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1. Let f : X — Y be a well-defined map. Let A and B be subsets of Y. Prove that f1(A—B) =
F7HA) = f74(B).

Solution.

— f(zr)eA-B

<~ f(x) e Aand f(x) ¢ B
— zef YA andz¢ fY(B)
= ze[TH(A) - [HB).

zef~Y(A-B)

2. Let X and Y be topological spaces and f : X — Y be a well-defined map. Prove that the
following two statements are equivalent.

(a) For each open set U C Y, the set f~(U) is open in X.
(b) For each closed set E C Y, the set f~1(E) is closed in X.

Hint: You may assume Problem 1 is true in your proof.

Solution. (a) = (b) Suppose that E is a closed subset of Y. Then U =Y — E is an open
subset of Y. Thus, f~(U) is open in X and

FHE) =Y -U) =)~ f(U)=X - f1(U).

is closed.

(b) = (a) Conversely, assume that set f~!(E) is closed in X for each closed set E contained
in Y. If U is any open set contained in Y, then £ =Y — U is closed. Therefore,

O =Y -B) = 71(Y) - [TH(E) =X - [TH(B).
must be open.

3. Let (X,Kx) and (Y, Ky ) be topological spaces. Suppose that X is connected and f: X — Y
is continuous with f(X) = Y. Prove that Y is connected. Hint: Assume that Y is not
connected.



Solution. Assume that Y is not connected and A and B separate Y. Then A and B are
nonempty, closed subsets of Y such that Y = AU B and AN B = (). We also know that

FRAUY(B) = fHAUB) = fL(Y) =X

and

FHANFHB) = (ANB) = f71(0) =0,

Since f(X) =Y and A and B are nonempty, f~}(A4) and f~!(B) are nonempty. These two
sets are also closed since f is continuous. Therefore, f~!(A) and f~!(B) separate X, which
is a contradiction.

. If f: R™ — R is continuous and ¢ € R, prove that the function ¢ - f defines a continuous
function from R” to R. Be sure to consider the case ¢ = 0.

Solution. Let x € R and € > 0. We must find a § > 0 such that for all y € R",
d(z,y) <0 = lcf(z) —cf(y)| <e

Since f is continuous, we can choose § > 0 such that

d(a,9) <6 = 11(x) = F)| < 157

Then

e _
€.
1+ |c]

d(z,y) <6 = lcf(x) —cf(y) = lel - [f(z) = f(¥)] <
We use €¢/(1 + |c|) instead of €/|c| to avoid dividing by zero in the case that ¢ = 0.

. Let X = R with the Euclidean closure operator K. Prove that the closure of the interval
(a,00) is [a, 00).

Solution. We know that K(a,00) C R. We must show that x € K(a,00) if and only if
x € [a,00). We will consider three cases.
e Let x <aand e =a—x. Then B(z;¢) N (a,00) =) Thus, = ¢ K(a, o).

e Let © = a and € > 0. Then B(x;€) N (a,00) # (). Since this is true for all € > 0,
z € K(a,00).

e Let z > a. Since K(a,00) D (a,00), we know that z € K(a, c0)
Therefore, the closure of the interval (a,o0) is [a, 00).

. Prove that /6 is irrational.

Solution. Assume that /6 is irrational and that v/6 = p/q, where p and ¢ are relatively
prime. Then 6¢? = p? and p must be even. Therefore, we can write p = 2r for some number

r and
6q2 = p2 = 472 or 3q2 = 22,

Thus, g must also be even, which contradicts the fact that p and ¢ are relatively prime.



7. Let (X,Kx), (Y,Ky), and (Z,Kz) be topological spaces. Suppose that f : X — Y and
g :Y — Z are continuous. Prove that the composition of f and g,

gof:X— 2,
must also be continuous.

Solution. Let U be an open subset of Z. Then g~!(U) is open in Y and
(9o N)~HU) = g™ (U))

is open in X. Therefore, go f : X — Z is continuous.

Alternate Solution. Suppose that A C X. We must show that gf Kx A C Kz gfA. Since
f is continuous, f Kx A C Ky f(A). Using the facts that g is continuous and A C B =
f(A) C f(B), we have

9fKx ACgKy f(A) CKzgf(A).

8. If two topological spaces (X, Kx) and (Y, Ky ) are homeomorphic, we write
(X, Kx) =~ (Y,Ky).

Prove that ~ is an equivalence relation. Hint: You may assume Problem 7 is true in your
proof.

Solution. We will use the fact that (X,Kyx) and (Y, Ky) are homeomorphic if there exist
continuous functions f: X — Y and ¢g: Y — X such that go f is the identity on X and fog
is the identity on Y.

e If we define f (and g) to be the identity function that maps X to itself, then (X, Kx) ~
(X, Kx) since the identity function is continuous and go f is the identity on X and fog
is the identity on Y.

e Suppose that (X,Kx) ~ (Y,Ky). Then there exist continuous functions f : X — Y
and g : Y — X such that g o f is the identity on X and f o g is the identity on Y.
Interchanging the roles of f and g, we have (Y, Ky ) ~ (X, Kx).

e Suppose that (X, Kx) ~ (Y,Ky) and (Y,Ky) = (Z,Kz). Then there exist continuous
functions f1: X — Y and g1 : Y — X such that g; o fi is the identity on X and f; o g1
is the identity on Y, and continuous functions fo : ¥ — Z and g2 : Z — Y such that
g2 o f5 is the identity on Y and f3 o go is the identity on Z. Define f = foo f1 : X — Z
and g =g10¢9s: Z — X. Both f and g are continuous by Problem 7. The function go f
is the identity on X, since

(g0 )(@) =g(f (@) = 91(92(f2(f1(2))) = g1 (f1(x)) = z.
Similarly, f o g is the identity on Y. Thus, (X,Kx) ~ (Z,Ky).

Alternate Solution. Two topological spaces (X,Kx) and (Y,Ky) are homeomorphic if
there exists a bijection h : X — Y such that for any A C Y,
Ky A=hKx h 1A

To show that = is an equivalence relation, we will need to show that the reflexive, symmetric,
and transitive properties hold.



If h: X — X is the identity function, then A is a continuous bijection and
KxA=hKx h 1A

for A C X. Thus, (X,Kx) =~ (X, Kx).

Suppose that (X,Kx) ~ (Y,Ky). Then there exists a continuous bijection h: X — Y
such that for any A C Y,
Ky A=hKx LA

Define g = h~!. Then for any B C X,
KxB=g¢gKxg 'B.

Thus, (Y, Ky) ~ (X, Kx).

Suppose that (X,Kx) ~ (Y,Ky) and (Y,Ky) ~ (Z,Kz). Then there exist continuous
bijections f: X - Y and g: Y — X such for ACY and B C Z,

KyA = fKxf'4,
K;B = gKyg¢g 'B.

If we define h = gf and use the fact that h~' = f~1¢g~!, then for B C Z,
KzB=gKyg 'B=gfKx [ 'g7'B=hKxh 'B.

Consequently, (X, Kx) ~ (Z,Kz).



