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Problem N 1.3.1
(a) KA={reE:JacAst a<zr} Notacksure operator:
[0} gKop=1{1,23,...}
(b) KA={zreE:JacAst a<r} A cdosure operator:

C1. I A has mo minimum then K4 = E which ¢ontais 4. T A has a
minimum, ay, then KA = {r € E:ay < x} which also contains A.

C2, I eliber A or B has no minimum jor both) then
KAUKB=K[AUR =E
s we're done, I both A and B have mindma, oy and by, respectlvely
K{AUB) ={r € E : min {ay, by} < =}
={zEEL:q x}U{zE L: b = x}
=KAUKE

C3. 0 A has oo mindmom then KA = KA = E. 01t has a minlmum,
gy then KA and KA both eqgual

[rEZ:ay <},
Cd. K= @1z clear.

) KA={reZ:Jacd ke Lat. ¢ =ka}. A closure oparator.
For A B C E denote AR = {z € E: r= gy lor some j,2 € E}. Ohbserve

that
EE=E (1)
KA=FA4 (4]
[ADC = A[BC) (3

for A, B,{ € Z.



Cl. Use observation (2): KA=ZAD {1}4 =4.
2. Caleulate using observatlon [2) again

KAUB) = Z{AuB)
={yEE:y=nr orsomen € £ r e AL B}
={y € E:y=nz forsomen € E,x € A}
{5 € Z:y=nz lorsomen £ E,r € B}
=ZAUER
=LKAUNE

C3. Using olserwtions (1) through (3) we get
KKA=K(ZA)=Z(ZA) = (ZZ)A= ZA=KA
Cd. K= @Iz clear.

(d) KA={z €Z:Tm,m € Asl. a1 <z <aa}. Not a chsure operator:
JC{LF UK {3} = {1}u {3}, but
KLU {3h = k41,30 = {1,2,3}.

Problem N 1.3.2

Check that (L, K) satlsfles the Kuratowskl A xoms:

Cl. Hinee both A C 4 and A C Au{ac}, A CEA for all 4
C2, I both A ad B are finte then AU B s findte too so

KAUB) =AU B=KAUKRE.
Oiherwise, say A B infinite, and thisso B AU I, Then
FAUKBE=AuBuU{m}=Kdu B)
C3. IF Als finlte we have KA =4 = KKA=KA=A Otlerwise we have
KKA=KjAU {se}) =KAU o} = AU {se} = KA.

Cd. K = i is ¢lear.



Problem N 1.4.1
{a) Apply axiom C2. twiee:

KAy UAUdy) = KA, UAUKA = KA UKA, UKA,

(b)) Apply axiom C2. three times. (IU's the same. )
(e) The general conjecture is that for o € E

K (j A* = [)j:ﬂ*.
k=i k=1

We could slmply say here that we apply axiom C2. n — | tlmes but
that would he ghssing over spmething very Important which is happening
lere—indipction. We've already done the hase case amd mow we simply

olserve that
n n—1
K= auva
k=1 k=1

amd by the induction hypolhesiz (= the assumption that what you'd like
1o prove 15 triee or smaller 11) we already know that

n—1 n—L
K U A= U KAy,
k=1 k=1
By we' e o

I we replace unions with Intersectlons then the resulting conjeciure & bla-
tantly [alee alveady in the case n = 2. [Conslder e.q. any nom-empiy set A:
KiAOE) 2A bt KA K = KAnd = §.) However, Theorem N 110 says
that we do have K[ AN 3 C KANKE and sing induction as belore we get the
more general mesult

K ﬁak c ﬁ KA.
k=1 k=1

Problemn N 1.4.2

{a) Let X = E, ket K be the closure operator defined in Problem N L31(L)
(which we showed was in fact a cosure operator) and ket A = {1} and
B={2}. Then KA={1,23,.. .} and KB= {23 4,...} 50

KA-B)=KA={1,23.. 1€ {1} =KA—KB.

(b) Begin with the following kemma:



Lemumna. - DC E +— CCDUE.

Proof. Buppme O — D C E. Oz € O tenz € E or 2 € D fand
& ' — . This in turn implies 2 € DU E. So, (T C DUE.

Now, UL — D € E, then there exdsie ¢ € ' — D such that = ¢ E.
Furtlermore, £ € O bt & & D Implles ¢ & D U E and fnally O £
DuE. O

Mow elearly A C AU B = BU (A - &) By Theorem N L9 [that FC D
implies O C KD, we therelore have tlat

FACK[BUA-B)=KBUKA- L),
which—Ty the Lemma—happens il and only i
KA-KBCK[A-H).

Problem N 1.4.3
Recall ihe follow ing definiilons.
ExtA™ (KAF = X — KA
A (KL= X KX -A)
AL KANKA" = KANKX — 4)
For brevity we denote the complement of a set § hy 55 =X — 5

{a] There are lour propertes to wverlly:

X =Fui AU Tt AU SA (1)
#=Ext An I A (5
#=ExtAnaA )
B=InAnad (7

Flst we verlly (4) ising De Morgan's Law repeatedly and cameelling as
Wi

Ext A UTnt AUSA = (KAF U (KATFU (AN KA
— (KA U ’[[H‘J‘UKA: n [[m‘rur_a‘j]
= (KA¥FU [[[I;d‘j‘l_li‘_'.-l: nx]

— (KA U (KA UKA

= XL [KA)"
= X.



Mext we verily [5) by noting that for any set I C X we have
(o) C 1.
Uslng this twiee, first with B = A and second with B = A%, we gel

ExtAnIntA = (KA 1 (KA
CiKAFnA
CATMA
=

Finally we verily (6) and [7) by slmply cancelling In the obyvious Tashion:

Ext ANdAd = (KAFNKANKA =,
Int ANJA = [KASFNKAN KA = .

&



