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The classic example we’ve seen is in the space L with its usual topology. Each set {n} for
n € ZT is closed because it is finite, but the union

UnEZJF {n} = ZJF

is not closed because it does not include the element co. For another example, consider the Euclid-
ean topology on R. Then each set [1/n,1 — 1/n] is closed but the union

Upez+[1/n,1—1/n] = (0,1)
which is open.

1 (Wolf 3.3)

Assume A C B. We want to show that KA C KB. Let x € KA and let € > 0. Because z € KA
there exists a € A such that d(z,a) <e. As A C B, a € B. Thus z is within € of B for arbitrary e
and x € KB. So KA C KB.

We no longer assume that A C B and wish to show more generally that K(ANB) ¢ KANKB.
Let z € K(AN B) and let € > 0. Then there exists some ¢ € AN B such that d(z,c) < e. But
clearly this ¢ € A and ¢ € B. So z is within € of A and B for each ¢, which means that z € KA
and v € KB. Sox ¢ KANKB and K(ANnB) Cc KANKB.

3 (Wolf 3.3)

By definition d(z,y) = 0 when x = y and is positive otherwise, so d satisfies the first axiom.
Because the value of d depends only on whether x = y and equality is symmetric, d is symmetric
as well and satisfies the second axiom. For the third axiom, we check cases. If x = z then certainly
d(xz,z) < d(x,y) + d(y,z) because the right hand side is non-negative. If x # z, then clearly y
cannot be equal to both x and z (by transitivity of equality). So d(z,y) +d(y,z) > 1 =d(z,z). In
either case, the third axiom is satisfied.

We claim that this metric induces the discrete closure operator (where KA = A for all A C X).
To see this let b € X — A. I claim that b ¢ KA. Because b ¢ A for all a € A, d(a,b) = 1. Thus, we
can find € < 1 for which there is no element of A within € of b. Thus b ¢ KA as desired.

4 (Wolf 3.3)

It is clear from the definition that d(m,n) is zero iff m = n and positive otherwise. If m =n

or one of m or n is infinite, then d is clearly symmetric. Otherwise d(m,n) = |X — 1| =| -
(% — %)\ = ]% — %| = d(n,m), so d is always symmetric. For the triangle inequality, we again

check cases. If m = n, clearly d(m,n) < d(m,q) + d(gq,n) because the right hand side is non-
negative. If ¢ = oo, then clearly |+ — 1| < L 4+ 1 Jf m or n is infinite (say WLOG m = 00), then
d(m,q)+d(q,n) = %—H%—%], which equals - if this is bigger than % and is greater than % otherwise.

In either case this is greater than or equal to d(m,n) = % If ¢ is also infinite, we have % < %,

which is clear. For the remainder of the cases we assume that m and n are finite and distinct. If
g equals one of m or n (WLOG ¢ = m), then d(m,n) = |1 — 1| < |L — 1) = q(m,q) + d(g,n).
It remains only to check the cases where m,n, and ¢ are all finite and distinct. Here we have
|mgq —ng| < |mn — gn|+ |gm —nm/| by the usual triangle inequality |x +y| < |z| + |y|. So dlm=n|
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nl?jfnqql—i_m?'?gnqn‘ = |721nn| = |7’:an‘ + ‘qnqn| = |E_E‘ < ’R_a|+|a_ﬁ’ = d(mvn) < d(m7Q)+d(qa TL)
We claim that this metric induces the usual closure operator on L. Let A C L be finite and

x ¢ A. Then the set {d(a,z) | a € A} is finite and its smallest value ¢ is strictly positive, because
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x ¢ A. Then if we chose € < ¢ there is no a € A within € of . So x ¢ KA and KA = A for any
finite set.

Now let A be an infinite set. We claim that this means that for any N € Z% there is some
n € ANZ"T such that n > N. Clearly if this were not the case, A would be finite. We’ll show that
oo € KA, whether or not oo € A. Let € > 0. As € is a positive real number there is some N € Z+
such that N > 1. Let n € ANZ" be greater than n. Then e > 4 > L = d(n, 00). So oo is within
€ of A for every € > 0. Hence, co € KA.

It remains to show that for x ¢ AU {oo}, v ¢ KA. Let B={a € Ala <z}U{x+ 1} U {0}
be the subset of elements of A that are no greater than x plus the elements z + 1 and oco. We note
that for y > 2+ 1, d(z,z + 1) = 1 — ﬁ >1_ % = d(z,y). Thus, it is clear that the minimal
distance between x and an element of A is greater than or equal to the minimum distance between
x and an element of B. But B is a finite set and as x ¢ A and = # oo, x ¢ B. So the minimum
value c of the set {d(z,b) | b € B} is strictly positive. Thus for € < ¢, there is no a € A such that
d(z,a) < e Sox ¢ KA as desired. Hence, KA = A when A is finite and KA = AU {oo} when A

is infinite, as desired.
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