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Part 1. I Aand B are countable then we can Index them hy I

A ={ag,ay,... }
= {Elnlbl.l' ‘. ]'

Then we can define

_ dnsr I 2|n,
ﬁn_{ bin—aye I 24n.

Then becanse A and B are distinet, we know that all the o, are distinet. Thos
wie have shown that we can Index AU B by K slmply as

AUl ={eo, o,... }

Part 2. I we enumerate A and B as above, we can write out the elemenis of
A= B lnan Infinite “table™

(e, Bo ) (mo, ba) (oo, ba)
(e, Bo) (o, ba) (o, B
(ex, bo) [ma b)) (mzba)

Then we can enpmerate the entire tebke by traversing diagonals up amd lefi
repeatedly

A w B = {{ao,bo), (m, bo), (@, bi), (@, b, (ar, b)), (@, b, ... }

Thus A = 1 Is countable.



Part 3. The kdea of the prool Is that we begin with any list of decimals
e pansions of reals In the Interval [0, 1):

Lo (LLZHBGTED . .

T OLTITTTTTIT ...
de 0LILAL52GE . . .

A= (0 LSOOG
S U2AGELOL2L ...

Whatewer we may have crammed onto this st In whatever ¢ever way we may
have constructed i, we can always comstreet a decimal which s mot on this list
by going down the diagonal amd changing each diglt. This may be achelved
more specifically by taking the not-mecessarlly-new diagonal decimal d (in this
case d = QUITAOL. .., wiih dighs those underlined above) amd changing each of
1z digiis, &0 that the pew number given 1s different from the nih lsted decimal
at tle nth decimal place, &0 that owr pew nomber cannet he on the st we
started with. For example, we could take our new declmal o = 0L25319. .. In
ihis case.

There are two anngying problems to be addressed (and they both stem from
the essentlal flaw with decimal expamsion which makes decimak usually more
Irdtating and painful to deal with In abstract mathematies than B worthwhile
for the coneeptieal ease they aflord): while we know by the princlple of mested
closed Intervals for the real lise that every decimal ex pansion corresponds to a
real number, this correspondencels no! Injectlve (ot 1t B surjective). It dosn't
Iail Tty wery musch, bt the [alure ls enough to make things really annoying. The
problem & that we have

1Li=08
. 1 2ZNGTH = 0. | 2I5GTAD

where the ovedine means that those digits (only o In each case here) repeat
Torever. Fortunately these are the only cases—the worst that Injectivity ever [ails
15 by sending two declmal ex pansions to the same real mimber, mever three of
Tour or more—and only pairs of otherwise matehing mumbers ending In repeating
0 or % will get paired like this. So the lear B that while our new decimal
eppansion 1 omy oot be ome of the decimal expansions on the Ist, 1t might
represent the same real number In [, 1) as one of the decimals on the 1ki. We
can fix this by never changing the dight 0 In & 10 91n o and vice versa. [Convinee
yomsell that this fixes the problem.)

The giher problem is that we could conclevably end up with 1 = 09999 .. .,
which s not In (), 1) at all &0 we have mot even produced the decimal expamsion
of a new real number in (0, 1). This & of course related 1o the previos problem
bt Is oot & priord fixed by the solution to the gther problem. However, we
don't need to change our procedure at all, we memely meed assert that our st



of decimal expansions must begin with say 0N .. ., &0 that n = (L9999, ..
becomes impessible. This dos mot affect our pool that (1) 15 uweeuniable
slmee il we were hoping 1o st all the reals In (0 1) then (0.9 will surely be in
that 1kt at spme point. AT we've done lemw B move 1t 1o the ot of ihe list
which I8 clearly harmless,

beginndng of mald and rave

These niipicking, silly little problems and thelr nelegant fixes ave one of the
reasons why no one = decimal expansions In mathematics. [t's just messy.
Morepver, il we're dealing with a ratlonal number then, while we know that we
can write out an exact decimal expansion for that numhber (allowing repeating
deglis at the emd, which Is also messy of course), Tractional lorm [especlally
redeed Tractlonal form) telk us far more abowt the matbematieal propertes
of that mimber than the decimal lorm does. IT we'te dealing with an Irrational
mumber then we can't even hope to wrlte out an exact deelmal expasion [glnee
the expamsion mever terminates and pever repeats), whereas most of the ra-
thonals that one deals with are expressible exactly with radicals [ possibly mested
radicak). There are so lew mimbers which oeeur often bt aren't exactly ex-
pressible that we have simply mamed 1he most Important omes: @, e—and [ean't
even think of any more.

The guestion of which algebrale numbers—Le. numhes which arve roois of
rational polynomials—ean and cannot be expressed exactly with radicals Is a
very Interesting one which Is answered using (Galols Theory in Math 123, This
15 widely considered some of the most heautiful material in all of mathematics,
amd B really worth taking i you have the tine and the interest. Math 122 Is
aluolutely wonderful stufl too: groups, dngs, felds and the better paris of llmear
algebra (216 1s delindtely the worse paris of lmear algehra).

The o advantage that decimal representa ton dees offer, which Is precisely
what makes it &0 popular with everyone hesldes mathematiclans, B that i leis
s immediately tell how blg the number n gquestion 1. You can immediately
see which two Integers 1t les between, and which tentls of integers, ete In the
real wiorld we don't really care about exact ex pressions lor insoluable algebraks
[algebrale mumbers which canmot be expressed with radicals) or even about the
mumber-theoretle properties of rational mumbers. Numbers are lor most  people
Just a way of measuring low big things are. So we want primardly to be ahle o
tell how hig our mambers are as easily and quickly as possible. Decimals allow
precisely that.

end of rant and rage

The oolors of the specirum as comventlonally thought of form a contin
uum and henee have the cardinality of the contimimm—Le. the real mimbers.
Whether the actually are a conlmim of possible colors 15 & guestion which
quanium mechanis throws Into doubt and I don't mally koow enough about
the matter to say whether ¢olor 1s completely quantized or whether there are
hits of weountable continuum in the spectrum. On the gtler hand, we can



list all posible words wriiten In the standard Boman alphabet (or any other
finite alphabet for that matier) In what Is known as ledeographic order. Lexioo-
graphic order begins with words of length (—there's only ome, the empiy sring
[amd we'te not. really considering it bere), then words of length 1—there ave k of
them if our alphalet has k symbok—then the B words of length 2, ete. Sinee
there are only Antitely many words of a glven lengih, we wil eventually get to
all of the words of any length. S0 there must be only countably many possibly
nmames for eolors. The obvios conelusion 1 that we could never pessibly name
all the eolors of the specirum even 1T we were somehow able 1o define an infinite
nmiumber of ¢olor names.

Part 4. The algebrale numbers are opuntable. Toshow this, we hegln Ty slow-
img that there aw only countahly many polynomials with rational ooeflclents.
We can list the rational polymomials. To do ths we comslder a polynomial as
a “word” spelled out by s eeefliclents. A word of length f corresponds toa
polymomial of degree o [the degree of a non-constant polynemial & the greatest
power of £ with non-eero coefliclent; the degree of a constant polynomial s 0).
However we cannot 1se lexeographle order sinee the “alplabet™ In this sitwation
15} and is not inite 50 there am no onger only Andtely many words of & glven
lengih. However, there are only countably many words of a given lengih (sinee
1he set of words of lengih n with alphabet A 1s Just the set of ordered n-tuples
and elements of A—le. A" = A = ... =2 A —which Is countable). Suppose that
wit Wil fi, m for the imih polynomial of degree 5. Then we can write all of 1he
rational polynomials in a table:

oy Jog poa
Ly oz g
Pru paz paa

From here we ¢an list them all as before by traversing diagonak up amd right:

Poi PLi fogx Pri iy Pogs

S0, having established that the ratinal polynomials themselves are eountable
we uee this to slow that the algebrale mumbers—le. the roots of ratlonal
polymomials—are alag countable. Each polymomial of degree n has at most .
different roots n the comples plame. S0 in our previms lst, we can st replace
each polyomial by the Ikt of lts mots and get a lst of all the possible mois
of polynomials. The only consideration s that each algebralk number is listed
repeatedly [a lot of times—le. nfiniiely many times each). However, that's
mot a problem singe we've produced a surjection [rom tle matural mimbers o
the algebrale numbers, which is sufliclent to show countability of the algehmie
mumbers. We already know that E B uneountable and mow we've extablished
that & [ithe standard notation lor the algebrale numbers) ls countahle, so B— A

ihe transeendental mumbers—mst be uneountable to aceount for the mising



studl (like the black matier n the unlverse that the cosmologisis are serambling
1 find).

Part 5. Let Abeaset. Suppose that we have a surjection f: A — 29, [Here,
a5 usnal, 3 denotes the power set of A) Then we may conskder ihe st

T={red:z¢ fix)}

T &2 (sinee T C A) and [ s surjective so there exBist € A suchthat f(f) = T.
The Killer question B “Is 1 an element of T or pot? I it 18 then it showldn't
be and T it lsn't then it should be. Thi E the gquintessential ¢oniradiciion.
Cantor, you geniis.

Part 6. The identity lunction on a glven sel shows refledvity of ~. Sinee
the compesition of bijections Is a bijectlon, ~ 15 ako tramsitive. Finally, ~ &
symmetrle singe bijeciions are Invertible and the lnverse of a bijection s ako a
Tlj et I,

To put it mbdly, there are a lot of cardinals, There are so many cardinals
that the cardinals canmot be put Into & set. IT we eould form the set of all cardi-
mals then what we wolldd really have Is a set contalning a bunch of equivalence
classes— e, sets—In which every possihle set appeas spmewhere—Including
[amd bere's the kicker) the presumed set. of all cardinals. S0 we have a set helng
an element of ome of its elements and that Is the sort of prohblematie sitwation
that & disallowed by every sane model of set theory ncluding the “nalve™ ope
that we've heen ising In this class. Recall that this sort of sitwation & prob-
lematic because it allows the construction of things ke “ithe set of all seis that
don't eontain themselves™ or whatever your favorite deyiant non-get might be.

Part 7. It ls guickly clear that = Is reflexdve amd transitive [by the same
argumentis as tle first part of 6). A much deeper guestion s whether it satlsfes
the fnal property of partial orders: does 4 = B and B < A4 Imply A ~ B? The
Sehrdder-Bermsteln Theorem Is the affitmative answer to this question.

An even deeper question B whether = actually lorms a total order on any ool-
leciion of seis 5. [t pequires an additional and somewhat controversial [hough
very widely accepied) axiom, known as the Axlom of Cholee, 10 ghow that this
i5 In faet the case and that any palr of sets are comparable by 1he = relation.

Part B. Horry, [ wrote this all ot with X and ¥ instead of A and B and now
I don't want o change it eo let f: X =1 amd 02 ¥V = X be Injections and
forget about A and B, Denote the elements of X which orlginate in X by Xx
amd those that eriginate In ¥ by Xy, Denote the elements of X which have
infimte ancesiry by Xo. Similarly we define ¥y, ¥y and Y. Clearly these are
all palrwise disjolnt and mopeever,

.x=.x:|_|.x,r|_|.xm
Y=Y:L|Y}r|_|¥m



Now alittle potation. T AC X and b: X = ¥, we wiite b4 for the lunction
Bla: A= ¥ that “agrees™ with b, This Is known as the mstrktionol hto A, I
B CY such that the image of b ls contained In B we may also wilte slmply
B for the doubly restricted Tunction ba: A — B, (Deoubly restricted sinee
both s domaln and range are restricted, pot st the domaln as ln the previous
case.) This 1s mot technleally the same limetlon bt restrieting the range In this
manner doesn't really change anything essential about the limetlon so we allow
oirselves this comvenbent Title notathnal amblguity.

Wiih this notation, we may olserve that the Tunetons

ler r] X_;; —+ Yx
g_l|xv: Xv =Yy
fx X = ¥e
0 xe K = Y
are all bijectlons with mespective lnverses
T Yy ¥ = Xy
Flﬂr’ ] Yy —+ X:,-
T e Yoo = X
Olrs ¥ = X
Thk Is actually more lunetions than we med and we can “glie” them together

in twop different ways to get two posible obvims cwolees for bijections [om X
1o Y [ok maybe they're not that obvims):

f fix) ¥ reXyuX.,
h[”‘{g-lm i J:E.X:

_ | fiz) o re X
k[rll—{ gtz) i J:EX:LI.X.,,.

These have Inverse hijections

S T F wE YruYe,
* “’3‘{ gyl € yeYe

PR I el i) IR 3
k [”3‘{ oly) U y€¥yrUle.

I knoww this may seem really eonfusing, bt s not as had as 1t seems. Just
read It over again slowly and think about it lor a while, Then take two Aspirin
and call me in the mornng.



Part 8. Rather than trying io directly produce a hijection hetween B and 21",
I will ingtead prodoce an njectlon each way amd then the Schrider-Bernstein
Theorem [part 8) telk s how 1o make a hijection from this palr of injections

First Il ¢k wp the njection foom ' inig B A sulset of Z% can he
consldered as a seguence of woros and ones:

{5} (0,0,0,0,1,0,0,0,...)
[L3,5,7, .. b+ (1,0,1,0,1,0,1,0,...)
[2,4,6,8,.. .} +— (0, 1,0,1,0,1,0,1,...).

The ith element of the sequence on the right & 11 and only if @ & an elment of
the et on the left. Well this s suddenly very suggestive of declmal ex pansions.
We may make a [unetlon LR by sending

{5} =+ 000001000 .
{1,3,5,7,...} — 010101010, ..
12,4,6,8,...} — 001010101 .

I the decimal exparsions aw eonsldered as hinary “decimal™ expamsions [ prop-
erly called Jist bimary expamsions) then thk B oot Injective singe 1t sends
{1} — 010 and {2, 3.4, ...} — 00T but in binary 000 = 00T so Injectivity
[alk. But If we me any base hesldes 2, we no boger have this problem slnee
.10 # 0.0T in other hases.

Now we need an injection from B 10 257, We know that @ Is countable so
let f:E7 — O be a bijection. We koow om the contruction of the mals Ty
Dedekind cuis that a real number Is (hy definition) wnkyuely identified by the
set of rational numbers which are sirletly less then 1t—e. 1is Dedekind cut. A
Dedekind cut B a subset of bt via f we may turn it lne a sulset of Z7.
Thi gives & an injective function fom B 1o 2°

e+ {nEE7: fin) <z}

Convinee yoursell that this Is injective.
I'm mot sure what o say about the contimim hypethesis, I's lamms. Ii's
been proven unprovable, There's not musch to say to that exeept “Wow. Crazy,

n

JLIE IR

Part 10. You know tle deal here,



