Math 101
Take Home Exam and Practice Final

T be done on your own. This should take about 3 hours. Versions of same
problems here may appear on the Gnal. Each is worth 10 points. Due in
class on Toesday, January 11

1. Prowe that if f: B® = B%iscontinuous, and if f{x) = 2 for allx € 57,
then fis surjective. Hini: If f is not sucjective then you can find a
retraction from 5 w 5.

2. Lot P2 = {{z),25) €E2| 0 < 2% 4 25 < 1} denote the punctured unit
disk in the plane.

(a] Is P2 elosed? Complete? Compact? Justily your answers.

(b) Give an example of a retraction r : P* — §' where 5" is the unit
circle and prove that your cholee of v hes the properiies required
of a retraction,

(¢} Is the retraction v yvou found unifeemly continuous o P27 Is it a
homepmorphism? Prowe your assertions.

(d) Can r extend to a continous function f : B* — 5" where B*
denotes the closed unit disk and f(x) = (2] for £ € P2 Prove
wour assertioon.

3. Decide whether the following is true or false, then prove your assertion:
A topological space (X, K) is connected i and only if there exists a
retraction v : X — A onto a set A that is connected.

4. Decide whether the following is true of false, then prove your assertion:
A topological space (X, K) is compact il and only if every continuous
funetion f: X — B achieves its maximum on X,

-

5. (a) Show that every finite sutset A of a metrie space is closed with
respect to the closure operator indueed by the metric.

(b} Decide whether the following is true or false, then prowe your
assertion: 10X, K] is a topological space, every Gnite subset A C
X s closed.



. |:.FI.:| A real number x € B is called algebraic ifit is the oot of a prly-

(b)

nomial with integer coefficients. Show that the set of all algebraic
numbers is countable, Conclude that there must exist numbers
that are not algebraic even though it is hard to produce specific
examples.

Use the Binomial Formula and what wvou know about the eom-
plex exponential ¢ to derive an expression for eos(40) that is a
polynomial in sin{d) and cos(d).

7. Show that a topological space with the fixed point property must be
connectad .

8 Let X T E" be noncompact with respect to Ky, the standard Eu-
clidean closure on E* restricted to X,

(a) Show that setting

KA — KxA A CE and Ky A is compact in B,
T KxAu {=c]} otherwise.

defines a clogure operator on X=Xu {2}

The topological space I:X K} is called the one-point eompacti-
Geation of 4. The space we havwe been calling L oarises as the
compactification of what space? Does the usual metric extemd to
one that induces K on X7 Explain briefly.

Show that if (X, Ky ) and (Y, Ky are homeomorphic noncompact
subaets of B, then X and Y are also homeomaorphie,

Explain briefly (without proof) A COnjec L identifying a familiar
space that is homeomorphic to B2, the one point compactifieation
of the plane,

Suppoae that a, = 0 for all & € £4 Consider the sums

J'ﬂm:Euh
Jem1

Give a condition on the set {5, | n € £} that is necessary and
sufficient for there to exist a number 5§ = limy, 0o Sq



(b} Show that, for all » & Z*, we haw
L1
Yty
= n

() Does there exist one and anly one number § = limg o 5y where

R 1 1 1 1 1
. =§ Ghr ks @ T @E Em e et

(d} Here are two different arguments for the value of 5. Fist, we
could say

S=i01/1=2/3)+ (2/3 - 3/5)+ (35 - 4/T)+ ...
=1-2/34+2/3-3/54+3/5-4/T+...
=1

gince all terms alter the fimst cancel. Or we could say

S=(11=- 1302+ (13- 1/5)/2+(1/5 - 1/T)/2+(1/5-1/7)/2+. ..
—1/2 = 1/6 + 1/6 — 1/10 -+ 1/10 — 1/14 . ..
=1/2

gince all termas alter the first cancel. What is going on here? Can
you rearrange termns in a sum or not? What is 57

10, Pick an interesting problem from the first exam that you could have
done better and write up vour best solution.



