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This is not a closure operator because it does not meet axiom C1. To prove this take the
counter example of A = {1,2,3}. Then KA = {z € Z|(Ja € A)a < z} = {2,3,4,...} Then it

is easy to see that A ¢ KA.

(b) KA={z €Z|(Fa € A)a < z}

This is a closure operator, to prove it we check all four axioms.

C1: It is clear that for all a, a < a. Therefore for all a € A, a € KA because of the previous
statement. So by definition of subset, A C KA.

C2: By definition,

K(AUB)
KA
KB

Therefore: KAUKDB

C3: KKA = {yeZ| (3r €

{re€Z|(3ce(AUB)) c<zx}
{r€Z]|(Fa€ A a<uzx}
= {x€Z|(FbeB)b< x}

= {z€Z|((JacA)a<z)OR((IbeB)b<uz)}
{r€Z|((3c€c AOR3Jce B)c<x)}
{re€Z]|(Fce(AUB)) c<zx}

= K(AUB)

KA) z < y}. Now, by definition of KA, we know that

r€KA = (Ja€ A) a <x). We therefore have that

KKA = {yeZ|(3rxecKA) z <y}

{yeZ|(FrxeZ)(ac A) a<z <y}

(

= {yeZ|(BreZ)(BacA a<z AND z <y}
(
(

= {yeZ|BacAa<y}
= KA

C4: By definition, K& = {z € Z|(Ja € @)a < z}. However, we know that fla € @ and

therefore Ko = @.
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(c) KA={zx€Z|(Fac A) (Fke€Z) x=ka}
This is a closure operator, to prove it we check all four axioms.

C1:

C2:

C3:

C4:

Since k ranges over all of Z then we know that we can consider k = 1. When k = 1 then
x = a. Therefore Va € A, a € KA since 1 € Z. Hence, A C KA.

By definition,
KAUB) = {z€Z|(3ce(AUB)) (3keZc<uzx}

KA = {2€Z]|(3acA) (ZkelZ)x=ka}
KB = {z€Z|(3beB) (Fk € Z) x = kb}

Therefore: KAUKB = {x€Z|(Ba€ A)(3Bke€Z)xz=ka) OR((Ib€ B)(3k € Z) x = kb)}
{r€Z|(3c€e AOR 3c € B)(Zk € Z) x = kc}

(

)

{reZ| (Fce (AUB)(Ik € Z) x = kc}
= K(AUB

By Definition: KKA = {y € Z | (3z € KA)(Jl € Z) y = lz}. Now we note that
r€KA = (Jac A)(IkeZ) xz=ka.

Thus: KKA = {ye€Z|(FacA)(3BkeZ) (A €Z)x=ka AND y=lz}
= {yeZ| BacAGEklecZ)y=Ilka}
= {yeZ|BacABmeZ)y=ma}
= KA

Ko={zrecZ| (3acw) (3kecl)x=ka}.
But we know that fla € @, and therefore K& = @.

d)KA={zr€Z]| (Fa1 € A) (az € A) a1 <z < az}

This is not a closure operator because it fails to satisfy the C2 axiom. To prove this we
consider the following counterexample:

Let, A={1,2} B ={5,6} Then KA ={1,2} and KB = {5,6}.

Therefore KAUKB = {1,2,5,6}.

However, K(AU B) = K({1,2,5,6}) = {1,2,3,4,5,6} # KAUKB.

C1:

C2:

If A is finite, then KA = A, and hence A C KA.

If A is inifinite then KA = AU {oco}, and hence A C KA (by defn. of union).

If A, B are both finite then KA = A and KB = B. Hence KAUKB = AU B.
Also, if A and B are finite, then so is AU B. Hence K(AU B) = AU B.

If A and B are both infinite, then so is AU B. Hence KA = AU {0}, KB = BU {0},
and K(AUB) = AU B U {oco}. So we have that KAUKB = AU {oco} UB U {cc} =
AUBU{cc} =K(AUB).



)

Now we consider the case where one of the sets is infinite and the other is finie. So,
WLOG assume that A is infinite and B is finite. In that case KA = A U {oco} and
KB = B. Also, if A is infinite, then AUB is also infinite. Hence K(AUB) = AUBU{c0}.
We also have that KAUKB = AU{o0c}UB=AUBU{0}=K(AUB)

C3: If A is fininte then KA = A and hence KKA = KA.

If A is infinite then KA = AU {oco}. Then KKA = K(A U {o0}). We also know that
AU{oo} is infinite since A is. Hence K(AU{oo}) = (AU{oo})U{o0} = AU{o0} = KA
C4: O is a finite set, and therefore K& = @.

Hence, K is a valid closure operator on L.

(a) K(Al UAs U Ag) = K((Al U Ag) @) Ag) = K(Al U AQ) U K(Ag) by axiom C2. Again by
axiom C2, this is equal to KA; UK A, UK A3

(b) K(A1 UAsUAsU A4) = K((A1 U Ay U A3) U A4) = K(Al U Ads U Ag) U KA, by axiom
C2. From part (a) we know that K(A4; U A2 U A3) = KA} UKA; UKA3. And we therefore
have that K(A1 UAs U Az U A4) =KA UKA, UKA3 UKA,.

(a) This statement is not always true. For a counter example let us consider any nonempty
space X under the trivial topolgoy. (So KA = A if A # @, and K& = &. We showed
in class that this is a valid closure operator.) Let us now pick two nonempty subsets
A,B C X suchthat A ¢ B. Then since A — B # @, K(A— B) = X. However,
KA = X = KB. Hence KA — KB = @. Since X is nonempty, then X ¢ @. Hence
(a) is false.

(b) We prove the hint. First proving that C — D C E = C C (DU E).

Pick any x € (C' — D), then by defn. of subset, € E. I now claim that every y € C' is either
in D or in E. So we pick any y € C. If y € D then we are done. If y ¢ D then by definition
y € (C — D) and therefore y € E. Hence every y € C is either in D or in E. Therfore by
definition C' C (DU E).

We now prove that C C (DUE)=C—-D C E.

By definition of subset and union, every z € C must either be in D or in E. Therefore if
you have an x that is in C but is not in D it must necessarily be in E. Hence we have that
C-DCE.

We now proceed to prove that KA — KB C K(A — B)

A—-B CK(A-B) Axiom C1
ACK(A-B)UB From the hint
KA c K(K(A—- B)UB) Thm. 1.9 in the notes
KA c KK(A—-B)UKB Axiom C2
KA c K(A— B)UKB Axiom C3
KA-KB C K(A- B) From the hint
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#7

(Note: #3, #5, and #6 can all be checked with truth tables, I will not go through all of it
here, but if you have questions please ask me.)

(a) Neither.
(b) Tautology.
(c) Tautology.
(d) Neither.
(e) Tautology.
(f) Neither.

(a) iii
(b) ii
(c) v
(d) vi
(e) vii

(a) —
(b) A
(c) v
(d) —
(e) A

No one seemed to have any trouble with making up the sentences in here, so I will not go
through all of the answers. One thing to note is that in part (c¢) the sentence is “It’s necessary
to give a baby nourishing food in order for it to grow up healthy.” This means that P = The
baby grows up healthy, while Q = You give the baby nourishing food.

Some people did this problem by making up little sentences, and others wrote logical state-
ments. Either was acceptable. For the sake of the solution set I will give the answers in
logical statement form. This are just possible answers and are definately not the only correct
answers.

(a) P — (Q V ~ Q) (Since (Q V ~ Q) is always true, then this statement is always true, but
the converse doesn’t have to be since P can be false.)

(b) This is not possible since a conditional statment is equivalent to its contrapositive.

() Q N~ Q — PV ~ P (This will always be true and yet the inverse will always be false.)
(d) There were two different ways to view this problem. One method was to take the conven-
tional definition of False, and the other was to use how the book defined it for this problem,
that is that False means not necessarily true.

If you took False to mean strictly False, then this part was not possible. The reason is that
if P — @ is false, then it must be the case that P is True and @ is False. But if that is so
then (Q — P must be true. Hence the request is not possible.

If you took False the way the book defined it then one possible answer might be P —~ P.
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(a) This statement is not true, and to show not we will give a counter example. Take A to
be any nonempty set, and take B = C = @. Then AU (B —C) = AU @ = A. However,
(AUB) - (AUC) = (AU®) - (AU®) = A— A = @. By defnition A ¢ @ and hence
AU(B-C)¢Z (AUuB)—(AUCQ).

We now prove that AU (B —-C)2 (AUB) - (AUCQC).

Pick any z € (AUB) — (AUC), thenz € (AUB)A Az ¢ (AUC)
=(@xeAVezeB)AN(a¢g ANz ¢C)

Since it is clear that z must either be in A or B then let us test what happens if x € A.
If this is the case then we get a contradiction because we are told that = ¢ A. Therefore
according to the first half of this statement, x € B. The second half tells us that = ¢ C. And
(r € B)A(x ¢ C) =z € (B—C) by definition of —. Now, by definition of union, it must be
the case that z € (B — C) U A.

(b) This statement is not tru, and we can give a counter example to show so. Take
A=1{1,2,3} B=1{2,3} C ={3}.

Then A — (BUC) ={1,2,3} — {2,3} = {1}

However, (A—B)U(A—-C)={1}U{1,2} ={1,2}

So we can see that (A—B)U(A—-C)Z A— (BUC).

We now prove that (A —B)U(A—-C) 2 A—(BUC).

Thm. 5.2 tells us that A—(BUC) = (A—B)N(A—C). Therefore is we pick any z € A—(BUC)
we know that € (A — B). Therefore by definition of union, z € (A — B) U (A — C). (We
can see this because by definition, z € A =z € AUY for any set Y.)

(c) This statement is true, so we prove it in both directions.

(=): We are given that A C B. By definition this means that x € A = = € B. Not let us
assume that A — B # @. That would mean 3z € (A — B) = 3Jxst. (r € ANz ¢ B) =
Jdz s.t. (z € A= x € B). This directly contradicts the definition of A C B as stated above.
Hence it must be the case that A — B = @.

(«<): We are given that A — B = @. This implies that lz € (A—B) = flzx c Ast.x ¢ B =
Vee A, € B= ACB.

(d) This statement is not true, and to prove so we give a counter example:
Let A ={2,3} B=1{1,2}, C ={3,4}. Then BUC = {1,2,3,4} and clearly A C BUC
however A ¢ B and A ¢ C.

This theorem is false, and the proof goes wrong in the “reverse direction” when it ignores
the case of x = b. If x = b then x ¢ (a,b) and x ¢ (b,c) by definition of an open interval.
Therefore x ¢ (a,b) U (b, c).

To the best of my knowledge there are no problems with this theorem and proof.



