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Problem W 5.3.11
Assuming that (0 ¢ K, then

|J 4. = (0,13,
ne M

Tor prove this note st that A, C ([0,1) for all 0, se that we have ||, ., 4, C
[0, 1). For any & € [(, 1), we know by the Archimidean property of the meal
mimbers that 2™ < r lor some 11 In W, Plek such 11 1o he minimal Then
rE A, S0l enAs 2 (01 also and we know the seis are equal as claimed.
Finally, we see that

0,1 - | J An = {0,1}.

Many people tried to use limiis In thi problem and varlous arguments abowt
tow limp e 27" =, bt it mever quite gets there, Sinee we haven't even
eonsidered the motlon of a limit In the class, we certalnly can't e limits to
show anything at this polnt. It 1s goeosd that this problem brings Imits 1o mind
a5 they are at leasi relevant In spirit, but this problem & slmply & matier of
demonsirating the equality of two sets—which pretty much never has anyihing
o do with Imits.

Problem W 8.1.1

It & standard to reguire the exdstenceol a mulipleative ldentity n the defindtlon
ol a ring. With this equirement, we ¢an slmply gbserve that —1x = —2. While
this may seems obvims, 1t Is oot and peguires prool:

s+ (—lr=lrti-1lzr=(1-lr=0e=0

Then bath parts of this problem become a simple matter of wslng this [act and
and the distributive law,



However, Woll does not require the exktence of a muliiplicative identity in
his definition of & ring. We can sl do the problem, mimicking the irick we
Jist sed with —1. To show that [—z2) + [—i) 18 the additive lnverse of 2 + i,
wi nped 1o ¢heck that

[z+u)+([—=l+(-wl=x+p+(—=)+[-u
=[x+ [—z))+ (w+ [—u))
=0+
=1l

The prood for part (B) s smiar.

Problem W 8.1.3

Here I glve only the aswers. Remember that for your problem seis, unless ex-
plicitly stated otherwlse, you meed to [istily asd explain your answers. Don't be
dismayed i, as In this preblem, this seems o mean that you have to repeatedly
virlly lots of anmoying axiomes. IT you think for a hit them's wually & way o
avokd such tedions mindless work by one or two Inclsive observations—ihat's
what matlematics Is all about. In this case, I you st “happened”™ 1o chose
I problems whene the exam ple strocture was mol a ring then all you meeded
to do was to point out ope ring axiom that [ailed. ITH 1s obvios that a par-
tieular axiom & satlsfied then lts emough to say so (bt do say it, don't just
ot say nothing), bt make sure that you do address those axioms that are not
ohvimusly

Part (a) A ring without identity.
Part (b) Not aring distribnivity fails.
Part () Nota ring additive associativity fails.

Part (d) This isa field, which is “essentially 1he same as® (ie. lsomorphic
1) the reals with the normal operations.

Part (&) Thisis aring with additive identity (0, 0) and multiplicative identity
(1,11, Sometimes you will therelore see strange things ke

= [,0)
1=(11)
which really means
O v = O, Og)

lgsg = (g, lg)



where (g 158t means the additive ldentiiy In the ring B and similarly, 1x just
means the multiplicative identity in the ring & I the context l& understoond,
we slmply write  and L.

However, this s not a feld sinee non-zero elements such as (0, 1) and (1, 3)
have po multiplicative Inverses, In general, these wery same two elemens show
that the eross prodisct [eka. divect product) of two lelds B never a field, slnee
every feld contains (0 and 1, and these two elements are always non-oemo and
mever have [muliipleative) Inverses.

Part (f) This & a rimg: all the axloms go work becaise they work pointuwise
on the unctions. It's not a Held since only Tunctons that are never zero have
mudtiplieative lnverses.

Part (g) Not a ring: distributivity fals.

Part [h] This Is & ring with Idemtity, bt not a feld.

Problem W 8.1.5

Part (a) Again here, when the problem saye determine, you have to justify
what you say and explain. All you need 10 remark for most of the axloms (i
axloms V3-VT and V12-V1T) Is that they hold because they do in the entirety
of K. Then it remains to show that axloms V1,72 V0 (pretty clear) and V11
s11] hold, while axioms V8 and V10 il

Part [h] There awe many right aswers. The set of non-megative reals s ome.
{0} 15 another.

Problem W 8.1.10 and 8.1.11

Recall that “tle smallest subset of X satlslying the predicate P Is a sulset
A C X gatlslying P such that for every B C X satklying P A C B, By this
definition, as we saw In ¢lass, Il such a smallest element exisis then it must
be the intesection of all & C X satslying P, But the most important part
15 that if the intersection of all B satslying P does ot also satisly P ihere s
0 smallest element satislying P (sinee I there were 1t would have 1o be that
Interaes tion).

In the first problem (8.1.10) oo predicate 1s “s a ¢losed Interval containing
3, T and 157 The Intersection at hamd Is

A= ] lad.

23,1654

Since [3, 15) C [a,b] in every case, [3,15] C A also. And since [3, 15] is Infact
one of the ntersecied closed intervals, A C 3, 15] abo, proving that 4 = |3, 15],



which & In fact & ¢losed interval containing 3, T and 15, so it 1 our desioed
smallest such set.

I ihe gecond problem (8.1.11) our predicate 1s *k an open nierval eontain
inmg 3,7 and 157 The intersection at hand &

= n [, B).

LLr A L]

Again since [3, 15] C [a, 8] n every case, [3, 15] C B also. This time [3,15] s
ot o of the Intemected seis g0 we can't make the same argument as helore.
Instead we note that for = & [3, 15] we know that for 0 < ¢ < min{|3—z|, |15—2|}

g (3—¢ 15+6),

sox @ B Thus, B = [3 15 But this is not an open interval amd (s does
ot satisly owr predicate. We concliude that tlere s no smallkest open lnterval
containing 3, T and 15



