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Sets

A set A is a subset of B, written A C B or B D A, if every element of A is also an element of B.
Trivially, every set is a subset of itself. A set B is a proper subset of a set Aif B C A but B # A.
If A is not a subset of B, we write A ¢ B. Two sets are equal, written A = B, if we can show that
A C B and B C A. The set with no elements in it is called the empty set and is denoted by 0.
Note that the empty set is a subset of every set.

To construct new sets out of old sets, we can perform certain operations: the union AU B of two
sets A and B is defined as
AUB={zx: z€ Aorx € B};

the intersection of A and B is defined by

ANB={z: z€ Aand z € B}.

When two sets have no elements in common, they are said to be disjoint. Two sets A and B
are disjoint exactly when A N B = (). Sometimes we will work within one fixed set U, called the
universal set. For any set A C U, we define the complement of A, denoted by A’, to be the set

A'={z: z€Uandz ¢ A}

We define the difference of two sets A and B to be

A\B=ANB ={z: r€ Aand z ¢ B}.



Maps

Given two sets A and B, we can define a new set A x B, called the Cartesian product of A and
B, as a set of ordered pairs. That is,

Ax B={(a,b): a€ Aandbe B}.

Subsets of A x B are called relations. We will define a map or function f C A x B from a set
A to a set B to be the special type of relation in which for each element a € A there is a unique
element b € B such that (a,b) € f; another way of saying this is that for every element in A, f

assigns a unique element in B. We usually write f : A — B or A 4, B. Instead of writing down
ordered pairs (a,b) € A X B, we write f(a) =bor f:ar b. The set A is called the domain of f
and

f(A) ={f(a):a€ A} C B

is called the range or image of f.

A relation is well-defined if each element in the domain is assigned to a unique element in the
range.

If f: A— Bisamap and the image of f is B, i.e., f(A) = B, then f is said to be onto or
surjective. A map is one-to-one or injective if a; # ay implies f(a1) # f(a2). Equivalently, a
function is one-to-one if f(a1) = f(a2) implies a; = ag. A map that is both one-to-one and onto is
called bijective.

Given two functions, we can construct a new function by using the range of the first function as
the domain of the second function. Let f: A — B and g : B — C be mappings. Define a new
map, the composition of f and g from A to C, by (go f)(x) = g(f(x)).

Problems

1. Prove AU(BNC)=(AUB)N(AUC).
2. Prove A C Bifand only if AN B = A.
3. Prove (ANB) =A"UB.

4. (a) Define a function f: N — N that is one-to-one but not onto.

(b) Define a function f : N — N that is onto but not one-to-one.

5 Let f: A— Band g: B — C be maps.



