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. Use the Division Algorithm to prove that all primes greater than 3 must be of the form 6k — 1
or 6k + 1 for some k € N.

Solution. If p is a prime number greater than 3, then p = 6k 4+ r by the Division Algorithm,
where r = 0,1,2,3,4,5. If r = 0,2,4, then p is divisible by 2 and cannot be prime. If
r = 3, then p is divisible by 3 and cannot be prime. Thus, » = 1 or 5. If r = 5, then
p=6k+5=6k+6—-1=6(k+1)—1 and p is in the correct form.

. Prove AN(BUC)=(ANB)U(ANC(C).

Solution. If x € AN(BUC), then x € Aand x € BUC. So z € A and either x € B
or x € C. Hence, either we have x € A and ¢ € B, or we have £ € A and x € C. Thus,
reANBorx e ANC =2z (ANB)U(ANC)=AN(BUC)C (ANB)U(ANC).
Conversely, let z € (AN B)U (ANC). Then either x € ANB orz € ANC. It follows
that x € A, and either x € Borz € C. Soxz € Aandx € BUC =2 € AN(BUC) =
(ANB)U(ANC)C An(BUCQO).

. Prove (AUB)xC=(AxC)U(BxC).
Solution. If (z,y) € (AUB) xC, thenx € AUB and y € C. Thusx € Aorz € B =
(x,y) € AxCor (x,y) € BXC = (z,y) € (AxC)U(BxC) = (AUB)xC C (AxC)U(BxC(C).

Conversely, suppose that (z,y) € (A x C)U (B x C). Then (z,y) € Ax C or (z,y) € BxC.
Thus, z € A or x € B while y € C. Hence, x € AUB and y € C. Therefore, (z,y) €
(AUB)xC,or (AxC)U(BxC)C (AuB)xC.

. Define a relation ~ on R? by stating that (a,b) ~ (¢, d) if and only if a® + b? < c? + d?. If the
relation is an equivalence relation, describe the corresponding partition of R2. If the relation
is not an equivalence relation, state why it fails to be one.

Solution. The relation fails to be symmetric, since (0,0) ~ (1,1) but (1,1) ¢ (0,0).
. Let f: X — Y be amap with A1, Ay C X. Prove f(A; U As) = f(A1) U f(A2).

Solution. Let y € f(A1UAs) = there exists an © € A; U Ay such that f(x) =y =y € f(A1)
or f(A2) =y € f(A1) U f(A2) = f(A1 U As) C f(A1) U f(A2).

Conversely, let y € f(A1) U f(A2) = y € f(A1) or f(Ay) = there exists an z € Ay or
there exists an x € Ay such that f(z) = y = there exists an z € A; U Ay such that
f(l‘) =y = f(Al) U f(Az) C f(Al U AQ) Hence, f(Al U AQ) = f(Al) U f(AQ)



6. Prove that ) )
13+23+...+n3:w
4
for n € N.

Solution. We will prove this statement using mathematical induction.
S(1): [12(1 +1)?]/4 =1 =13 is true.
Assume S(k) : 13+ 23 + - + k3 = [k*(k + 1)?]/4 is true. Then

B2+ B+ k+ 1) =[R2+ DH/4+ (k+1)3 = [(k+1D2((k+1) +1)?)] /4,
so S(k + 1) is true; consequently, S(n) is true for all positive integers n.

7. Let X be a set. Define the power set of X, denoted P(X), to be the set of all subsets of X.

For example,
P({a,b}) = {0, {a}, {b},{a,b}}.
If X ={1,2,...,n} show that P(X) contains exactly 2" elements.

Solution. We will prove this statement using mathematical induction. If X = {1}, then
P(X) = {0,{1}}, which contains 2! = 2 elements. Now assume that P({1,2,...,n}) contains
exactly 2" elements. The only new subsets that can be created are in P({1,2,...,n,n+1})
are those obtained by adding the element n 4 1 to an existing subset. Thus,

P({1,2,...,n+ 1} =2-|P({1,2,...,n}| = 2",

8. Prove that there are an infinite number of primes of the form 4m — 1, where m € N. Hint:
Assume there are only a finite number p1,ps,...,p, of primes in the form 4m — 1. Form a
number N =4pips---py — 1.

Solution. By the Division Algorithm, any integer can be written as 4m, 4m+1, 4m—+2, 4m+3.
Numbers of the form 4d and 4d + 2 are divisible by 4 and 2, respectively, and thus cannot be
prime (except for 2). Numbers of the form 4d + 1 have the property that the product of any
two of them is again a number in the same form: (4k+1)(4m+1) = 4(k+m-+4km)+1. Also
note that numbers in the form 4m + 3 may also be written as 4m+3 =4(m+1)—1 =4k —1.

Assume there are only a finite number p1,po, ..., p, of primes in the form 4m — 1. Form a
number N = 4pipy---pn, — 1. Since N itself is in the form 4m — 1, all of its prime factors
cannot be in the form 4m + 1. Therefore, there must be at least one prime factor in the form
p =4m — 1. Whatever it is, it must be different from any of p1,po, ..., pn; otherwise p would
divide 4p1ps---pn — P = 1.



