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1. Given a nonempty set X, show that

defines a metric on X.

Solution. We must verify the definition of a metric. It is clear that d(z,y) > 0 with
equality if and only if x = y by the definition of d. Similarly, d(x,y) = d(y,x) by the
definition. It remains to show that the triangle inequality holds. If d(x,z) = 0, then z = z
and d(z, z) < d(z,y) +d(y,z). If d(x,z) =1, then = # z and either d(z,y) = 1 or d(y,z) =1
(or both), since y must either b e distinct from z or z (or both).

2. Define the Euclidean distance between two points z = (x1,z2) and y = (y1,¥2) in R? to be

d(z,y) =/ (x1 — 11)? + (22 — 12)*.

Show that d defines a metric on R2.

Solution. Let x = (z1,22), y = (y1,%2), and z = (z1, 22). We wish to show that

V(@1 —21)2 + (22 — 22)2 < V(1 — 11)? + (22 — 12)2 + V(41 — 21)2 + (2 — 22)2.

If we let a; = x; —y; and b; = y; — z; for i = 1,2, then a; + b; = x; — z; and our last statement
is equivalent to showing that

\/(al +b1)2 4 (a2 + b2)? < \/a? + a% + \/b% + b2.
Since both sides are nonnegative, it is enough to show that
a3 +2a1by + b + a3 + 2asby + b5 = (a1 + b1)? + (ag + bo)?
= ( (a1 +b1)? (a2+b2)2)2

2
( a1+a2+\/b2+b2>

= al+a2+2\/a%+a§\/b%+b§+b%+b§
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or multiplying out both sides of the inequality and canceling terms

arby + agby < \/(a% +a3) (b3 + b3).
Since the right-hand side of this inequality is nonnegative, it suffices to show that

a%b% + 2(111)1(121)2 + a%b% = (a1b1 + a2b2)2
< (af +a3) (b7 + 03)
= aibi + aibs + a3bi + a3bj

or 2a1biasby < a%b% + a%b% However, this last statement is always true since
a3bs — 2a1biashy + a3b? = (ayby — azby)? > 0.
. Consider the set . = Z* U {co}. Show that
d(nm) — {]1/71 —1/m)|, ?f m,n € Z+
1/n, if m=o0
defines a metric on L.

Solution. We must verify the definition of a metric. It is clear that d(n,m) > 0 with equality
if and only if n = m by the definition of d. Similarly, d(n, m) = d(m,n) by the definition. It
remains to show that the triangle inequality holds, d(n,m) + d(m,p) > d(n,p). If m, n, and
p are in Z*, then

d(n,m)—i—d(m,p)—‘i—l + 1—1‘2|<1—1>+<1—1>‘—

m| |m p n o m m p

% _ ;‘ — d(n,p).

Now suppose that one of the points in question is co. We have two cases. First suppose that
n = 0o. Then

1 1 1 1 1 1 2 1 1
oyt = | |2z [ (222 [ =t
m m p m m p m p p
If m = oo, then
d(n,m) +d(m )—l+}>l—1—d(n )
b 7p - n p — n p - 7p

. Suppose that X and Y are disjoint sets. That is, X N Y = (). Suppose that Kx and Ky are
closure operators on X and Y, respectively. Define an operator K on X UY by

KA)=Kx(ANX)UKy(ANY)
for each A € X UY. Show that K is a closure operator.

Solution. We must verify each of the closure axioms.

e Aziom C1. We must show that A C K(A) foreach AC XUY. If AC X UY, then

KA =Kx(ANX)UKy(ANY)D(ANX)UANY)=ANn(XUY)=A.



o Aziom C2. We must show that K(AU B) = K(A) UK(B) for each A and B contained
in C XUY. If Aand B are contained in C X UY’, then

K(AUB) = Kx(AUB)NX)UKy((AUB)NY)
= Kx(ANnX)Uu(BNX)UKy((ANX)U (BN X))
= Kx(ANX)UKx(BNX)UKy(ANX)UKy(BNX)
= Kx(ANX)UKy(ANX)UKx(BNX)UKy(BNX)
= K(4)UK(B).

e Aziom C3. We must show that K(K(A)) = K(A) for each A C X UY; however,

K(K(4)) = Kx(K(4)NX)UKy(KA)NY)

= Kx[(Kx(ANX)UKy(ANY))N X]
UKy [(Kx(ANX)UKy(ANY))NY]

= Kx[(Kx(ANX)NX]JU[Ky(ANY))N X]
UKy[(Kx(ANX)NY]JU[Ky(ANY))NY]

= (Kx[Kx(ANX)UNUKy(DUKy(ANY))

= Kx[Kx(ANX) UKy [Ky(ANY)]

= Kx(ANX)|JUKy(ANY)

= K(A).

o Aziom C4. We must show that K(0)) = (); however,
K(@) = Kx((b N X) U Ky(@ N Y) = Kx((b) @] Ky(@) =0un=0.

5. Let X be a topological space with closure operator K. If A is a connected subset of X, show
that K(A) must be connected.

Solution. Will will prove this result by contradiction. Suppose that K(A) is not connected.
Then there exist nonempty sets B and C such that K(A4) = BUC and

K(B)NnC =BNK(C) = .

Now let B = AN B and C' = AN C. We will show that B’ and C’ must separate A, which
is a contradiction. Clearly, A = B’ UC’. The sets B’ and C’ must be nonempty. If B’ = (),
then A = BPU(C’ = C' = AN C, which tells us that A ¢ C. Thus, K(4) ¢ K(C). Since
K(A) D C, we must have equality. However,

0=BnK(C)=BnK(A) =B
contradicts the fact that BN K(C) = (). Similarly, C’ cannot be empty. Furthermore,
K(B)nC'cK(B)nC = 0.

Similarly, B’ N K(C") = (. Thus, we have shown that A is not connected, which contradicts
our hypothesis.



6. Let X be a topological space with closure operator K. If A is connected and A C B C K(A),
prove that B must also be connected.

Solution. Will will prove this result by contradiction. Suppose that B is not connected.
Then there exist nonempty sets C' and D of B such that B =C U D and

K(C)NnD=CnK(D) = 0.

Now let C' = CNA and D' = DN A. We will show that B’ and C’ must separate A, which
is a contradiction. Clearly, A = C" U D’. The sets C' and D’ must be nonempty. If C' = (),
then A = C'"UD’' = D' = AN D, which tells us that A C D. Thus, K(4) C K(D). Since
K(A) D K(B) D K(D), we must have equality. However,

C=CnK(A4)=CnK(D)

is nonempty, which is a contradiction. Similarly, D’ cannot be empty. Furthermore,
K({C)YNnD' cK(C)nD =0.

Similarly, C N K (D) = (). Thus, we have shown that A is not connected, which contradicts

our hypothesis.

7. Let f: X — Y be a well-defined map between two sets X and Y. Define the inverse image
of a subset A C Y under f to be the set

J7HA) = {z € X|f(z) € A}.
Notice that f~! does not necessarily define a map from Y to X.

Now let X and Y be topological spaces and f : X — Y be a well-defined map. We say that
f is continuous if for each open set U C Y, the set f~(U) is open in X.

Show that f is a continuous function if and only if the set f~!(E) is closed in X for each
closed set E contained in Y.

Solution. Let A and B be subsets of Y. We claim that f~'(A — B) = f~1(A) — f~1(B).

However,

refY(A-B) < f(zr)cA-B
<— f(x) € Aand f(x) ¢ B
— zef YA andz ¢ fYB)

= ze fTH(A) - (B

Now, suppose that f is a continuous function and F is a closed subset of Y. Then U =Y — F
is an open subset of Y. Thus, f~(U) is open in X, since f is continuous. By our remarks
above

FFUE) =Y -U)=f'(V) - fH(U) =X - fH(U).
is closed.

Conversely, assume that set f~1(E) is closed in X for each closed set E contained in Y. If U
is any open set contained in Y, then £ =Y — U is closed. Therefore,

Oy =Y -B) = 1Y) - fH(B) =X - f71(B).

must be open, and f is continuous.



8. Suppose that A and B separate X and Y C X. If ANY # () and BNY # (), show that ANY
and BNY separate Y.

Solution. We must show that
KANY)N(BNY)=(ANnY)NK(BNY)=10.

However,

K(ANY)N(BNY)CcKA)N(BNY)CcK(A)NB=10,
since A and B separate X . Similarly, (ANY)NK(BNY) = (. Clearly, (ANY)U(BNY) =Y.



