Ha) = Z log p.

p<z

The reason we care about 9 is because of the following lemma:



Lemma 6 The Prime Number Theorem holds if and only if 9(x) ~ x.

PROOF. Since ¥(x) has at most 7(z) summands, we have, for x > 1, the
inequality
0 <¥(z) < 7w(x)logu.

Dividing by x, we obtain in particular that

M < w(x)

logz. (11)

Also, for all € > 0, we have

d(x)> Y logp, (12)
rzl-e<p<z
since the primes between !¢ and x are a subset of all primes less than or equal
to z. Bounding this sum from below, we get (by the definition of 7(z) and the
monotonicity of the logarithm function) the inequality

I(z) = (1 = €)(logz) (n(2) — (2’ ~9)).
Using the obvious fact that 7(x'~¢) < z17¢, we obtain the inequality
9(z) > (1 — e)(logz)(m(x) — z17°),

which we can rewrite as

1 ¥(x) 1
< — €. 1

7r(ac)*l—eloga:—’_x (13)

Combining (11) and (13), we find that for every e > 0, we have

9 1 1 9 1
(@) _ opyloss L 0a) | o »
T T l—¢ = €

Since for each € > 0 we have k;,gf — 0 as © — o0, it follows easily from (14)
that 2 — 1 if and only if m(x)'%5 — 1. n

We'll eventually prove the Prime Number Theorem by showing that 9(x) ~
x, but for now we content ourselves with proving the weaker fact that J(x) grows

at most linearly with z. The idea for using the binomial coefficient ;: to

prove this goes back to the Russian mathematician Chebyshev.
Lemma 7 d(x) = O(z).

PrROOF. Let n € N. Then by the binomial theorem,

22"=(1+1)2"=<2(?>+<21”>+---++(§Z>2<2:)-



ZHp,

n<p<2n

(%)=G

. 2 . . . ..
since ( : ) is an integer and no prime greater than n can divide n!. Therefore

we have

2271 Z H p — 619(27’7,)719(77,)’ (15)

n<p<2n

where the last equality follows from the definition of . Taking logarithms in
(15) gives
9(2n) — ¥(n) < 2nlog?2.

It follows that for m € N, we have

9(2m) =3, (927 — 92" ) < XL, 20 og2 = (27 —2)log2
< 2m*llog2.

Now for any = > 1, we can choose m with 2~! <z < 2™, and then
I(z) <9(2™) < 2" log2 = (410g2)2™ ! < (4log2)z,

so thatd(x) = O(z), as needed. |

In order to show that ¥(x) ~ x, we will also need the following two lemmas.
(Note that the function ¥(x) is obviously non-decreasing).

Lemma 8 Let ¢¥(x): R — R. Then ¥(x) ~ z if and only if for every e > 0 we
have

l—ez<y(x)<Q+ez
for all sufficiently large x.

Proor. Exercise. ]

Lemma 9 If ¢(z) : [1,00) — R is any non-decreasing function of x such that

o0 w(u

the improper integral f V" du converges, then () ~ x.

PROOF. First, assume there is some € > 0 such that ¢(z) > (1 + €)z for
arbitrarily large x. Since ¢ is non-decreasing, we have for such x the chain of
inequalities

f(lJre)x ¥ u) u f(1+e @ <¢(u 1) du > f(1+e)z (1+e)m _ ) du
= fllJrE(%_l)T:C

for some constant ¢ > 0 depending only on e (and not on z). (Note that we
have made the change of variables w = u/x).



Since the inequality
(1+e)z _
/ IO ILFNP
- U

holds for arbitrarily large values of x, it follows that the improper integral

o0 — . .
1 % cannot converge, a contradiction. By an analogous argument, we

also obtain a contradiction if there is some € > 0 such that ¢(z) < (1 — €)z for
arbitrarily large x. It therefore follows by Lemma 8 that ¢ (z) ~ z as desired.
|

Making a simple change of variables, we obtain:

Corollary 3 If the improper integral

o0
/ (V(e)e " —1)dt (16)
0
converges, then the Prime Number Theorem is true.

PROOF. Making the change of variables u = e?, we have
9 _ 49 ty _ ot o0
/ Lzu du = / Lte dt = / (U(ee " —1) dt.
1 u 0 € 0

Now apply Lemmas 6 and 9. |

For notational convenience, we define the function H(¢) : [0,00) — R to be
the integrand in (16), i.e.,

H(t) :=9(e")e " — 1.
For future use, we note the following about the function H(t):
Lemma 10 The function H(t) is bounded and piecewise continuous.

PrROOF. The piecewise continuity of H follows from that of ¥, and the
boundedness of H is equivalent to Lemma 7. |

3 The Laplace transform

In the previous section, we showed that in order to prove the Prime Number
Theorem, it is enough to establish the convergence of the improper integral
fooo H(t)dt. However, it is difficult to establish the convergence of this integral
directly. We therefore proceed by a rather indirect method involving the Laplace
transform of H(t).

Definition 3 Let h(t) : [0,00) — R be a piecewise continuous function. The
Laplace transform of h(t) is the complex function (Lh)(s) given by

(Lh)(s) = /O oSttt

wherever the improper integral converges.



Lemma 11 If there exist real constants B,C such that |h(t)] < CePt for
0 <t < oo, then the improper integral defining the Laplace transform of h(t)
converges absolutely and defines an analytic function for Re(s) > B.

PROOF. We have (setting o = Re(s)):
T T C
[ lemla <o [ e miar— S enomnm,
0 0 oc—B
Letting T" — oo and using the fact that 0 — B > 0, we obtain the estimate

T C
/O le=*th(t)|dt < — (17)

The result follows easily from (17). |

There are many useful (and easy to prove) formulas connected to the Laplace
transform. For example:

Lemma 12 Let g(t), h(t) : [0,00) — R be piecewise continuous functions with
|h(t)] < CeBt for 0 <t < co. Then:

e L(g+h)=Lg+ Lh.
o If g(t) = e“n(t), then (Lg)(s) = (Lh)(s — a) for Re(s) > B + a.
o L)) = .

ProOOF. Exercise for the reader. | |

In order to compute the Laplace transform of H (t), we first define the func-
tion ®(s) on the half-plane Re(s) > 1 by the formula

B(s)= 3 8P,

S
» p
For every 6 > 0, it is easy to show that Y7, l(fsn converges absolutely and
uniformly for Re(s) > 1+ 9, and therefore ®(s) is analytic for Re(s) > 1 by the
usual argument.

Lemma 13 (£9(e"))(s) = 24 for Re(s) > 1.

PROOF. By Lemma 7, there exists a constant C' such that J(e') < Ce’ for
all t > 0. By Lemma 11, the integral defining (£9(e')) converges absolutely for
Re(s) > 1.

Let p,, denote the nth prime number, so that p; = 2,ps = 3,..., and for
convenience define pg = 0. Then 9J(e?) is constant for logp, <t < logpni1, S0

log pr+1 . . log pn+41 . 1
/ e~ 9(et)dt = ﬁ(pn)/ e dt = =9 (pn) (P — Pri1)
1

0g P log pn S



Summing over all n > 1 and using the obvious formula ¥4(p,) — H(pp_1) =
log p,,, we obtain

fooo e sty(et)dt = % >ome V(pn) (0, —Pi1)

n=1p;
for Re(s) > 1. |
Corollary 4 o . .
s
(cas) =22t 2
for Re(s) >0
PRrOOF. This follows immediately from Lemmas 12 and 13. |

The following two lemmas provide crucial analytic information about the
function ®(s). The key point is that the sum of ®(s) and the logarithmic
derivative of {(s) extends to an analytic function for Re(s) > 1/2.

Lemma 14 The function ®(s) — W’ initially defined for Re(s) > 1, extends

to a meromorphic function on the half-plane Re(s) > 1/2, and is analytic for
Re(s) > 1

PrOOF. We logarithmically differentiate both sides of Euler’s product for-
mula for the zeta function and multiply by —1, giving (for Re(s) > 1)

-8 = —(log(Il, ==
>_p(log(l—p=%))
— p_°logp _ logp
- p l—p=s = Zp ps=1’
where the term-by-term differentiation is justified by the absolute convergence

of the sum.
Using the identity

N

1 1
ps—1 ps ps(ps _ 1)’
we obtain C' )
(s) ogp
18
OISl Z 1) (18)
The infinite sum appearing in (18) converges to an analytic function for Re(s) >
3 by comparison with > ISL%. The lemma now follows from the fact that
CC/((SS)) is meromorphic for Re(s) > 0 by Lemma 3, and %I((j)) — 1 is analytic for
Re(s) > 1 by Lemmas 3 and 5.% |

Making a change of variables, we find:

4We are using here the basic fact that if f is meromorphic, then the poles of f//f occur
precisely at the zeros and poles of f. Note that the Riemann hypothesis implies that (except
for the simple pole at s = 1), ®(s) is in fact analytic for Re(s) > 1/2.

10



Corollary 5 (LH)(s) = % — L eatends to a meromorphic function on the

half-plane Re(s) > —1/2, and is analytic for Re(s) > 0.

PRrROOF. This follows easily from the fact that the residue of (b(sH) at s =10

is 1. ||

Remark 2 We emphasize that the analyticity of ——7= CI)(SJrl —% on the line Re(s) =
0, which is one of the key ingredients in the pmof of Lemma 15 below, comes
from the subtle non-vanishing result established in Lemma 5.

We now state the key analytic result necessary for our proof of the Prime
Number Theorem, which deals with analytic continuations of Laplace trans-
forms. The proof of this result, which uses the Cauchy integral formula, will be
given in the next section.

Theorem 2 (Analytic theorem) Let f(t) fort > 0 be a bounded and piece-

wise continuous function such whose Laplace transform (L f)(s fo e~ st dt,
ingtially defined for Re(s) > 0, ewtends to an analytic functzon for Re( ) > 0.
Then the improper integral fo t) dt converges, and its value is (Lf)(0).

Remark 3 The subtlety here is that a priori, the fact that (Lf)(s) can be ex-
tended to an analytic function in a neighborhood of s = 0 does not obviously
imply that the integral used to define (Lf)(s) for Re(s) > 0 converges at s = 0.

Assuming the analytic theorem, let’s see how to use it to prove the Prime
Number Theorem.

Lemma 15 The improper integral fooo H(t)dt converges.

ProOOF. By Lemma 10, H (t) is piecewise continuous and bounded. Applying
Theorem 2 to H(t), whose Laplace transform (LH)(s) = (bg‘fll) 1 extends to
an analytic function for Re(s) > 0 by Corollary 5, we conclude that fo t)dt

|

converges, as desired.

Putting together Corollary 3 and Lemma 15 completes the proof the Prime
Number Theorem (modulo Theorem 2). We give the proof of Theorem 2, which
is all we have left to establish, in the next section.

4 Proof of the Analytic Theorem

In this section, we complete the proof of the Prime Number Theorem by us-
ing complex analytic techniques to prove the analytic theorem about Laplace
transforms from the previous section.

Here is the proof of Theorem 2, following Newman and Zagier. We now use
the variable z instead of s in order to keep the notation more familiar.

11



Consider the sequence of functions gr(z) = fOT f(t)e=?t dt. These functions
are all entire, as follows from Morera’s theorem (see Theorem 17.9 in [Bak-
Newman]). We are trying to show that limp_,. g7(0) exists and equals g(0).

Choose a large real number R, and consider the curve + (oriented counter-
clockwise) which is the boundary of the region {z € C | |z| < R, Re(z) > —0},
where we choose § > 0 small enough (depending on R) so that g(z) is analytic
on and inside 7. (Such a ¢ exists by compactness and the fact that g(z) is
analytic for Re(z) > 0.)

Since the function G(z) := (g(z) — gr(z))e*T (1 + 2_22) is analytic on and
inside v, and G(0) = ¢g(0) — gr(0), we can apply the Cauchy integral formula to
obtain

00 =9r0) = 5 [0 —r)eT (14 55) F o)

We now analyze the contributions to the integral in (19) from the different pieces
of the curve 7.

Let v4 be the semicircle {|z| = R, Re(z) > 0}. We wish to bound the
absolute value of the integrand G(z)/z on v4. We claim that we can bound it
by 22, where we let B = max;>o |f(t)|. To see this, first note that

0 0 B —Re(2)T
/ f(t)e dt‘ < B/ [ ——
T T Re(z)

lg(2) — gr(2)| =

for Re(z) > 0. Also, we have

Re(z)T R242°
€ R2z

e*T(1 4+ %)%

R2z
eRe(z)T 2Re(z)

R2

eRe(z)T 2(Z+2)

Together, these estimates establish our claim that |G(z)| < 28 for z € . The
M L-inequality now gives the estimate

271m'/ﬁ(9(z) — gr(2))e*T (1+ ;22> %

For the remainder v = v N {Re(z) < 0} of the curve ~, we’ll consider the
functions g(z) and gr(z) separately.

Since gr(z) is entire, we can replace the contour y_ of integration in the
integral involving gr(z) by the semicircle v/ = {Re(z) < 0, |z| = R}. The same
estimate as before gives

T
/ f(t)e " dt
0

for Re(z) < 0. The other estimates go through as well, so that

1 T 22\ dz
il SO I I Biad
omi L gr(z)e ( + R2> P

12

B
< R (20)

Be—Re(z)T

T
l9r(2)] = <B / o Ret gy o BT
A [Re(2)]

B
<= (21)




2

1422
Finally, we observe that the integrand g(z)eZT( :2) converges to zero
uniformly on compact sets as 7' — oo. Indeed, the integrand is the product of

9(3)7@?)

, which is independent of T, and e*7', which goes to zero uniformly
on compact subsets of y_. Therefore

. 1 ST 22\ dz
Tl;r{l)@ 9 /7 g(z)e (1 + ﬁ) = 0. (22)
It now follows from (19)—(22) that
2B

limsup |9(0) — g7(0)] < -~ (23)
T—o0

5

If we let R — 00°, we conclude from (23) that

Jim_gr(0) = 9(0)
as needed. | |

Exercise 1 Go through the proof of Theorem 2 and figure out what motivated
the choice of the complicated-looking function

612) = (5t - @™ (1455 )

Exercise 2 Fill in the details in the following sketch of an alternative proof of
Lemma 5: If {(s) has a zero of order p at s = 1+ iy and a zero of order v at
s =1+ 2iy, then

lim e®(1+4¢€) =1, 1iI(§l+ ed(1 4 e+ iy) = —pu, lir(r)1+ eD(1 4 e+ 2iy) = —v.

e—0t
The inequality

2
4 o 108D ys2 | —iyj2ya
3 (b2, )etsesin =Y By 20
p

r=—2

then implies that 6 — 8u — 2v > 0, so that p = 0.
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