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Problem N 3.3.1

Let AC B¢ E'. Take # € KA. For every ¢ = (), there exists an a € A C B
such that diz, a) <. 50, ¢ € KB, by delindtion. Therelore A4 C K.

Wow, note that AN B C A = KAn B C KA Similarly, lor KB, 5o,
KAnB) CcXAnKD.

Problem W 6.2.2

Part (a) No, mt symmetri

Part (b) Yes

Part (c) Yes

Part (d) No, oot transitive.

Part (e) Yes

Part (f) No, AC E may oot have a smallest member. So, not reflexive.

Problem W 6.2.4

Some ¢ommon answirs and mistakes
Part (a) |o—b| =1

Part (b) a<b



Part (¢) A common mistake included a prool that symmetric and transitive
Implics reflexive. While it Is troee that symmesiric and transitive imples reflexdve
for the elemenis eontained In &/, it dos not glve you reflexivity for all 2 € A.
Conslder:

R={lzy) eWlz <y} —{lzpllr=lory=1}

Thi doees not eontain (1,1).
Part (d) O<a-5b=l
Part (&) a#h

Part (f) a<b

Part (g) a=2

Problem W 6.2.8

The relation & ¢learly miexive and symmetrie. The main lssue comes down
showing that the relation B transitive. Flrst, suppose [a,b) (¢, d) and (2, d) (g, )=
ad = be and ef = de = ol = bef = adl = e = dlaf —be) = 0. But, d #0
by construction, so af —he = 0. This we have af = be or (a, §) (2, [), as desived.
Many people irled to we divielon (e multiplication by lnverses). Howewver,
slnpe wie'te working entirely inslde £, which deesn't have multiplicative lneerses,
this Is mo goad.

Problem W 6.3.20 and 6.3.21

For a “gritlgue”™ of a prool you mist st determine whetler the proo! s cormect
or not. IT the prool 1s corpect you meed only state that it Is eormect and hriefly
g plaln wly the prool 1s in fact legitimate at each possible point of coneern. T
the proof & incorrect (or Incomplete) you meed to plopolm precseely whepe It
goes wiong and explain why it Is wrong, Commentary on style and philpsophical
OoneRrns 5 not peguined.

The prool in 3 & in fact correct. The higgest posaible concern & over ihe
disjoininess of B and 5 becase ol this the relation B 5 has the properiy that
forany £ € A and iy € I3 nelther (&, ) nor [y, 2) 18 In BUS. However this B not
a diffieuliy lor the prool ghven In problem X sinee we are only trylng o prove
that RS s a partial ordering. However lor problem 21 it B a big problem.
The prood asseris “slnee B s total on A and 5 Is total on B, RU S E total on
AU B bt there s mo wason for this at all—in fact by the above observation,
unless A = B = the ordering KU 5 cannot be total on AL B,



Problem W B.2.12 (not assigned but I did it by accident)

The techoigue here & an Important and common one.  We take a8 minimal
element of some sort (In thE case the least common muliple of two integers).
Then we asume that the propesition ls potl true amd wee the o show that our
minimal element ¢amnot In et be mindmal, yielding a contmdiction

Let [ e the least eommon mudiiple of 0 and mele. let I be the least pesitive
integer such that both o and m divide I, Now suppose that there exkis some
kowhich & a common muliiple of 0 and m bt such that | dos not divide k
[without kss of generality, we can let k be posiiive slnee we can always replace
kE by —k). Sinee we pleked § 1o be minimal, we koow that | < k. This we may
e the Euclidean algorithm, more commonly know nas divieion with remainder.
Te we may find positive Integers g and ¢ [why do we know that they've both
mon-zerg? ) guch that « < [ and

k=gl +1

Thus we may ako write # as k —gl. But sinee both noand s divide koand 1 they
mist alsg divide # bt ¢ < I, ecomtradicting the mindmality of [ as a eommon
midtiple of i and .

Problem W B8.3.13

Two integes i and 51 are sald 1o be reatively prime T there exist integers k
amd { such that sk + nf = 1. This Is equivalent to m and 1 having no oom mon
factors gther than 1. (More generally, the least common [actor of moand @ is
the smallest positbve Integer of the lorm mk + nl.) But

Al et mk+nl=1 +== mk=1 [modn)

Thuss the existence of an nverse for m InZ, B equivalent tothe relative primality
of i and 1. Now, sinpe primes ave relatively prime to everything but muliiples
of themselves [ie pumbers that are = 0 (mod p)), In particular, a prime p is
relatively prime to every m such that § < m < p, g0 each such m 15 Invertihle
in Ep

Problem W 8.3.15

Part {a] An important dea 1o 1se here is that the erder of an element divides
ihe order of ihe group 1t & contained In. Therelfore, if a® = 1, then dld (3 = |Fi
S| L S d=lord But,a# Lsod=3and o = 1. S0, o'~ =4*. This
fact allows for the completion of both tables.

Praoblem W 9.5.4

Part {a) Suppee & < dioand 1> 00 Then nfe —d) < 0. But, n > 0=
e—d < (L Bo, ¢« d Therefore, f we have @ < b and b < ¢ then ah < be
[assuming b = (0, which you can do wleg), The lemma = a < ¢, as desired.



Part (b) Diviion s not defined for E since there are no multiplicative inverses
[for = # £1).



