Math 101 Group Project #1
The Contraction Mapping Theorem

Let A be asulset of a meirle space (X, d). A lunetlon f: A — A s ealled
a contraction on A Il there exisis a constant O < 1 such that

d(f(z]), flu)) = C-diz, w)

for every = i € A The one dimemsional Contractlon Mapping Theorem
[CMT) states that if f: 4 = A ls & contractlon on a monemply closed sulset
Aol B then [ has a unigue fxed polnt n A.

1.

&

Explain in your own wonds what this theorem means, your intuitlon as to
why It seems plasible, and how this mesult relates or does not elate o
crumbling paper. (Glve emmples that Hlustrate applications of the CMT.

. Divide the prool of the CMT into several steps and carry them out. Begin

by pleking an &y in A and setting £.00 = fiza). Find a bound k, satlsly-
Ingdiz,, ) < k, lorallm amd 1 in £+, (Bad hint: think geometrically. )
Then define interals [a, b, with &, =2, — k, and b, =2, + k,. What
do you koow and what do you peed to prove about the Intersection of
these Intervals?

. Flmd a eoniraction on the open interval [0, 1) with oo Gxed point 1o ([, 1).

How did your prool of tle CMT above use the assumption that A E closed?

. Bhow that the Contraction Mapping Theorem becomes [ake i we replace B

with . (Hint: let A= {z € Q| 2> 1}, and et f : 4 — A be the lunetion
arking from contimeed fractions that we wsed to Improve ap prox imations
i /2] How did your prool of the CMT e the assumption that A s a
subset of the reals and not a subset of the rationak?

Il fiz), flu)) < diz, w) loralle, v € A withz # i, it does not necessarily

Tollow that there edsts £ < 1 such that & f{=), ) < O diz, v lor all
r €A Find a lunction [ B — K such that df fiz), flg)) < diz, ) oo
all # 5 € K amd # # i such that [ has oo fved polnt. [Just try drawing
the graph of suweh a Tunction. It 1s ot o Important to Aod an ecplicit
Tormuda. ) How does the condition £ < 1 enter Intg your CMT proal™

. Buppess glz) = Ff(2) lor eome @ A = A Must g he a contraction i f

E? Can g he a coniracton I [ s mot? What can you say about the fhoed
points of g7 Same gquestions about glz) = ™(x), the Tunetion obtained
by applying § a toial of 1 times?

. Doms it matter to your prool whether 4 s conmected? Why or why not?

Can you apply this theorem when A Is a findte set? A set In B"? Explain.

. Make up questions that would be sultable for a howr exam in the course.



