Math 101 Group Project #2
Cardinality

Let A and I denote sets. We say A and I have the same cardinality and
write A ~ I UT there & a bijectlon between A and B, We write A = I and say
1hat A has emaller cardinality than B U7 there 1s a one-to-one funetion foom A
o I A eel Als countable T 4 < Z+.
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Let A and B be two disjoint countable sets. Show that thelr unon 40 53
B oountahble,

. As shetehed In elass, show that the Careslan product A= B of two count-

ahle seis A and B s countable. (Glve detalls of what this lets you conelude
about the rationak.

. As shetched In class, show that the open it nterval (1) & not coumnt-

ahle, DEciss what cardinality you think the set of all colors of the spee-
trum has, How about the set of all the possible words you eould make up
1o name colors sing the English alphabet?

. A real number g 15 called algebrale I there 12 a polymomial plz) with

rational eoefficenis such that pla) = 0. Glve some examples. Do there
exist non-algebraic reak? Show that there are actually uncountahly many.
They are called transcendental mimbers becase, as Euler put 11, “they
transoend the power of algebrale methods” Even though you ¢an show in
this way that there must be lots It turns out to be gquite a bit harder o
prod e any specilie examples.

. Cantor's Theorem says that the power set p{Ad) of any set A satlsfies

A = plAd), meaning that 4 = plA) but A o plA). Glve a prool of this
by mimicking the proof we did n class that g(Z£+) I8 wmeountable.

. Let 8 be a collection of sets. Show that ~ defies an equbalence relation

on 5. An equivakenee clas of sets under ~ s sometimes called a cardinal.
How many different cardinals do you think there are?

. Let 5 be a collection of sets. Mist = define a partial orderon 57 Explain.
. The Shrikler-Bernsteln Theomm states that i 4 = B and B = A, then

A B Givea pool by filling in the detalls of the following sketch, Let
J:A—= Band g: B = A denote bijections. Call 2 € A the parent
of fiz) € B and ¢all y € B the parent of gly) € B, Each z £ A has
an infinite sequence of descendants, namely, Fle), of Flz)), ol flz)), e,
and slmilarly for i € B. We say eachtern In such a sequenos 1& an 8 noestor
of all the lollewing terms. I you keep tracing back the ancesiry of an
element In elther 4 or B hack as far as possible, then there are only thres
pssiblities: you ¢ome to an element of A with no parent (these orphans



are exactly A — g B)); or you come 1o an element of & with no paremt:
or 1he lineage goes back lorever. Partition A and B acoordingly and find
three one-to-one functlons that combine 1o ghve the desired ome-lo-ome
oprrespondence fom A o B, Note: wry drawing a fgure 1o hisirate
what B happening,

%, Show that B has the same cardinality as pfE7), the power set of the
positive integers. Wiith Cantor's Theorem In mind, we can think of this as
say ing that B Is bigger than Z+. Is there anything In hetween? That s,
does there exist a set X such that 2+ = X = K with meither X ~ Z+ nor
X~ H? In LATR, Cantor conjectured there Is no such set X, Hilhert put
this conjecture, ¢alled the contimim hypothesk, at the top of the [amous
list e made In VR0 of the mest importan wsolved problems [or the new
century. Based on (del’s work of 1939, Paul Cohen fnally showed in
1963 that this question & lormally undecldahle, In gther words, e prowved
that, with the axioms, prool technlgues, and set theory accepied by mest
mathematiclams, It & Impossible to prove the continumm hypothesls and
it B impossible o disprove the contingium hypothesls.

1. Make up guestions that would be sultable for a howr exam in ths course.



