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Rather than addressing each point of the project In order, T will first give a
statement and prool of the Contracton Mapping Theorem 1sing the prineiple
of mested dlosed intervak. Ensulng commentary should address all poinis of the
the assignment.

Theorem. Bvery condmelion of a complele melric space hag a unique fized
poinl.

This & a relatively easy generallization of the theorem you were asked o
prove, which was simply the speclal case where our meirle space s taken o
be a closed sulset of B with the standard Evclidean metrie Inherited fom B
However nelther of these two assumptions ls essential to the prool, so it s
slmpler and ¢leaner 1o work In 8 more general context. The principle of pested
closed Intervals presents the only dilemma: what are nested ¢losed intervals in
a germemm] meirle space? Or more to the point, what does it mean lor & general
meirie space 1o be pomplete? To answer thls we simply generalize the concept
of a cloged interval 1o the concept of a closed Tall

iz e = {y X dz gyl < :I‘]-.

Glven a sequence of polnis {r_n} and a sequence of mdl [pedilve real mim-
bers) {r,} indexed over K, we say that they are nested if for m = n we have
Bz iv, C Bz, r,). From bomework we koow that this 18 equivalent to
requiring that {=, } and {r,} satkly

dFn, Em) & Fo — Fm wWheDewer  in 31,

which In particular tells s that #m < f for m o> 0o With the generalization
of nested closed Intervak, we may defline completeness as follows.

Definition. 4 melric space (X, d) i said o be complele if for eery pair of
sequences {2, ), {1, b satisfying nestedness we have

() Blzaira) # 9.
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Wiih this established, let's proeeed with the prool.

Proof. Suppese [: X — X Is our coniraction mapping. We want 1o 1se 1he
opmpletenes of our meirk space In some way 1o prodece a fboed point of the
ooniraciion. To ths end, plek any 2o € X and define recirsively £, = flzn_1].
Ths gives 15 our sequence of poinis {=, } but belore we ean e the priniple of
mested ¢lsed Intervals [or ¢losed halls as we have lere) we peed 1o define our
sequenee of radil {r,} s that we satkly mestedmness. This i the hardest part of
the prool—ibe rest B just applying defintions ceverly,. Notloe that not every
spquenee =, } has a sequence of radil {r, } such that pestedness is satisfed. To
produce such a segquence of radll we peed to e the way that {z,} is defined
amd the hypothesk that f B a contraction. Satlslying nestedmess amounts o
establishing an upper hound on diz, 2. ) lor e > 0 which depends only on s
anmd which decreases (sufllelently [ast) as n Inereases. Let s do precisely that.
Agsume m > n.

(20, Tm) = dizn, 2nei )+ -+ Bt Bm)
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Call this last value k. This bound certainly doesn't leap to mind immediately

it requires some speaky iricks and several strong lacts and resulis. Notahle
among them are (in order of usage) the trlangle Inequality, contractioness of J,
mon-negativity of O [tells us the Infinte seguence 1 higger 1han i fnte Initial
sogmient ), and fnally the fact that |©] < 1 kets = evaleate the Infinte sequence
L+ 0+ =(1-". Finally we define

j"11=j='|'l"'j:1'|.—|."'---
= (0" + ™ 4. )i - O) Mg, 1)
= CM1— ) dizg, 4]

s that we now have for m =6,

o =T =k Fhan oo R
=k
ZdiZa, 2m]

which means precisely that we have {r, } satisfying mestedoess. The upshot of all
of this irickery and sneaky ap procdmation k that we now have a pair ol sequences
{®n} and {r,} satklying nestedoess, 5o we may se the completeness of our
meirie space 1o deduce that there B some polnt & € My BiEnta ). [Moreover,
sl Iy e 7y = {0, this point z 15 undgue bt we don't meed thls faet—and



ihe unigueness of 2 In the above Intersectlon 18 not 1o be confused with the
unigueness of the foed point.) For arblirary 11 we have

diz, flz)) £ diz, fza))+ 2 [(z), flza))
< A2, Easi )+ Cdiz, 24)
5 el +c'rr-r|.|

but we can make this last term arbitrarily small by pleking n large enough,
s we must have diz, f{z)) = 0 which means = [f(z). Scorel Moreowver,
1his feeed peint & wolgue: suppose 2 = flz) and 2' = f(z2'); then diz, ') =
dl fiz), flz')) < Odiz, 2'), where () < O < 1, which yellds a contradiction unless
dlz, 2" = (1, In which case = 2. O

With this gemeral form of the CMT we can Immediately addrss paris 4
amd T of the assignment: CMT doss mot apply 1o 0 hecase ( 1s mot eomplete
and eonmectedness B completely Irrelevant to the CMT. It happens that €
Is mot ponmected, but that's st a e¢olneldence —CMT applies to all sorts of
discomnerted sets such as [, 10U [2, 3], or even something more complicated 1ike
L) ez 20, 200 + 1] and anyihing else you can eook up, as long as lts a complete
metrie spaoe. As to a flunctin on 4 = {z € §:x > 1} which & a contraction
but has no fixed point in A, there are of course Infindtely many such lunetions
but one example would be the Tune ton

1
fizi=1+ s
A much more ¢ha lenging question 1s to prodece a contraction on all of §f which
has no feed peint. (I'm pot even certaln that one exisis hul ['m pretiy sure
1hat one must. Think abowt 1t and let me know I you oome up with anyihing. )

We can also addoess the last question of part 3. In the more restricted
verglon of the theorem that you wem asked 1o prove, we need A 1o he closed
becanse il (X, d) & a complete metrle space amd A 15 a sulspace of X, then A
15 complete I and only 1T A I8 ¢losed. The simplest example of a conirac thon on
[0, 1) without a feed point is st flz) = %J:.

Wow for part 5. While we know that glhven any partieular distinet = g € A
idlfiz), flw)) < diz,w), we can lnd some O such that (0 < £ < 1 and
adl Fizh, fl)) < Cd(z, w), we cannot. guarantee that this wil be the same O
for all i and moreover, that we can put an upper bound on seeh O which
is strictly less than 1. However, If our set A B compact then we can actually
find some maximal £ sirieily less than 1. This 1s slnee cominwous lunetions
attain thelr maxima on compact sets. (What lmetlon am I actually applying
1his fact 107 Hint it's ot just § and it lnvolves the metde (twiee) and division. )
What that means Is that when, for example, 4 = i, 1)U [2,3], all “peeudo-
ooniraciions” (functlons f: A — A that satsly the “pewdo-contraction™ cond-
thon di flz), fly)) < diz,y)—thk B mot a real term, I st made it up) actually
aho T 1o have a fxed polnt since we can find some contraction comstan that



wiorks for all pairs &, i because A ls compact, What I'm saying s that In ¢om-
pact spaces, peeide-conirac Uons are real contractions. But i we choose A 0 be
something non-gom pact such as all of E then we can find functions which sai-
By d(flz), Flu)) < diz,g) bt bave no ixed points. So lor mon-compact spaces,
there are paeude-coniractions which are not real eontractions. To find such a
Tunetion on B all we meed o do b nd a linetion whose graph never touches the
line = = g (50 it has no fixed points) and such that the alsolute valee of the slope
between any two polnis on the gmph of the Tunction 1s always less than 1 [thi
15 equivalent o It satislying the meudo-contraction eondidiion—why?). Onpe
s function & the hal-lyperbola flz) = —(1 + 2% You should verily that
1his Tuncilon satisfies the pseudo-coniracton conditlon d(fz), Flw)) < diz,y).

And finally, part 6. 0 [ B a contraction allowing contraction constant £
then it & immediate that g = ¥ & ako a contraction allowing the stll smaler
eontraction comstant €%, On the other hand, ¢ = ¥ may be a contraction
without [ belng a ¢ontraction. For example, define [: E — K hy

- 0
fle)= {nrl roo

Then g = f* = 0, which & clearly a contraction while § is Batantly net. Of
course, dnee & = 0, we have ™ = 0 for all higher n as well, so in particular,
" is always a coniraciion. I § s a contraction with fxed point & then ™ will
always he a eoniraction and will moreover have the same fed point. [More
generally, if [ & any lunctlon then the fxed polms of ™ wil always nclude
the fxed polnts of ™ when mo> )

That seems to cover all of the material of the second group project.



