North-Holland

Session LIV




UIFG  NATO ASI
LES HOUCHES

Session LIV
1990

SUPERNOVAE



CONFERENCIERS

Z. Barkat
S.A. Bludman
D. Branch
R. Canal
M. Cassé
R.A. Chevalier
C. Fransson
W. Hillebrandt
R.P. Kirshmer
E. Miiller
D.K. Nadyozhin
K. Nomoto
C. Pollas
P.J. Schinder
R. Schaeffer
G.A. Tammann
F.-K. Thielemann
D. Vautherin
S.E. Woosley



UJFG

LES HOUCHES

SESSION LIV
31 Juillet — 1 Septembre 1990

SUPERNOVAE

édité par
S.A. BLUDMAN, R. MOCHKOVITCH
et J. ZINN-JUSTIN

NH
CE
&", |
.E
1994
NORTH-HOLLAND
AMSTERDAM * LONDON - NEW YORK - TOKYOQ

NATO ASI



ELSEVIER SCIENCE B.V.
Sara Burgerhartstraat 25
P.O. Box 211, 1000 AE Amsterdam, The Netherlands

ISBN: 0 444 81474 4

© 1994, Elsevier Science B.V. All rights reserved

No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form
or by any means, electronic, mechanical, photocopying, recording or otherwise, without the written
permission of the Publisher, Elsevier Science B.V., Copyright & Permissions Department, P.O. Box
521, 1000 AM Amsterdam, The Netherlands.

Special regulations for readers in the U.S.A.: This publication has been registered with the Copyright
Clearance Center Inc. (CCC), Salem, Massachusetts. Information can be obtained from the CCC about
conditions under which photocopies of parts of this publication may be made in the U.S.A. All other
copyright questions, including photocopying outside the U.S.A., should be referred to the Publisher,
unless otherwise specified.

No responsibility is assumed by the Publisher for any injury and/or damage 1o persons or property as
a matter of products liability, negligence or otherwise, or from any use or operation of any methods,
products, instructions or ideas contained in the material herein.

Printed in the Netherlands Printed on acid-free paper



LES HOUCHES
ECOLE D’ETE DE PHYSIQUE THEORIQUE

ORGANISME D’INTERET COMMUN DE
L’'UNIVERSITE JOSEPH FOURIER DE GRENOBLE ET DE
L’ INSTITUT NATIONAL POLYTECHNIQUE DE GRENOBLE
AIDE PAR
LE COMMISSARIAT A L’ENERGIE ATOMIQUE

Membres du conseil: M. Nemoz, président, P. Averbuch, R. Balian,
N. Boccara, C. DeWitt, JP. Hansen, S. Haroche, M. Jacob,
J.L. Lacoume, J.P. Laheurte, G. Lespinard, R. Maynard, A. Neveu,

A. Omont, Y. Rocard, R. Romestain, R. Stora, D. Thoulouze,
N. Vinh Mau, G. Weill

Directeur: J. Zinn-Justin

SESSION LIV

INSTITUT D’ETUDES AVANCEES DE I’OTAN
NATO ADVANCED STUDY INSTITUTE

31 Juillet—1 Septembre 1990

Directeurs scientifiques de la session: S.A. Bludman, Department of Physics,

University of Pennsylvania, Philadelphia PA 19104, USA et R. Mochkovitch,

Centre National de la Recherche Scientifique, Institut d’ Astrophysique, 98 Bis
Boulevard Arago, 75014, Paris France



VI

VII

VI

IX

X1

X1l

XIII

X1V

XV
XVI

XVII
XVIII
XI1X

XX

XXI
XXII
XXII
XXV
XXV
XXVI

June Inst.
XXVII

XXVIII
XXIX

1951
1952
1953
1954

1955

1956

1957

1958

1959

1960

1961

1962

1963

1964

1965
1966

1967
1968
1969

1970

1971
1972
1972
1973
1973
1974

1975
1975

1975
1976

SESSIONS PRECEDENTES

Meécanique quantique. Théorie quantique des champs

Quantum mechanics. Mécanique statistique. Physique nucléaire

Quantum mechanics. Etat solide. Mécanique statistique. Elementary particles
Meécanique quantique. Théorie des collisions; two-nucleon interaction. Electro-
dynamique quantique

Quantum mechanics. Non-equilibrium phenomena. Réactions nucléaires. Inter-
action of a nucleus with atomic and molecular fields

Quantum perturbation theory. Low temperature physics. Quantum theory of
solids; dislocations and plastic properties. Magnetism; ferromagnetism

Théorie de la diffusion; recent developments in field theory. Interaction nucléaire;
interactions fortes. Electrons de hauté énergie. Experiments in high energy nu-
clear physics

Le probléeme a N corps (Dunod, Wiley, Methuen)

La théorie des gaz neutres et ionisés (Hermann, Wiley)*

Relations de dispersion et particules élémentaires (Hermann, Wiley)*

La physique des basses températures. Low-temperature physics (Gordon and
Breach, Presses Universitaires)™®

Géophysique extérieure. Geophysics: the earth’s environment

(Gordon and Breach)*

Relativité, groupes et topologie. Relativity, groups and topology (Gordon and
Breach)*

Optique et électronique quantiques. Quantum optics and electronics (Gordon and
Breach)*

Physique des hautes énergies. High energy physics (Gordon and Breach)*
Hautes énergies en astrophysique. High energy astrophysics

(Gordon and Breach)*

Probleme 4 N corps. Many-body physics (Gordon and Breach)*

Physique nucléaire. Nuclear physics (Gordon and Breach)*

Aspects physiques de quelques.problémes biologiques. Physical problems in bi-
ology (Gordon and Breach)*

Mécanique statistique et théorie quantique des champs. Statistical mechanics and
quantum field theory (Gordon and Breach)*

Physique des particules. Particle physics (Gordon and Breach)*

Physique des plasmas. Plasma physics (Gordon and Breach)*

Les astres occlus. Black holes (Gordon and Breach)*

Dynamique des fluides. Fluid dynamics (Gordon and Breach)*

Fluides moléculaires. Molecular fluids (Gordon and Breach)*

Physique atomique et moléculaire et matiére interstellaire. Atomic and molecular
physics and the interstellar matter (North-Holland)*

Structural analysis of collision amplitudes (North-Holland)

Aux frontiéres de la spectroscopie laser. Frontiers in laser spectroscopy
(North-Holland)*

Meéthodes en théorie des champs. Methods in field theory (North-Holland)*
Interactions électromagnétiques et faibles a haute énergie. Weak and electromag-
netic interactions at high energy (North-Holland)*

vi



XXX 1977

XXXI 1978
XXXIT 1979
XXX 1979

XXXIV 1980
XXXV 1980
XXXVI 1981

XXXVII 1981

XXXVIII 1982

XXXIX 1982

XL 1983

XLI 1983
XLII 1984

XLIIT 1984
XLIV 1985
XLV 1985
XLVI 1986
XLVII 1987

XLVII 1988
XLIX 1988

L 1988

LI 1989

LII 1989
LIII 1990

Ions lourds et mésons en physique nucléaire. Nuclear physics with mesons and
heavy ions (North-Holland)*

La matiére mal condensée. Ill-condensed matter (North-Holland)*

Cosmologie physique. Physical cosmology (North-Holland)*

Membranes et communication intercellulaire. Membranes and intercellular com-
munication (North-Holland)*

Interaction laser-plasma. Laser-plasma interaction (North-Holland)

Physique des défauts. Physics of defects (North-Holland)*

Comportement chaotique des systemes déterministes. Chaotic behaviour of de-
terministic systems (North-Holland)*

Théories de jauge en physique des hautes énergies. Gauge theories in high energy
physics (North-Holland)*

Tendances actuelles en physique atomique. New trends in atomic physics
(North-Holland)*

Développements récents en théorie des champs et mécanique statistique. Recent
advances in field theory and statistical mechanics (North-Holland)*

Relativité, groupes et topologie 11. Relativity, groups and topology II
(North-Holland)*

Naissance et enfance des étoiles. Birth and infancy of stars (North-Holland)*
Aspects cellulaires et moléculaires de la biologie du développement. Cellular and
molecular aspects of developmental biology (North-Holland)*

Phénomenes critiques, systemes aléatoires, théories de jauge. Critical phenom-
ena, random systems, gauge theories (North-Holland)*

Architecture des interactions fondamentales a courte distance. Architecture of
fundamental interactions at short distances (North-Holland)*

Traitement du signal. Signal processing (North-Holland)*

Le hasard et la matiére. Chance and matter (North-Holland)*

Dynamique des fluides astrophysiques. Astrophysical fluid dynamics
(North-Holland)*

Liquides en interfaces. Liquids at interfaces (North-Holland)*

Champs, cordes et phénomenes critiques. Fields, strings and critical phenomena
(North-Holland)*

Tomographie océanographique et géophysique. Oceanographic and geophysical
tomography (North-Holland)*

Liquides, cristallisation et transition vitreuse. Liquids, freezing and glass transi-
tion (North-Holland)

Chaos et physique quantique. Chaos and quantum physics (North-Holland)*
Systemes fondamentaux en optique quantique. Fundamental systems in quantum
optics (North-Holland)*

* Sessions ayant regu I’appui du Comité Scientifique de I'OTAN

vii






LECTURERS

Z. Barkat Racah Institute of Physics, Hebrew University, Jerusalem, Israel

S.A. Bludman Department of Physics, University of Pennsylvania, Philadelphia
PA 19104, USA

D. Branch Department of Physics and Astronomy, University of Oklahoma, Nor-
man OK 73019, USA

R. Canal Departament d’Astronomia i Meterologia, Universitat de Barcelona,
08028 Barcelona, Spain

M. Cassé CEN-Saclay, DAPNIA, Service d’Astrophysique, F-91191 Gif-sur-
Yvette Cedex, France

R.A. Chevalier Department of Astronomy, University of Virginia, Charlottesville
VA 22903, USA

C. Fransson Stockholm Observatory, S-133 36 Saltsjobaden, Sweden

W. Hillebrandr Max-Planck-Institut fiir Physik und Astrophysik, Institut fiir Astro-
physik, Karl-Schwarzschild-Strasse 1, 8046 Garching bei Miinchen, Germany

R.P. Kirshner Center for Astrophysics, 60 Garden St., Cambridge MA 02138, USA

E. Miiller Max-Planck-Institut fiir Physik und Astrophysik, Institut fiir Astro-
physik, Karl-Schwarzschild-Strasse 1, 8046 Garching bei Miinchen, Germany

D.K. Nadyozhin Institute of Theoretical and Experimental Physics, 117259 Mos-
cow, Russia

K. Nomoto Department of Astronomy, Faculty of Science, University of Tokyo,
Bunkyo-ku, Tokyo 113, Japan

C. Pollas Observatoire de la Cote d’ Azur, CERGA, F-06460 St Vallier de Thiey,
France

P.J. Schinder Department of Astronomy, Cornell University, Ithaca NY 14853,
USA

R. Schaeffer Service de Physique Théorique, CEN-Saclay, F-91191 Gif-sur-Yvette
Cedex, France

G.A. Tammann Astronomisches Institut der Universitit Basel, European Southern
Observatory, Garching, Germany

F.-K. Thielemann Harvard-Smithsonian Center for Astrophysics, 60 Garden Street,
Cambridge MA 02138, USA



Lecturers

D. Vautherin Division de Physique Théorique, Institut de Physique Nucléaire, Uni-
versité Paris-Sud, F-91406 Orsay Cedex, France

§.E. Woosley Board of Studies in Astronomy and Astrophysics, University of Cal-
ifornia at Santa Cruz, Santa Cruz CA 95064, USA



PARTICIPANTS

Benetti, Stefano Dipartimento di Astronomia dell’ Universita di Padova, Osserva-
torio Astrofisico di Asiago, Asiago (VI), ltaly

Benvenuto, Omar Facultad de Ciencias Astronomicas y Geofisicas, Universidad
Nacional de La Plata, Paseo del Bosque S/N (1900) La Plata, Argentina

Blottiau, Patrick Centre d’Etudes de Limeil-Valenton, 94195 Villeneuve-St Geor-
ges Cedex, France

Boffin, Henri Institut d’ Astronomie d’ Astrophysique et de Géophysique, C.P. 165,
Université Libre de Bruxelles, 50, av. E.D. Roosevelt, B-1050 Brussels, Bel-
gium

Dgani, Ruth CHEAF, P.O. Box 41882, 1009 DB Amsterdam, Holland

Dominguez, Inma CEAB, C/Sta. Barbara, 17300 Blanes (Gerona), Spain

Dupraz, Christophe Laboratoire de Radioastronomie Millimétrique, Ecole Nor-
male Supérieure, 24 rue Lhomond, F-75231 Paris Cedex 05, France

Emmering, Robert Theoretical Astrophysics, Caltech 130-33, Pasadena CA
91125, USA

Font Roda, José Antonio Departamento de Fisica Teorica, Facultad de Fisica, Uni-
versitat de Valencia, Burjassot 46100 Valencia, Spain

Gabi, Silvia Stockholms Observatorium, Institution for Astronomi, S-13300 Sal-
tjobaden, Sweden

Glasner, Shimon Ami Racah Institute of Physics, The Hebrew University, Jerusa-
lem, Israel

Gomez, Gabriel Instituto de Astrofisica de Canarias, Via Lactea S/N 38200 La
Laguna Tenerife, Spain

Gourgoulhon, Eric D.A.R.C.-L.A.M., Observatoire de Paris-Meudon, 92195
Meudon Cedex, France

Hamuy, Mario Cerro Tololo Inter-American Observatory, Casilla 603, La Serena,
Chile

Hix, William Raphael Center for Astrophysics (MS-10), 60 Garden St., Cambridge
MA 02138, USA

Houck, John Dept. of Astronomy, University of Virginia, Box 3818, University
Station, Charlottesville VA 22903-0818, USA

xi



Participants

Huguet, Eric D.A.S.G.A.L. Observatoire de Paris-Meudon, F-92195 Meudon
Cedex, France

Janka, Hans-Thomas Max-Planck-Institut fiir Astrophysik, Karl-Schwarzschild-
Str. 1, 8046 Garching, Fed. Rep. of Germany

Jeffery, David Dept. of Physics and Astronomy, University of Oklahoma, 440 West
Brooks, Rm 131, Norman OK 73019, USA

Jose, Jordi Dept. de Fisica i Enginyeria Nuclear, Facultat d’Informatica de
Barcelona, Universitat Politecnica de Catalunya, c¢/Pau Gargallo 5, E-08028
Barcelona, Spain

Liu, Weihong Center for Astrophysics (MS-14), 60 Garden St., Cambridge MA
02138, USA

Livne, Eli Racah Institute of Physics, Hebrew University, Jerusalem, Israel

Loxen, Johannes Universitétssternwarte Gottingen, Geismar Landstrasse 11, 3400
Gottingen, Fed. Rep. of Germany

Miller, Douglas Dept. of Physics and Astronomy, University of Oklahoma, 440
West Brooks, Rm 131, Norman OK 73019, USA

Mimouni, Jamal Institut de Physique, Université de Constantine, Constantine,
Algérie

Mohan Rao, Desaraju Indian Institute of Astrophysics, Bangalore 560 034, India

Montes, Marcos Stanford Physics Department, Stanford University, Stanford CA
94305, USA

Neuforge, Corinne Institut d’Astrophysique, Université de Liége, 5 avenue de
Cointe, 4200 Ougrée-Liége, Belgium

Paulus, Guy Institut d’ Astronomie et d” Astrophysique, CP-165, Université Libre
de Bruxelles, 50, av. F.D. Roosevelt, B-1050 Brussels, Belgium

Pichon, Bernard D.A R.C./L.A M., Observatoire de Paris-Meudon, F-92195 Meu-
don Cedex, France

Pistinner, Shlomi Physics Department, Technion, Haifa, Israel

Romero Bauset, José Vicente Departamento de Fisica Teorica, Facultad de Fisica,
Universidad de Valencia, Burjassot 46100 Valencia, Spain

Ruiz Lapuente, Pilar Dpto. de Fisica de la Atmosfera, Astronomia y Astrofisica,
Facultad de Fisica, Diagonal 647, Barcelona 08028, Spain

Sabalisck, Nanci Instituto Astronomico e Geofisico, U.S.P., Caixa Postal 30627,
Sao Paulo S.P.,, Brazil

Salinas, Ener Fysikum, Vanadisvigen 9, S-113 46 Stockholm, Sweden

Schmidt, Brian Center for Astrophysics (MS-10), 60 Garden St., Cambridge MA
02138, USA

Serino, Deneyse Janet Lick Observatory, Dept. of Astronomy and Astrophysics,
UCSC, Santa Cruz CA 95064, USA

Shigeyama, Toshikazu Dept. of Astronomy, Faculty of Sciences, University of
Tokyo, Bunkyo-ku Tokyo 113, Japan

xii



Participants

Widlund, Lennart Dept. of Physics, Vanadisvigen 9, S-113 46 Stockholm, Sweden
Yildiz, Mutly Middle East Technical University, Physics Dept., 06531 Ankara,

Turkey
Young, Tim Dept. of Physics and Astronomy, University of Oklahoma, 440 West

Brooks, Rm 131, Norman OK 73019, USA

xiii






PREFACE

La cinquante-quatriéme session de 1’Ecole d’Eté de Physique Théorique qui
s’est tenue aux Houches du 31 Juillet au 1 Septembre 1990 a été consacrée aux
progres récents de la physique des supernovae. Un intérét particulier a bien siir été
porté aux résultats fascinants obtenus sur la supernova 1987A du Grand Nuage de
Magellan.

Les supernovae sont parmi les manifestations lumineuses les plus spectaculaires
de I’astronomie et les événements les plus énergiques depuis le Big-Bang. Ces ex-
plosions sont la marque de la mort d’étoiles massives ou d’étoiles dégénérées ap-
partenant a des systemes binaires. Elles synthétisent des éléments lourds et leurs
débris, en se propageant dans le milieu interstellaire, induisent la formation de
nouvelles générations d’étoiles. Bien que la supernova 1987A du Grand Nuage de
Magellan ait eu un retentissement considérable, tant scientifique que grand pub-
lic, ce cours de cinq semaines aux Houches est a notre connaissance la premiére
présentation adaptée a des étudiants voulant se spécialiser en physique des su-
pernovae. Dans cette préface, nous donnons la liste des cours et conférences de
I’Ecole et cela méme dans les cas ot ils n’ont pas donné lieu a une contribution
écrite dans cet ouvrage.

L’Ecole a débuté par une introduction a la classification spectroscopique et
photométrique des supernovae (Kirshner, Branch, Pollas). Le but ultime de ces
classifications est de relier les propriétés observationnelles des supernovae aux
caractéristiques des étoiles parentes (nature du coeur et de I’enveloppe, envi-
ronnement circumstellaire) et aux mécanismes d’explosion. Les SN II-P et II-
L proviennent sans doute de I’effondrement gravitationnel du coeur dégénéré
d’étoiles massives (composé de fer ou d’un mélange O/Ne/Mg). Les SN Ia sont
apparemment le résultat de I’allumage des réactions nucléaires au centre d’une
naine blanche en accrétion. La classe nouvelle des SN Ib et Ic (dénommées con-
jointement SN Ibc) peut trouver son origine dans I’effondrement du coeur de fer
d’étoiles d’hélium dans des binaires et/ou dans I’allumage thermonucléaire hors
du centre dans des naines blanches en accrétion.

En particulier, apres la séparation d’avec les SN Ibc, les SN Ia émergent comme
une sous-classe homogene de chandelles standards, utiles en cosmologie pour la
mesure des champs de vitesse et en tant qu’indicateurs de distance pour Hj et gq.
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Préface

Tammann discute la statistique des supernovae. La fréquence et la fonction de
luminosité sont des paramétres importants pour I'étude de la nucléosynthése et
de I’évolution galactique ainsi que pour les perspectives de détection de neutri-
nos ou d’ondes gravitationnelles lors d’effondrements stellaires (Lagage, Saave-
dra, Yvert). Plusieurs questions restent posées: le nombre des supernovae sous-
lumineuses comme SN 1987A ou celles appartenant 4 la nouvelle classe des SN
Ibc a-t-il été sous-estimé? Quelle est la connexion statistique entre les supernovae
d’une part, les restes de supernovae et les pulsars d’autre part?

Les stades avancés de I’évolution stellaire, avec dans les systémes binaires
I"allumage thermonucléaire conduisant  une déflagration ou une détonation sont
détaillés par Barkat, Canal, Nomoto et Miiller. Le modéle de déflagration du car-
bone dans une naine blanche en accrétion rend assez bien compte du spectre des
SN Ia, et peut-Etre aussi de celui des SN Ibc (Nomoto, Canal, Woosley et Weaver).

Les SN II, ainsi qu’éventuellement certaines SN Ibc, sont issues de I’effondre-
ment du coeur dégénéré d’étoiles massives isolées, suivi d’une explosion (Hille-
brandt, Nadyozhin, Woosley et Weaver). Bien que pour obtenir I’explosion il suff-
ise de déposer a peine 1% de 1'énergie des neutrinos 4 la base de 1’enveloppe de
la presupernova, les modéles théoriques ont beaucoup de peine a parvenir a ce
résultat. Les calculs dépendent de I’équation d’état nucléaire (Vautherin), des tech-
niques de simulation hydrodynamique (Miiller), et sont particulirement sensibles
aux détails du transport des neutrinos en raison du faible couplage de ceux-ci avec
la matiere (Bludman, Nadyozhin, Schinder).

La supernova 1987A est maintenant bien interprétée comme une type 11-P dont
la luminosité a été faible car son étoile parente avait évolué en une supergéante
bleue de relatif petit rayon dans un environnement de faible métallicité. Les car-
actéristiques de I’explosion sont discutés en grand détail par Nomoto. La courbe
de lumiére tardive est alimentée en énergie par les photons X durs et gamma
provenant de la désintégration du **Ni (Cassé et Lehoucq, Fransson).

Chevalier (et Ballet) présentent I'évolution des restes de supermnovae et leur effet
sur le milieu interstellaire. La nucléosynthése est traitée par Thielemann, Nomoto
et Hashimoto et par Woosley et Weaver. Particuliérement intéressante apparait la
possibilité de nucléosynthése induite par neutrinos. Enfin, 1’évolution chimique
de notre Galaxie est abordée par Schaeffer.

Ces cours et séminaires ont été complétés par une conférence sur 1'intérét des
mesures récentes du flux de nentrinos solaires (Bludman), par une excitante visite
au détecteur de neutrinos du tunnel du Mont-Blanc, par plusieurs films et par des
soirées d’observation du ciel de montagne avec un petit télescope de 13 cm.

Lors de cette session nous avons eu ainsi 1’opportunité de rassembler aux
Houches quinze actifs professeurs venant d’Europe, des USA, de Russie, d’Israel
et du Japon, présents aux Houches pendant plusieurs semaines et interagissant
avec bonheur avec les étudiants. Ceux-ci, femmes et hommes des cinqg continents,
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organisérent de nombreuses discussions de groupe desquelles vont certainement
émerger amitié€s et collaborations futures. Nous espérons que cette école a en-
couragé une nouvelle génération de jeunes astronomes & travailler dans le domaine
excitant et en pleine évolution qu’est la physique des supernovae.

Remerciements
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PREFACE

The fifty-fourth session of the Summer School in Theoretical Physics, which
took place in Les Houches from July 31 to September 1, 1990, has been devoted to
the recent advances in the phycics of supernovae. A special emphasis has naturally
been given to the fascinating results obtained from supernova 1987A in the Large
Magellanic Cloud.

Supernovae are the most dramatic optical display in astronomy and the most
energetic events in the Universe since the Big Bang. These explosions are the cat-
aclysmic deaths of massive stars or of degenerate stars in binaries. Their debris
explosively synthesizes the heavy elements and, propagating through the inter-
stellar medium, is reprocessed into later generations of stars. Although supernova
1987A in the nearby Large Magellanic Cloud stimulated tremendous scientific
and popular interest, this five-week course at Les Houches is the first comprehen-
sive presentation for advanced students of which we are aware. In this preface, we
summarize the institute lectures, parenthetically referring to the lecturers, whether
or not their written contributions could appear in this volume.

Our advanced study institute began with the spectroscopic and photometric clas-
sification of supernovae (Kirshner, Branch, Pollas). The ultimate aim is to relate
these observational classifications to progenitor characteristics (stellar core and
envelope, circumstellar environment) and to explosion mechanisms. SN II-P and
II-L apparently arise from the gravitational collapse of Fe and O/Ne/Mg degener-
ate cores of single star progenitors. SN Ia are believed to arise from the accretion-
induced central ignition of an accreting white dwarf. The emerging class of SN Ib
and Ic (which we discuss together as SN Ibc) may originate in Fe core collapse in
binary helium stars and/or by off-center ignition in accretion-induced thermonu-
clear explosions.

Particularly after SN Ibc are removed, SN la emerge as a relatively homoge-
neous sub-class of standard bombs, cosmologically useful as probes of the nearby
peculiar velocity field and as distance indicators for Hy and gq.

Tammann discusses supernova statistics. The supernova rates and luminos-
ity functions are important to nucleosynthesis and galactic evolution and for the
prospects for neutrino and gravitational wave detection of stellar collapses (La-
gage, Saavedra, Yvert). Questions remaining here include: are low-luminosity

Xix



Preface

supernovae, such as SN 1987A and the new sub-class of SN Ibc, being under-
counted? Can anything be established statistically relating supernovae to super-
nova remnants or to pulsars?

Late stages of stellar evolution, culminating in binary star accretion-induced
thermal runaway, deflagration or detonation, are discussed (Barkat, Canal, Nomo-
to, Miiller). A model for a centrally ignited carbon deflagration in accreting white
dwarfs fits the spectra of SN la, and perhaps those of SN Ibc (Nomoto, Canal,
Woosley and Weaver).

Type II, and possibly at least some Ibc supernovae, originate in the collapse of
the degenerate cores of massive single stars by a neutrino-driven explosion (Hille-
brandt, Nadyozhin, Woosley and Weaver). Although only 1% of the neutrino en-
ergy needs to be deposited at the base of the presupernova envelope, theoretical
models have not yet produced a consistently strong explosion. The calculations
are sensitive to nuclear equation of state (Vautherin) and numerical hydrodynam-
ics (Miiller) and, because of the weak coupling between neutrinos and matter,
especially sensitive to neutrino transport (Bludman, Nadyozhin, Schinder).

Supernova 1987A is now well understood as a type II-P supernova whose lumi-
nosity is low because its progenitor evolved as a small-radius blue supergiant in a
low-metallicity environment. The explosion parameters are discussed by Nomoto
and by others. Its late light curve is driven by hard X-rays and gamma rays from
%6Co decay (Cassé and Lehoucq, Fransson).

The evolution of supernova remnants and their effects on the interstellar
medium are considered by Chevalier (and Ballet). Nucleosynthesis is discussed by
Thielemann, Nomoto and Hashimoto and by Woosley and Weaver. Especially in-
teresting are the possibilities of neutrino-induced nucleosynthesis. Chemical evo-
lution of our galaxy is treated by Schaeffer.

These formal lectures were augmented by a talk on the significance of recent
solar neutrino observations (Bludman), by an exciting visit to the neutrino obser-
vatory inside the Mont-Blanc tunnel, by several films, and by evenings of obser-
vations of the clear mountain sky with a 5 in. refractor telescope at the school.

We were fortunate enough to assemble fifteen active professors from Europe,
USA, Russia, Israel and Japan, who came to Les Houches for several weeks, inter-
acting productively with the students, who were women and men from five conti-
nents, with all levels of graduate preparation. These students organized several dis-
cussion groups from which friendships and collaborations will probably emerge.
We hope that the institute stimulated a new generation of young astronomers to
work in the exciting, fast-moving field of supernova astrophysics.
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1. Introduction

The present remarks on supernova' frequencies draw heavily on three recent
papers (Schroder, Schwengeler, and Tammann, 1991, hereafter SST; van den
Bergh and Tammann, 1991, hereafter vdBT; Tammann and Schréder, 1991,
hereafter TS). For additional details the reader is referred to these sources.

SN frequencies are an important input parameter for stellar and galaxian
evolution. The basic statistics of SNe are very simple. The difficulty lies,
as in all fields of astronomy, in the definition of fair samples of SNe and
galaxies. In addition, even an optimist can define, in the case of SNe and
their parent galaxies, only a badly restricted sample. One stands therefore
typically against the pitfalls of small-number statistics.

SN frequency determinations began with Zwicky (1938) and contended
themselves for almost forty years with frequencies per “average galaxy”.
The ensuing controversy of “average” frequencies was caused by the lack of
detailed data of the parent galaxies. As Hubble types of a sufficient sample
of parent galaxies and at least their relative luminosities (from recession
velocities) became available, it became clear that different types of SNe have
quite different rates in galaxies of different Hubble type and of different
luminosity. It became also increasingly clear (Tammann, 1974) that existing
SN catalogues suffer severe systematic-selection effects, which must be taken
into account if physically meaningful SN frequencies are to be determined.
In addition the different peak luminosities of SNe of different type have an
important effect on their detection probability (Cappellaro and Turatto, 1988;
Evans et al., 1989).

In the following it is assumed that only three types of SNe exist, viz. Ia,
Ib, and II. SNelc are included in Ib; SNell£ and IIp are not distinguished.
SNela occur in E and SO galaxies; in spirals they belong to the old disc
population (not halo population! (Tammann, 1977)). SNelb are assumed to
have massive progenitors, like SNell, and therefore to belong to the young
population.

! In the following: supernova = SN, supernovae = SNe.
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It is reasonable to assume that the SN rate of a galaxy is proportional
to its mass. However, total masses of galaxies are poorly known. On the
assumption that the mass-to-light ratio of a given type of galaxy is nearly
constant, the mass of a galaxy can be substituted by its luminosity. Indeed
one can show that the SN rate scales with the luminosity of a galaxy (section
3.4). One wants therefore not the number of SNe per “average galaxy”, but
the number of SNe per unit luminosity L (here in solar luminosities Lgg
with Mp, = 5™.48 assumed). Hence the frequency v (in years™!) per unit
luminosity (10'°Lps) becomes

b= Nsn
X, (L; At;)

where Ngy is the number of SNe that n galaxies have produced, of which the
ith galaxy has the luminosity L; and has been controlled during A¢; years.

The control time At is the sum of the time intervals during which a SN
in a given galaxy could not have escaped detection. At depends on the
apparent magnitude limit m of the search, on the epoch of observations, on
the distance of the parent galaxy, on the maximum luminosity of the SN and
on the shape of its light curve before and after maximum. Az must therefore
be calculated separately for each galaxy and each type of SN.

It has become customary to express SN frequencies v in “supernova units”
= SNu. One SNu corresponds to 1 SN per 100 years per 10'°L. Note that
the luminosity scales with the Hubble constant like Hy%. Hp = 50 km s
Mpc~! is assumed throughout this paper. For other values of Hy the SNu
values scale therefore with (Ho/50)2.

Only for a minority of all known SNe can the control times be calcu-
lated. Most SNe have been found more or less serendipitously. Therefore,
to minimize the effects of small-number statistics, the following strategy is
used to determine SN frequencies: only relative SN rates are derived from a
relatively large sample of galaxies (section 3), and then these relative rates
are absolutely calibrated using two rather restricted SN searches with good
control times (section 4).

2. The data

2.1. The sample of galaxies

It is very important to define objectively, i.e., independently of SN produc-
tivity, a sample of galaxies from which SN frequencies are to be determined.
Otherwise it is not possible to decide how many bright, fainter, and faintest
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galaxies in the field of a detected SN have potentially contributed to the
discovery.

The galaxy sample should be as large as possible, but on the other hand
the galaxies should be nearby and reliable parameters, such as Hubble type,
recession velocity, magnitude, etc., should be known. In distant galaxies the
discrimination against intrinsically faint SNe becomes severe and SNe in the
inner parts of the parent galaxies are lost (cf. section 3.1).

The best compromise seems to be to consider galaxies of the Shapley—
Ames Catalog (Sandage and Tammann, 1987) with distances smaller than or
equal to the Virgo cluster. Relative distances are determined from recession
velocities (corrected for a self-consistent Virgocentric infall model). Lumi-
nosities are calculated, as stated before, by assuming H,, = 50 km s~! Mpc~!
(Sandage and Tammann, 1990), except for the nearest galaxies for which
Cepheid distances are used. Galaxy luminosities are corrected for Galactic
and internal absorption.

The choice leads to what is called the “fiducial sample” (for a galaxy listing
see SST), consisting of 342 galaxies. This all-sky sample is not necessarily
homogeneously searched for SNe. The northern hemisphere has been under
scrutiny longer than the southern one. But as long as it is used only to derive
relative SN rates equal control times are not required. The control times
may even be distance-dependent. It is important only that the intensity of the
search not be a function of Hubble type and be independent of the specific
SN productivity of a sample galaxy.

2.2. The sample of SNe

The galaxies of the fiducial sample have produced 97 SNe as of March 1,
1990. The SNe are taken from the list of Barbon, Cappellaro, and Turatto
(1989) for the period up to December 31, 1988, and thereafter from the
IAU Circulars. The types of the SNe are taken from the same sources; this
somewhat arbitrary policy dissolves some contradictions in the literature.
Note, however, that for 35% of all SNe of the sample no type is available
or they are classified only as “Type I” (Ia of Ib?)! Contrary to Barbon et
al. (1989) variable n° 16 in NGC 2403 (Tammann and Sandage, 1968) was
not accepted as a SN.

For calculating the control times of different SN types some assumptions
must be adopted as to their photometric properties.

SNe Ia are assumed to be perfect standard candles, i.e., they have a uniform
absolute magﬁlitude at maximum (Tammann, 1982; Cadonau et al., 1985;
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Leibundgut, 1990; Branch and Tammann, 1991). My, = —19.79 is adopted
(Leibundgut and Tammann, 1990). The shape of the standard light curve is
taken from Cadonau et al. (1985).

The presently available photometric data on SNeIb do still not allow firm
conclusions as to their maximum absolute magnitude M, and the intrinsic
scatter oy about this value. My, = —18.2 and oy = 0™ is adopted here,
although there is some evidence that SNelb are a less homogeneous class
than SNela. The shape of the Ib light curve is assumed to be the same as
that of Type Ia (Wheeler and Harkness, 1990).

SNell are on average considerably fainter than SNela, and even fainter
than SNeIb. Following Tammann and Schroder (1990) for My.x I adopt a
broad Gaussian distribution with (Mpy.) = —17.18 and oy = 1.2 (fig. 1).
This luminosity function allows for the strongly underluminous SN 1987A
in LMC, but it would be a rather rare event. Miller and Branch (1990) have
argued, that similarly faint SNe II are quite frequent objects, but that they
are systematically discriminated against in existing searches. More extreme
yet is the proposal of Schmitz and Gaskell (1988) that underluminous SNe
like SN 1987A dominate the SN population. This conclusion, however, is
based on the so-called V / Vi, test, which is applicable only if the discovery
chance is independent of distance out to a limiting distance ry.x. But parent
galaxies are situated at discrete distances, and even if a background galaxy
occasionally lies in the line of sight, the discovery of a SN out there is
extremely unlikely. I believe one can set quite stringent limits on the number
of SNe with M, ~ —15 from nearby galaxies which have been searched
for Cepheids and other variables over extended periods. But this does not
preclude that there may be a new, populous type of SNe of only My > —12.
Some theories in fact consider the possibility of “dark” SNe. This possibility
introduces the largest uncertainty into present SN statistics. It should be
borne in mind that the following SN frequencies allow for only a decreasing
number of SNe fainter than M, = —17.18.

The absolute magnitudes shown in fig. 1 are corrected for absorption in our
Galaxy, but not for intrinsic absorption in the parent galaxies. This correction
is in principle not justified because the discovery chance of a SN is governed
by its apparent luminosity, not by its intrinsic luminosity. Strictly speaking
no correction for Galactic absorption should be applied to SNe either. But
it would be cumbersome to calculate control times for all galaxies according
to their individual front absorption. With a mean front absorption of only
Ag ~ 0.15 for the galaxies of the fiducial sample, the Galactic absorption
introduces only a second-order effect.
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Fig. 1. The distribution in absolute magnitude of a minimum bias sample of SNe Il
with known maximum brightness. Shaded squares are SNe Il nearer than the Virgo
cluster. The narrower Gauss function is a fit to the nearer sample; the wider curve
represents the combined sample.

3. Relative SN rates

Observed SN numbers are subject to several selection effects, which are
explained in this section. In addition the fiducial sample is used to test the
basic assumption that the SN productivity is proportional to the galaxian
luminosity (in blue as well as in far-infrared (FIR) and He light). Also
Zwicky’s notion of the existence of “fast producers” is investigated. The
section is concluded with an investigation of the relative frequencies of SNe
of different types in galaxies of different bins of the Hubble sequence.

3.1. The radial distance effect

If one plots the projected distances of a SN from the center of its parent
galaxy versus the recession velocity of that galaxy, one notices that the radial
distance of SNe increases with increasing distance from the observer. In fact
the data reveal a distance-dependent lower cutoff, below which no SNe have
been found. At a recession velocity of 5000 km s~' the cutoff already
conceals the inner 50% of all SNe, assuming that the radial distribution of
SNe is everywhere the same. This effect, which was described by Shaw
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(1979), can only be due to the high surface brightness in the inner parts of
galaxies, which impairs the discovery chance of SNe.

The bias introduced by the Shaw effect seems to be very small for nearby
galaxies out to the Virgo cluster. For the fiducial sample the effect is therefore
neglected. For SN statistics involving more distant galaxies the effect is
expected, however, to be of major importance.

3.2. The inclination effect

The discovery rate of SNe in face-on spirals is considerably higher than
in edge-on galaxies (Tammann, 1974, 1982). The reality of the effect has
been questioned for a long time, but is now well confirmed (Cappellaro and
Turatto, 1988; van den Bergh and McClure, 1990). The best evidence comes
from the fiducial sample (SST) and is shown in table 1.

Table 1, columns 3 and 4, show the total blue and FIR (cf. 3.4) luminosities
of the relevant galaxies of the fiducial sample. (Individual luminosities are
listed in SST.) The number of galaxies involved from column 2 is not the
same for blue and FIR luminosities, because FIR magnitudes are missing for
a few sample galaxies. For the same reason the number of SNe from column
5 is not the same for the two different colors.

Columns 6 and 7 show the importance of the inclination effect. The num-
ber of SNe per unit luminosity, regardless whether blue or FIR luminosities
are considered, is about four times lower in inclined spirals than in edge-on
objects. From this it is clear that SN frequencies would be grossly underes-
timated if the inclination effect were neglected.

A more detailed analysis shows that the inclination effect sets in quite
abruptly at i ~ 30° (SST; cf. also van den Bergh and McClure, 1990).
Neither the cause for this nor the cause for the inclination effect is, in general,
well understood. It seems reasonable to consider absorption in the parent
galaxy and the increased surface brightness of inclined galaxies (Tammann,
1974, 1982; SST; cf. however, van den Bergh and McClure, 1990). The
discriminating effect of high surface brightness is also revealed by the radial-
distance effect (section 3.1).

Table 1

Relative SN rates in spiral galaxies (SO/a—Im) of different inclination
Inclination nGal XLg SLpr nsN  nsn/ZLp nsn/ELpr
) @3] 3) 4) ©)] (6) Q)
[ < 30° 42/41 11483 2442 35 0.30 1.43
i > 30° 210201 604.56 128.26 47/46 0.078 0.359

face-on/inclined 3.8+09 40+09
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One may suspect that the inclination effect in spiral galaxies is more severe
for SNe from massive progenitors (Type II and Ib) than for SNe of the old
population, because the former are expected to be embedded more deeply
into the interstellar dust. A corresponding test (SST) can use only SNe of
known type and carries correspondingly rather high statistical errors. The
inclination factors become 5.0+ 1.6, 3.7 +4.0, and 1.5+ 1.0 for Type 11, Ib,
and Ia, respectively. These values point into the expected direction.

The inclination effect may also be a function of galaxy type, because the
dust content and the surface brightness vary through the Hubble sequence.
Indeed SST have found inclination factors of about 4, 2.5, and 1.2 for Sbc—
Sd, Sab-Sb, and SO/a-Sa galaxies respectively. For the rather transparent
Sdm-Im galaxies these authors assume the inclination effect to be negligi-
ble. These galaxy-type-dependent inclination factors are also adopted in the
present paper. The additional dependence on SN type must be neglected here,
because the fiducial sample contains a large fraction of SNe of unknown type.

A word of caution is in order. The inclination effect may well depend
on the search technique employed. For instance, if the inclination effect is
partially caused by surface brightness, it should depend on the focal length of
the telescope. Indeed the SN search by the Rev. Evans (section 3.2), whose
visual search technique is particularly insensitive to surface brightness, is
apparently free of any inclination bias.

3.3. SN rates in function of galaxian blue luminosity

As stated above, one expects SN rates to be proportional to galaxy mass
and hence to galaxy luminosity. Yet this expectation must be tested, for
which goal an unparalleled wealth of data is now available. The test must be
restricted to Sbc—Sd galaxies, because other types of galaxies have systemat-
ically different SN rates (section 3.7). In fact within the fiducial sample only
Sbc-Sd galaxies have produced enough SNe for a stringent test.

The Sbe-Sd galaxies of the fiducial sample are binned according to blue
absolute magnitude M3 (corrected for Galactic and intrinsic absorption) in
table 2, column 1. Their individual luminosities (in 10!© solar units) are
summed up in column 2. Here a special trick is applied to allow for the
inclination effect. For test galaxies with i > 30° the luminosity is divided by
the appropriate inclination factor (here 4x) as discussed in section 3.2. In
this way each galaxy enters with the weight that corresponds to its observable
SN rate. The notation L' is used in the following to remind the reader that
the luminosity L is reduced, where appropriate, by the galaxy type-specific
inclination factor. It is clear that the true SN rate, including SNe hidden
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by the inclination effect, should not be related to L*, but rather to the true
luminosity L.

Column 3 of table 2 lists the known number of SNe of all types per
luminosity bin. The relative SN rates per unit luminosity are shown in
column 4. Within the statistical errors the values scatter about the mean
value of 0.37 SNe per 10!°L. This result verifies the claim that the SN
productivity is proportional to the galaxian luminosity.

Table 2

Relative SN rates per unit B luminos-
ity for Sbc—Sd galaxies in function of
their absolute B magnitude

Mo ZLE nsN nSN/Z‘L'é
(1) @ (3) 4

—-16...—18 33 0 i3.03
—18...—-19 3.21 1 0.31
—-19...-20 24.81 7 0.28
-20...-21 4774 26 0.54
—-21..-22 6276 20 0.32
-22..-23 26.22 7 0.27

Total 165.06 61 0.37

As stated before, the test cannot be extended to other Hubble types because
of the small number of SNe known. However, it seems natural to assume
that if SN rates are proportional to blue luminosity in the case of Sbc-Sd
galaxies, the relation holds for all types of galaxies.

34. SN rates in function of galaxian far-infrared luminosity

The rate of SNe from massive progenitors should be proportional to the
number of massive, i.e., hot stars in a galaxy. The total blue luminosity of
a galaxy is not a particularly good indicator of that number. One wonders
therefore whether there is a more specific indicator for the massive popu-
lation of a galaxy. The color (B~V) may have some merit, and indeed SN
frequencies do correlate with the galaxian color (Tammann, 1977; Oemler
and Tinsley, 1979), but again this color is not specific for the young popu-
lation. (U-B) colors would be more promising, but this color is known for
only an insufficient number of galaxies.

The proposal of Jgrgensen (1990) to correlate the SN rate with the far-
infrared (FIR) fluxes (at 60 and 100 pm) of galaxies measured by the IRAS
satellite is very interesting because FIR luminosities reflect the heating of
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the interstellar disk by massive stars. The proposal by Jgrgensen has been
followed up by SST. These authors have compiled for (almost) all galaxies
of the fiducial sample FIR luminosities Lig. In order to compare these lu-
minosities with the observed number of SNe they must be reduced by the
appropriate inclination factor (section 3.2). After subdividing the resulting
luminosities Li into five bins of increasing luminosity, SST have found the
relative SN rate per unit FIR luminosity to decrease with increasing luminos-
ity. The SN rate is therefore not proportional to the FIR luminosity. Instead
SST have found the SN rate to be proportional to (Liz)*®. This power law is
not so surprising because Lz does not measure the number of massive stars,
but rather the temperature of the interstellar dust heated by massive stars.

The above analysis should be restricted to Type II and Ib SNe. However,
this restriction would invite additional problems of small-number statistics.
SST have therefore considered all SNe irrespective of type. Yet, it seems
unlikely that this (necessary) inaccuracy could have a qualitative effect on
their conclusion.

While in the case of blue luminosities SN rates depend on Ly and the
Hubble type, one may hope that the rate of SNe (of Type II and Ib) can be well
predicted by the single parameter Liz. The FIR luminosities are therefore
potentially a more powerful indicator of SN rates. SST have checked whether
the relative SN rate per unit FIR luminosity is indeed independent of the
Hubble type. Unfortunately the hope is not borne out; the dependence on
galaxy type seems to persist. I will return to this question in section 4.4.

Even with the dependence on Hubble type, the FIR luminosities are prob-
ably equally good indicators of the rates of Type II and Ib SNe as blue
luminosities.

3.5. SN rates in function of galaxian Ha flux

Another indicator of the number of massive stars in a galaxy is its Ho flux.
Hydrogen atoms are ionized by Lyman continuum photons that come essen-
tially only from stars with more than 10 My. Therefore there must be a
correlation between Ha flux and the rate of SNe of Type II and Ib, but none
is expected for SNe Ia.

Unfortunately Ha observations are available for only a fraction of the
galaxies of the fiducial sample. However, Kennicutt and Kent (1983) have
provided good Ha fluxes for 126 galaxies of type SO/a—Im, many of which
lie beyond the fiducial sample. This sample of galaxies was subjectively
selected and one can but assume that the selection was done independently
of the presence of known SNe.
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In an excellent paper Kennicutt (1984) has shown that the known SNe of
Type II, that have occurred in his Ha sample, lie preferentially in galaxies
of high absolute Ha flux. The correlation of SN rate and Ha luminosity is
in fact highly significant and is well fit by a direct proportionality. No such
correlation was found for SNel.

The SN sample available to Kennicutt (1984) was quite restricted and nec-
essarily affected by various selection effects. Moreover, SNela and SNe Ib
could not yet be distinguished in 1984. Therefore, in order to test Ken-
nicutt’s (1984) result, TS have determined the Ho luminosities of the 126
sample galaxies, using their adopted distance scale. In addition they have
calculated the hypothetical number of Type II and Ib SNe from the blue lu-
minosity of each galaxy by means of the Hubble type-dependent, absolute
SN frequencies from table 4. Then breaking the sample down into different
bins of Ha luminosity, shows that the SN rate per unit Ha luminosity is
indeed constant over the whole luminosity range. If instead the sample is
broken down into different Hubble types, no variation of the SN rate per unit
He luminosity is found within statistics. This means that the Ha luminosity
is a powerful indicator of the SNe II and SNeIb rate, without the need of a
second parameter (e.g., Hubble type).

3.6. Are there fast supernova producers?

There is the notion that there are some galaxies that have an intrinsic over-
production of SNe. There are indeed some galaxies with multiple SN oc-
currences. The most extreme cases are NGC 6946 with six SNe and NGC
5236 with five SNe. An ad hoc explanation of this is to assume that these
galaxies have experienced a star formation burst in the recent past and that
they contain an excess number of massive stars that die now as SNe of Type
IT or Ib (see, e.g. Rosa and Richter, 1988).

An alternative possibility is that the multiple SN events are just fluctuations
caused by chance. This is to say that the number of (known) SNe is only a
function of (inclination-corrected) blue luminosity L§ and of galaxian type,
and that deviations from the calculated frequency are simply the consequence
of small-number statistics of single events.

It is possible to apply a decisive test to distinguish between the two possi-
bilities, i.e., true overproducers versus statistical fluctuations. If namely the
multiple SN events are caused by chance, their observed number must be
reproduced (statistically) by Monte Carlo trials, for which the probability to
produce a SN is governed only by luminosity L and galaxian type. Because
the trials calculations are to be compared with the actually observed number



14 G. A. Tammann

of SNe, which is affected by the inclination effect of spirals (section 3.2),itis
evident that the inclination-adjusted luminosities Ly must be used for the test.

Exclusion of 12 amorphous or peculiar galaxies from the fiducial sample
leaves 330 galaxies. Their types and L% values are listed by SST. There are
96 SNe known in these galaxies. These SNe can be statistically distributed
over the 330 galaxies, using their probabilities to produce a SN. The proba-
bility of each galaxy is simply the product of its appropriate type-dependent
relative SN frequency and its L luminosity. Here the relative SN frequen-
cies for different Hubble types have been taken from Tammann (1982, table
2, column 2); these old values are sufficiently close to those derived in table
4 that they do not change the present conclusions.

In table 3 the predicted number of galaxies that should have produced 0,
1, 2, ..., 7 SNe (of the total sample of 96 SNe) are listed; the numbers
are averages of 1000 Monte Carlo trials. Also shown in table 3 are the
observed numbers of galaxies that have produced a given number of SNe.
The agreement between the predicted and observed number is excellent; this
strongly proves in favor of the assumption that SN frequencies depend only
on Hubble type and Lj. This conclusion is further strengthened by the fact
that SST found an equally good agreement between SN numbers predicted
from infrared luminosities (Liz)*3 and the actually observed numbers.

Table 3
Calculated and observed SN occurrences in the sample galaxies (for B prob-
abilities).
Number of SNe
0 ] 2 3 4 5 6 7
MC 1000 trials 263.84 4828 11.27 3.66 1.59 075 034 0.17
observed 264 50 8 5 1 1 1 0

These results show unambiguously that there is no reason whatsoever to
invoke star formation bursts or other peculiarities in some galaxies in order to
explain the observed multiple SN occurrences. Fast SN producers are simply
nearby, face-on, overluminous, late-type spirals (Tammann, 1974; cf. also
van den Bergh and McClure, 1990; van den Bergh, 1990). (In section 5.2, 1
will return briefly to fast SN producers.)

3.7. Relative SN frequencies

The distance-limited fiducial sample of SST lends itself to the determination
of relative frequencies of SNe of different types and in different types of
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galaxies. No open samples (Oemler and Tinsley, 1979) should be used for
this purpose, because they must contain an undue number of the exceptionally
luminous Type Ia SNe.

Table 4

The relative rates of supernovae of different types in

different types of galaxies.

Supemovae E-SO S0/a~Sa Sab-Sb Sbc-Sd  Sdm-Im

all types 007 0.05 0.15 0.37 0.40

Type Ia 007 0035 0.035 0.035 0.035

Type Ib — 0003 0019 006 0.06
Type II — 0012 009 0275 030

The galaxies of the fiducial sample are subdivided into five Hubble-type
bins in table 4. The first line of the table gives the relative SN frequencies,
i.e., the number of SNe (of all types) divided by the total blue, inclination-
adjusted luminosity L% in that type bin. Because we have not specified the
search time that corresponds to the SNe of the sample, these rates differ from
the true absolute rates (in SNu’s) by a yet unknown multiplication factor, but
the rates, based on a (nearly) unbiased sample of maximum size, should
represent the best relative rates available.

The statistical errors of the relative rates are negligible for Sbc—-Sd galaxies
(nsn = 61); they amount to 25% for E-SO and Sab—Sb galaxies with ngy =
14 and 16, respectively, and they are large for S0/a-Sa and Sdm-Im galaxies
with only ngny = 3 and 2, respectively. The somewhat low rate for SO/a—Sa
galaxies is therefore not significant. For Sdm-Im galaxies the formal rate
is 0.35; but we have assumed a rate of 0.40 to make it slightly larger than
the rate of Sbc—Sd spirals. In any case there is a strong variation of the SN
rate over different Hubble types. This variation is a factor of 5-6 between
early-type and late-type galaxies.

Table 4 does not show the amorphous (Am) galaxies, formerly called IrrII
or I0. Oemler and Tinsley (1979) and Thompson (1981) have suggested
that the known SNe in these galaxies indicated a quite high frequency per
unit luminosity and hence a high star formation rate. However, they could
not correct the galaxian luminosities for internal absorption, which must be
particularly high in these galaxies. In fact, if one adopts an unrealistically
small average internal absorption of 0.™13, the relative frequency becomes the
same as for Im galaxies. With a more realistic average internal absorption of
2.™0 the SN rate of Am galaxies becomes the same as that of E, SO galaxies!
The available data therefore do not support the notion of Am galaxies being
fast SN producers.
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The small Am galaxy NGC 5253 has produced two SNe. Of these, SN
1972E was of Type Ia. The close similarity of V(max) for both SNe suggests
that also SN 1895B was of the same type. Because this type of SN comes
from the old population, the double occurrence can certainly not be taken
as evidence for a star formation burst. The two SNe in an Am galaxy must
therefore be considered a statistical fluke.

The only evidence for Am galaxies having a high rate of SNe comes from
M82. From the decay of SN radio remnants Kronberg and Sramek (1985)
have estimated the SN frequency in the nucleus of this galaxy to be ~ 20-30
SNe per century! But none of these SNe have been observed optically. The
present optical sample of SNe is therefore unsuitable for drawing any final
conclusions on the intrinsic SN frequency of Am galaxies.

Not only is the overall SN rate a strong function of Hubble type, as is the
relative contribution of different types of SNe. The next step to derive the
best SN frequencies must be an evaluation to which extent do the different
types of SNe contribute to the relative rates in table 4. This evaluation must
be guided by the following considerations.

(1) All SNe in E-SO galaxies are assumed to be of Type Ia. The evidence
for this is not overwhelming. Of 80 SNe known in these galaxies (Barbon
et al., 1989) only 8 are classified as Ia or Ia:, but there is no (compelling)
evidence that any of the remaining SNe are of a different type. The conclusion
is consistent with our belief that SNe Ia come from an old population, which
is also the principal constituent of E/SO galaxies.

(2) Table 4 shows that the observed rate of SNe in early-type spirals (S0/a—
Sa) is marginally lower than it is in E-SO galaxies. For Type Ia alone this
becomes more significant by the observation, that some of the SNe in early-
type spirals are of Type II. Of 47 such SNe, Barbon et al. (1989) list five of
Type II (none of which belong to the fiducial sample). The observed 10%
contribution of Type II supernova must in fact be higher because all selection
effects discriminate against this type, and their contribution must presumably
be further increased by some Type Ib SNe.

(3) The ratio of Type II to Type I (i.e., Ia + Ib) SNe in Sbc-Sd galax-
ies was formerly believed to be ~ 1 : 1 (Tammann, 1982; Cappellaro and
Turatto, 1988). However, this conclusion was based on the assumption that
the discovery chance of SNe was not sensitive to the SN type. Actually the
control times At of Type II SNe are considerably shorter than that of Ib and
particularly that of Ia SNe. The true frequency of SNell has therefore been
underestimated in the past. Detailed allowance for the different control times
does indeed give higher SNell rates, viz. 2.1 : 1 from the revised rates of
Cappellaro and Turatto (1988) (section 4.1) as well as from the revised rates
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of Evans et al. (1989) (section 4.2). The subsample of face-on Sbc~Sd galax-
ies in the fiducial sample, which suffers minimum bias from inclination and
distance effects, yields a ratio of (3.7£2.0) : 1 (SST). In the following a ratio
ny N4 = 3 1 1 is adopted for Sbc—Sd galaxies. This high value should be
sufficient for full allowance for all selection effects (luminosity, inclination,
and dust in star forming regions) that discriminate against Type II.

(4) Only 15 certain or probable SNe of the relatively new Type Ib are
listed by Barbon et al. (1989). Their statistic is therefore still uncertain.
Branch (1986), van den Bergh et al. (1987), and TS have concluded that their
frequency in spirals is approximately the same as that of Type Ia. However,
that may still represent an underestimate of the true SN Ib frequency, because
these objects are intrinsically less luminous than SNe Ia. Furthermore SNeIb
are presumably more strongly concentrated in dusty star forming regions,
and they are expected to be more strongly affected by the inclination effect
(cf. section 2.1). Finally one suspects that a larger fraction of SNe Ib remains
unclassified, as compared to SNe la, simply because spectroscopists are less
attracted by the fainter SNelb. The SN sample of Evans et al. (1989), for
which all types are known, corresponds to a revised number ratio in Sbc-
Sd galaxies of np, : n, = 2.7 : 1 (section 4.2.), but the result rests only
on four SNe. Additional support for a relatively high frequency of SNelb
comes from the fact that all three SNe of “Type I” of the fiducial sample
that have occurred in Sbc-Sd galaxies since 1980, belong to Type Ib. A
true ratio of ny, : n, = 1.5 : 1 is adopted in the following, — a value that
should be improved in the future. The adopted ratio together with the above
ny : A Tatio implies that ny @ 7y, = 5 : 1 in Sbe-Sd galaxies. If O stars
become SNelb and early B stars SNell (van den Bergh, 1988), and if the
mass function of star formation does not vary from galaxy to galaxy, it is
reasonable to assume that this frequency ratio of 5 : 1 applies for all galaxy
types from SO/a to Im. This invariant ratio is adopted as the best guess. (This
assumption of a Hubble-type-invariant ratio ny : nyp will hardly survive in
the future, because the ratio of very massive to massive stars should depend
on metallicity and hence on Hubble type. SNelIb should be relatively more
frequent in early-type spirals [Maeder, 1991]).

(5) Because galaxian B magnitudes are a measure of the total intermediate-
age population of a galaxy, it is reasonable to assume in first approximation
that SNela, which belong to the (old) disc population, have the same fre-
quency per unit B luminosity for all galaxies (S0/a to Im).

The frequency ratios adopted under points (1)—(5) not only suffice to break
down the overall SN frequencies for different Hubble types (table 4) into the
individual relative rates of the three different types of SNe, but they actually
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overdetermine the problem. Best-compromise solutions are shown in the
lower part of table 4.

The question arises whether the reliability of the relative frequencies of
SNe of different types in galaxies of different Hubble type can be tested.
The answer is yes. The 96 SNe of the fiducial sample (excluding Am and
peculiar galaxies) are in very good statistical agreement with the relative rates
in table 4 (SST). The test is, however, not as stringent as one would like.
The reason is that the type information is insufficient for 35% of the SN
sample, and their type distribution is obviously not the same as that of the
65% with known types. This is the principal reason why general assumptions
about the relative type frequencies as adopted under points (1)—(5) cannot be
avoided and will remain necessary for a long time. If one wanted instead
to determine each entry in table 4 to within an accuracy of ~ 10% from a
set of actually counted SNe, one would need ~ 100 SNe of each type in
each Hubble bin. The rarer types of SNe would then require a total unbiased
sample of more than 10000 SNe! An assumption-free determination of Type
Ib SNe in SO/a-Sa galaxies, for instance, will keep the observers busy for
several centuries.

4. Absolute SN frequencies

The transformation of the relative supernova rates in table 4 into absolute
frequencies v in SNu = number of SNe per 10'°Lg, per 100 years requires
reliable control times. Lacking these, Tammann (1974, 1977, 1982) had to
assume that al// supernovae in a nearby sample of galaxies were known. He
could buttress this assumption with a subsample for which approximate sur-
vey times were available from the Palomar supernova search. These survey
times were never published, and they left open the possibility that other parts
of his total sample were systematically undersampled. Tammann’s published
supernova frequencies are therefore, in fact, lower limits to the true frequen-
cies.

This unsatisfactory situation has been much improved in recent years by
two supernova search programs for which all the search dates are known
and which lead to realistic control times of the respective sample galaxies.
These searches were conducted at Asagio (Cappellaro and Turatto, 1988) and
by the Rev. Evans (van den Bergh et al., 1987; Evans et al., 1989). These
data samples are briefly reviewed in the following sections. Automated search
programs, which have recently been started by various groups, should provide
valuable new information on absolute supernova rates within a few years.
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4.1. The Asagio search

Instigated by Professor L. Rosino, a supernova search was begun at the
Asagio Observatory in 1959 and continues unto the present. For 376 galaxies
surveyed, which have produced 51 supernovae, Cappellaro and Turatto (1988)
have calculated control times, making allowance for an inclination effect quite
similar to the one adopted here, and for the Shaw effect (sections 3.1 and 3.2).
For SN Ia they assumed an absolute magnitude at maximum and a light curve
quite similar to the one adopted in section 2.2. Their sample does not contain
a confirmed supernova of Type Ib; they have therefore lumped together all
supernovae of Type I. This automatically results in an overestimate of the
absolute magnitude of SNIb, but the net effect of this on the calculated
frequencies is small. A magnitude correction cannot be applied here anyway,
because one does not know which of their supernovae classified as I should
be treated as a SNIb. A more serious problem is that they assumed SNell
to be quite luminous, viz. Mg(max) = —18.05 (H, = 50), which is 0.85
mag. brighter than the mean value adopted in section 2.2. Trial calculations
show that a reduction of the maximum luminosity by this amount decreases
the control times by a factor of 1.75 on average, and increases the SNII
frequencies by the same amount. That this correction is indeed justified
also follows from their improbable result that nyy : npypw = 1 : 1. After
application of the correction to the contro] time calculations above this ratio
takes a more reasonable value of about 2 : 1.

Applying the magnitude correction discussed above to the supernova fre-
quencies of Cappellaro and Turatto (1988), and re-binning their galaxy types
to those used here, one obtains the corrected supernova frequencies as given
in detail by SST and vdBT.

The overall supernova frequency, corrected in this way, should be quite re-
alistic for the specific Hubble-type mix of the Asiago search. It is based on 51
SNe and the statistical error should therefore be only 14%. But the frequen-
cies for individual SN types in different parent galaxies must be dominated
entirely by small-number statistics. The data must therefore be smoothed by
means of the relative rates in table 4, which apply to the specific Hubble-type
mix of the fiducial sample. For the smoothing one must procede as follows.
Taking the individual Asiago frequencies at face value, one calculates the
total number of SNe that one expects for the fiducial sample. One finds 0.87
SNu on average. If the same calculation is executed with the relative rates
in table 4, then the average rate becomes 0.22 SNu, which is 3.95 times
lower. All values listed in table 4 can therefore be transformed into absolute
frequencies (in SNu) by multiplying them by a factor of 3.95.
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4.2. The search by the Rev. Evans

The Rev. Robert Evans has surveyed 855 Shapley—Ames galaxies during the
period 1980-1988 (van den Bergh et al., 1987, Evans et al., 1989). Twenty-
four supernovae occurred in this sample which were either discovered by
Evans, or would have been discovered by him if they had not first been
noticed by others. Evans used two telescopes for his survey, the limiting
magnitudes of which he estimated to be 14.5 and 15.4 mag. On the basis
of these values Evans et al. (1989) calculated control times for SNIa, SNIb,
and SNII in different galaxy type bins.

It is, perhaps, surprising that most of Evans’ SNe were quite bright at the
time of discovery. Only three SNe lie within 0.5 mag. of his nominal limiting
magnitudes. This suggests strongly that his effective limiting magnitude is
brighter than his adopted values by ~ 0.5 mag. From the distribution of
observing times in Evans’ survey it is found that a change in his limiting
magnitude by this amount reduces the control times for SNIa and SNIb
by factors of 1.18 and 1.64, respectively, and increases their frequencies
accordingly.

For SNell Evans et al. (1989) have used a somewhat questionable lu-
minosity function. Using the actual observing dates, SST have therefore
recalculated the control times on the basis of the brighter limiting magnitude
and the luminosity function of TS (fig. 1). This results in a reduction of the
original control times by a factor of 1.95 and increase of the frequencies by
the same factor.

On the other hand, Evans et al. (1989) have adopted Mg = 5.37 to trans-
form galaxian B magnitudes into units of solar luminosity (van den Bergh,
1990, private communication), whereas Mpg = 5.48 was adopted throughout
this paper. To obtain uniformity all SNu values of Evans et al. (1989) should
therefore be reduced by a factor of 1.11.

The corrected SN frequencies of Evans et al. (1989) are detailed elsewhere
(SST; vdBT). As in the case of the Asagio frequencies, they can be used to
calculate the corresponding frequencies for the fiducial sample. One obtains
0.673 SNu per “average” galaxy of that sample. This is 3.06 times higher
than the value of 0.22 SNu derived from the relative rates of table 4 for
the fiducial sample. All entries in table 4 can therefore be transformed into
absolute frequencies (in SNu) by multiplying them by a scale factor of 3.06.

It should be stressed that the Evans sample has nor been corrected for
inclination effects. If our adopted inclination correction of a factor of 4
were applied to Evans’ SNeIb and SNell in Sbc-Sd galaxies, then their
corrected frequency would become 3.1 SNu. This would imply, for instance,
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for M101, an Sc galaxy with 5.2 x 10'°Lgg, one core collapse SN every
six years, which is clearly impossible. The Evans sample is definitely much
less affected by inclination than other searches. As discussed earlier, it is
not surprising because of the visual search method of Evans, which is quite
insensitive to the underlying galaxian light. The 24 SNe of the sample are,
of course, not sufficient to make a meaningful independent determination
of the inclination effect. Lacking such data it is assumed that the effect is
vanishingly small. This is conservative in the sense that one obtains a lower
limit to the true frequencies.

4.3. The adopted SN frequencies

In the two previous subsections it was argued that the relative SN rates in
table 4 can be transformed into absolute frequencies by multiplying them by
3.95 and 3.06, respectively. The agreement of these two factors is as good
as one can expect from the number of SNe, on which they are based (51 and
24 SNe, respectively). Because the factors carry remaining systematic errors
of unknown size, it is probably best to adopt an unweighted mean scaling
factor of 3.51. Then the relative rates in table 4 translate into the final SN
frequencies of table 5.

How good are the values in table 5? The most reliable entry is the one for
E-S0’s. These galaxies are believed to produce only the particularly bright
and presumably (nearly) dust-free Type Ia SNe. The relative rate of E-S0’s
in table 4 is based on 14 SNe out of a total of 96; its statistical error is
therefore £29%. The absolute calibration that leads to table 5 is based on a
total of 75 SNe and carries therefore an additional statistical error of £12%.
This brings the error of v(E — SO) to £31%. The error of v for Sbc-Sd
galaxies is hardly larger, in spite of the inclination problem, because most
of the plentiful sample SNe lie in face-on galaxies (i < 30°) anyway. The
overall frequency of SNe in the remaining Hubble-type bins can then hardly
be changed by more than +50% without questioning the continuity of the
Hubble sequence.

Table 5

The absolute frequencies (in SNu) of SNe of different

types in different types of galaxies.
Supernovae E-SO SOfa-Sa Sab-Sb Sbc-Sd  Sdm-Im
all types 0.25 0.17 0.53 1.29 1.40
Type Ia 0.25 0.12 0.12 0.12 0.12

Type Ib — 001 007 019 023
Type II — 004 034 098 1.05
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The most severe systematic errors stem from uncertainties of the limiting
search magnitude and from the possibility that the number of intrinsically
faint SNe (of type II or a new type) has been underestimated. An error in
the adopted search limit by 1 mag. affects the control times At by almost a
factor of 2. The possible existence of large numbers of underluminous SNe
has been discussed in section 2.2. In addition there is the danger that some
SNe remain hidden in HII regions or dust clouds. The systematic errors alt
tend to increase the frequencies given in table 5. This holds also for the
limiting search magnitude, because SN searchers show a tendency to quote
optimistic, i.e., too faint magnitude limits.

The separate frequencies for the three types of SNe in table 5 depend essen-
tially on the assumptions introduced in section 3.7 under points (1)—(5). They
carry therefore no additional statistical errors, but they are affected, of course,
by systematic errors. A severe error could be introduced by the assumption
that SNe Ib come from the most massive stars. If they originate instead from
old double stars, then the assumption that the ratio vy, : vy should be con-
stant over the whole range of SO/a to Im galaxies would be meaningless.
There are several other error sources, but it is unlikely that the frequencies
for individual SN types will need revisions by more than a factor of 2.

Considerable comfort lies in the fact that the overall SN frequencies have
hardly moved during the last 15 years. The values in table 5 agree all
within 20% with the frequencies available then (Tammann, 1974). There is,
however, no such comfort for the separate frequencies of the three SN types.
While 53% of all SNe in Sbc-Sd galaxies appeared, then, to belong to Type
Ia, a fraction that increased to even 77% (Tammann, 1982) their contribution
in this type of galaxies is now down to 9%! This drastic change is caused
about equally by two effects: (1) The calculation of realistic control times
At has shown that the frequency of the exceptionally bright SNeIa has been
overestimated relative to SNeIl; (2) What was formerly believed to be Type
I SNe has been split into two distinct types, SNela and SNeIb, of which the
former account for only ~ 40% of the Type I SNe in Sbc-Sd galaxies.

The Shapley—Ames galaxies within the Virgo circle, i.e., the “fiducial sam-
ple” has a mean SN rate of 0.77 SNu and a total luminosity of 916 x 101°Lg.
The 342 galaxies in the sample are therefore expected to produce 7.1 SNe
per year. If one considers the galaxies of the sample to be “typical” cases,
then the mean interval between SN events in an average galaxy becomes
49 years. It is clear that this number says less about the frequency of SNe
than it does about the relatively high mean luminosity ((Mg) = —20.6) of
the galaxies of this primarily flux-limited sample. The number of observable
SNe is expected, however, to be only 4.2 SNe per year because of the incli-



The Frequency of Supernovae 23

nation effect (¥ Ly = 540 x 10'%Lgy). Of this expected number, 2.8 SNe
per year have been found on average during the last five years. About 60%
of the expected SNe should be brighter than mg = 14.5 at maximum.

A possible problem is presented by the apparently low SN frequencies in
distant clusters of galaxies. A survey of 65 clusters with 0.2 < z < 0.4,
presumably containing mainly E and SO galaxies, has produced only one SN
(Hansen et al., 1989; Ngrgaard—Nielsen et al., 1989). From the estimated
total cluster luminosity (Hansen et al., 1989; Jgrgensen, 1990), and with 0.25
SNu from table 5, ~ 10 SNe would have been predicted. This prediction
is based on control times derived from an adopted limiting magnitude of
V(lim) = 24. The prediction also allows for the K(z) correction, which
brightens SN 1a at V (max) for z = 0.3 and compresses their light curves due
to their dependence on color and hence on epoch, as well as for the time
dilation (1 4 z) (see Leibundgut, 1990). It would be premature, however, to
draw any far-reaching conclusions from this apparent lack of distant SNe.

4.4. The frequency of core collapse SNe in function of the FIR flux

In section 3.4, it was found that the frequency of SNe from massive pro-
genitors (Type Ib and II) correlates with the FIR flux like v o< L%E. The
relation can now be calibrated in the following way. For nearly all galaxies
of the fiducial sample, SST have compiled the FIR fluxes. By means of
the individual B luminosities of these galaxies, their specific Hubble types,
and table 5 one can also calculate np1(100), i.e., the probable number of
SNe of Types Ib and II per 100 years of a particular galaxy. Adding these
numbers within each Hubble-type bin and dividing it by the appropriate sum
Z([LYE)) then yields the frequency for that Hubble type in SNujg (1 SNug
=1 SN of Type Ib or II per FIR unit luminosity [(10'0 erg x s~!)*%] per
100 years).

The relevant data are set out in table 6. (It is irrelevant here whether the
observed values Lig are used or the inclination-adjusted values L{R, as long
as they are used consistently. I have chosen here the latter).

Table 6
The frequency of SNe of type Ib and II per unit FIR flux

S0/a-Sa  Sab-Sb  Sbc-Sd  Sdm~Im

bof £ 61.8 108.8 165.1 58
n1b41(100) 33 442 1942 74
Z([LiR19%) 4.41 18.51 47.68 2,01
SNug 0.75 2.39 4.07 3.68

*in 10'0L
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4.5. The frequency of core collapse SNe in function of the Ha flux

In section 3.5, it was described how the expected rates of SNe of Type Ib
and II were calculated for a sample of 126 SO/a—Im galaxies with known Ho
fluxes. The results are here set out in table 7.

As stated before, the data are fully consistent with the assumption that the
rate of SNeIb and II per unit He flux is independent of the Hubble type of
the parent galaxy. The best frequency is 0.18 SNu,, i.e., 1 SNu, =1 SN of
Type Ib or II per 100 years per an He flux of 10%° erg x s~!.

The result is equivalent to 1 core collapse SN per year per 5.6 x 10*? erg
s~! in Ho. Kennicutt (1984) has shown how this value can be used to deter-
mine the minimum main-sequence mass M, of the progenitors of these SNe.

Table 7
The frequency of SNe of type Ib and II per
unit He flux
SO/a—Im Sab-Sb Sbc - Sd
nGal 126 19 96
TF,* 3261 347 2911
np+n™* 586.6 529 528.7
SNua 0.18 0.15 0.18

* Sum of the Her flux in 10 erg - 57!
** Expected number of SNe Ib and II per 100 years
calculated from Lg.

The required Ho flux per SN is used to calibrate the initial mass function
(IMF) N(M) o« MPdM. The value of M, is then found by integrating the
calibrated IMF from M. to M, such that one obtains one stellar death per
year, allowing for the appropriate life-times of different mass intervals. The
result is insensitive to the choice of Mpax because of the paucity of the most
massive stars. Kennicutt adopted a SN frequency for Sbc—Sd galaxies of 1.40
SNug and considered an IMF with 8 = —2.5 as well as the IMF of Miller
and Scalo (1979); he found M; = 7.7 and 12.3 M, respectively. With a
frequency of 1.17 SNug for SNelIb + II from table 5 one finds M, = 8.1 and
12.7 M. The latter value depends again on the IMF of Miller and Scalo,
which has since been revised by Scalo (1986) by a factor of ~ 4 downwards
for the most massive stars! This brings M, to ~ 7.3 M, in reasonable
agreement with the value of 8.1 M, from the assumption of § = —2.5.

From this it follows that the best value of My is 7.7 Mg, in fortuitously
close agreement with Kennicutt (1984). The error of this determination is
estimated to be +1 M.
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5. Supernova frequencies in the Local Group
5.1. Our Galaxy

(1) Evidence from historical SNe. In the last millennium six SNe are known
in our Galaxy. They occupy a wedge-shaped sector of the Galactic disk with
an apex angle of 50°, they therefore represent ~ 1/7 of the total Galactic
supernova population. Allowing for one possible additional supernova within
the historical sample and for an incompleteness factor of 1.2 at the innermost
and outermost regions of the sector, one finds 5.8 + 2.4 (statistical error)
Galactic SNe per century (for details see Tammann, 1982). The historical
SNe corresponds to a surface density of 6.3 x 107! SNe pc2 yr~! in the
Solar neighborhood.

However, the sample of historical SNe has a very puzzling property, i.e.,
their high scale height above the plane of 8 = 214 pc (Tammann, 1982).
If the majority of the objects came from normal O and B stars their scale
height should not be larger than 90 pc. One cannot explain this discrepancy by
postulating that many SNe were missed at small distances z from the Galactic
plane, because they would not have sufficiently young SN radio remnants.
As long as one cannot understand the z-distribution of the historical SNe, no
firm conclusions should be drawn from them.

(2) The death rate of massive stars. The death rate of stars more massive
than M; = 7.7 Mg (cf. section 4.5) in the Solar neighborhood follows from
data given by Scalo (1986) to be ~ 1.2 107! pc=2 yr~! with an estimated
error factor of 2. Taken at face value this surface density is a factor of ~ 5
lower than the result from the previous point. Is this discrepancy significant
(cf. van den Bergh in vdBT), or is it due to an accumulation of errors?
Or is it indicative of untypically high contribution of SNe from low-mass
stars within the historical sample (above the ~ 9% [Sbc-Im] to 23% [Sab—
Sb] contribution), which would be consistent with the high z-values of the
historical SNe?

(3) Radio SN remnants. Three historical SNe of the last millennium lie at
Galactic longitudes 100° < 1 < 260°, a region that contains four radio SNRs
of high surface brightness (Clark and Caswell, 1976). These authors list
46 SNRs above the same surface brightness threshold for the entire Galaxy.
This suggests, if the evolution of radio SNRs is independent of Galactocentric
distance, that the Galaxy has produced 3(46/4) = 34.5 SNe during the last
1000 years, or 3.5 SNe per century (vdBT). This result is in perfect statistical
agreement with the above evidence from historical SNe.

SNe frequencies cannot be derived directly from radio SNRs, even if their
evolution with time is assumed to be known, because their lifetimes obviously
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depend strongly on the interstellar gas density and hence on the distance from
the Galactic plane. This is evidenced by their small scale height of 8 = 60
pc (Clark and Caswell, 1976), which is even less than that of their massive
progenitors.

(4) External evidence. With a total luminosity of L = 2.3 x 10!°L, (van
der Kruit, 1989; scaled here from Mpg = 5.25 to 5.48) the Galaxy should
produce 1.2 SNe per century if it is of type Sab—Sb, or, more likely, 3.0 SNe
per century if it belongs into the type bin Sbc—Sd (cf. table 5).

Other routes to the Galactic SN frequency are described by vdBT. All
methods are inflicted by errors of at least a factor of 2. The most direct
evidence comes from the six historical SNe (method 1), corresponding to
T = 17(+12, —5) years. As a safe compromise value I adopt for all types
of SNe combined t = 30 years within a factor of 2. This value may be
compared to the birth rate of pulsars of 1 Galactic pulsar per > 50 years
(Narayan and Ostriker, 1990; for a revision by Narayan see vdBT).

5.2. Other Local Group galaxies

The SN frequencies of four additional members of the Local Group (SMC,
LMC, M33, and M31) can be calculated using their B, FIR and Ha luminosity
and the (Hubble-type-specific) SNu values from tables 5-7, respectively.
While the B luminosities can be used to calculate the SN frequency of Type
Ib + II and Type Ia separately, the FIR and He luminosity can predict only
the frequency of SNelb + II. The relevant numbers are set out in table 8.
In the last line the average intervals T between SN events are calculated to
include all types of SNe. The ratio ny, : np+n has here been assumed to be
the same as in table 5.

Because the ratios between Lg, Lgg, ans Ly, vary from galaxy to galaxy,
the predicted SN frequencies for a given galaxy vary considerably. The total
range of frequencies is a factor of 3—4 for a single galaxy. A typical example
is M31, for which Lg predicts ty,411 = 76 years, while Lgr requires Tip4m =
323 years, with Ly, giving an intermediate interval. The low Ho luminosity
and very low FIR luminosity of M31, as compared to its B luminosity, must
be due to the fact that its recent star formation was lower than that of a
typical Sb galaxy. In this sense there seem to exist “slow” and “fast” SN
producers. But there is no evidence that this effect causes deviation from
the mean SN frequency (per unit B luminosity) by more than a factor of 2
(cf. section 3.6).

The adopted t-values in table 8 are fully consistent with the historical
evidence. In SMC any SN during the last 300 years would probably have
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Table 8
SN frequencies in local group galaxies
Galaxy SMC LMC M33 M3l
Type Im Sm Sc Sb
Lp(10'°Lg) 0052 027 062 3.19
Ao+ 0.067 0.35 0.73 1.31
nia 0.006 0.03 0.07 0.38
(Lr)%3* 0.0013"  0.069t 0.121 0.3
”lb+IlI 0.051 0.27 0.47 0.31
Fa(10¥ erg - s~  1.19 411 3611 489
A1 0.20 074 065 086
nip+11 (adopted) 0.11 0.45 0.62 0.83
nia (adopted) 0.01 0.04 0.06 0.38
(T) (years) 833 204 147 83

* Number of SNe (of specific type) per 100 years, calculated
from Lp and table 5.

“* L in 10'0 Lo,

t From SST.

! Number of SNe of Type Ib and II per 100 years, calculated
from Lig and table 6.

¥ From Kennicutt and Hodge (1986).

%9 From Berkhuijsen (1984).

§ Number of SNe of Types Ib and II per 100 years, calculated
from Fa and table 7.

been detected; the absence of any detection suggest a very low rate. During
the same interval one SN was detected in LMC (SN 1987A) which should be
compared with 7 = 204 years. Kirshner et al. (1989) estimate the age of the
second youngest SNR in LMC to be less than 800 years, which give a formal,
but very uncertain value of v ~ 400 years. M33 has been surveyed for SNe
for roughly 100 years with no success; this is explained by t (adopted) =
147 years. From the ratio of known radio SNRs in LMC and M33, vdBT
have concluded that M33 should have a SN frequency 1.56 times higher than
LMC, which is well borne out by the predicted frequencies in table 8. Also
M31 has been surveyed for ~ 100 years; table 8 predicts 1.2 SNe for this
interval in almost perfect agreement with the one event known (SN 1885A).

In the previous paragraph I have descended into the shallows of the statis-
tics of very small numbers. But they still allow a firm conclusion. If
Hyp = 100 (instead of 50 as adopted throughout this paper) all SNu val-
ues in tables 5-7 would be increased by a factor of 4, and the t-values in
table 8 would be decreased by the same factor. This would imply that one of
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the four Local Group galaxies should produce a SN every 11 years. This is
in blatant contradiction with observations! A similar discrepancy would also
arise for the Galactic rate as calculated from external evidence, requiring t =
8 (for type Sbc—Sd). It is perhaps surprising that a value of Hy = 100 can be
excluded by simply counting SNe in external and in Local Group galaxies.
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1. Introduction

We define “late stages of evolution” as the epoch in stellar evolution where
the rate of energy loss due to escaping neutrinos (g,), emitted by thermal
processes, is the dominating term (disregarding nuclear energy generation)
in the energy conservation equation. This means that |g,| must be larger
than the local rate of energy deposition or removal by the heat flux carried
by photons. It can be shown that this definition requires a density (o) and
temperature (7') combination such that:

210° gem™, T >100K (1.1)

We shall see below how the realization of these conditions depends on the
stellar mass. Note that in the following discussions mass and luminosity are
all in solar units unless otherwise specified.

2. Core-envelope separation

The dominance of neutrino losses dependent only on local conditions only
(unlike the heat flux which involves gradients) sets up the stage for core
envelope separation. The presence of a burning shell (e.g. helium) where
energy generation is an entropy source, keeps the entropy density at that lo-
cation from decreasing, and the criterion for convective mixing ensures that
the entropy above the shell is not lower. Below the shell neutrino losses are
free to decrease the entropy. The typical entropy “profile” (mass distribu-
tion) develops an “entropy well,” which in turn induces (via the condition
of hydrostatic equilibrium) very sharp pressure and density gradients near
the burning shell. Note that even when burning is extinguished (say due to
expansion), the entropy profile and thus the pressure profile does not react
quickly enough to change the following arguments. The presence of such
a sharp pressure gradient (say at mass point m.) allows us to treat the core
inner to m., as an independent star — that is, to ignore the presence of the

34
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stellar mass above it (“envelope™). A zero-pressure outer boundary condition
at m. is barely distinguishable from the real one. We still must consider
the question of whether the rate of change of the entropy at the edge of the
core, when treated as an independent star, may be seriously different from
that in the real case and whether this has a significant effect on the core’s
evolution. Most authors who chose to model the evolution of stellar cores
as stars (e.g. helium stars) implicitly assume that the answer to this question
is negative. We are not sure that this answer is indeed always negative and
are currently attempting to study the problem for helium cores. However, it
does however appear that for carbon-oxygen cores, one can safely assume
that core-envelope separation is a very good approximation.

In any case an important question is whether the core’s mass remains
constant. In principle a core mass can either increase due to the advance
of the burmning shell, or decrease due to the mixing of outer layers with
the envelope or because of excessive mass loss. We shall discuss these
possibilities later. At this stage note that for carbon-oxygen cores there is
hardly a danger of mass decrease, but core growth is a distinct and important
possibility.

3. Evolution of carbon-oxygen stars

The evolution of a carbon-oxygen star is determined by its mass and by
the initial carbon mass fraction (X.), where the oxygen mass fraction is
usually 1 — X.. One may add some magnesium and neon but this does
not significantly change anything. Note that it is assumed that the initial
composition is homogeneous, that is, that it does not depend on location.
This is probably a very good approximation since the helium burning that
gives rise to such a star is always convective.

As we shall see later some of the details of the evolution may critically
depend on X, but it is mainly the mass that determines the fate of the star,
that is, the type of instability that it will eventually encounter.

Over the years, many authors have published evolutionary tracks of stel-
lar cores. We shall not give here a full list of references but shall later
quote some of the most recent works. At this stage, to make a most gen-
eral classification, we show in fig. 1 old results that describe the evolution
of pure oxygen stars (Barkat 1977). The evolution is described by show-
ing the tracks of the stellar centers as full lines on the p-T plane. The
tracks are labelled by their corresponding mass. Also shown are hatched

regions wiiere the adiabatic index y (y = (g—f%%)s,x) is lower than 4/3,
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Fig. 1. Evolutionary tracks of 10 stars. Masses label tracks are indicated by the
solid lines. Stars at end of tracks represent dynamical instability. Heavy dashed lines

show ignition lines of carbon (left), oxygen (middle), and silicon (right). Dashed
lines (upper left) represent the evolution of growing cores.
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which is where stars’ dynamical stability may be lost and therefore can be
considered to be stellar “mine fields.” The heavy dashed line is the “ignition
line” of carbon, commonly defined as the locus of points where energy gen-
eration by carbon burning is equal to neutrino energy losses. Note that the
tracks in fig. 1 belong to stars that do not contain carbon. The dash-dotted
and dotted lines are the oxygen and silicon ignition lines, respectively.

The main point introduced by this figure is a classification of stars’ fate
by their mass into four mass regions.

We shall now give a short review of current understanding of the important
features characterizing these mass regions.

3.1. Region 1

The lower limit of this region is at about m, ~ 30. Barkat, Rakavy and Sack
(1969), Frayley (1968) — see also Amett (1977), Ober, El Eid, and Fricke
(1983) — have shown that for m. > 30, stars become dynamically unstable
just before oxygen ignition. Following the onset of instability, these stars
contract at an increasing rate and ignite oxygen explosively. As long as
m, is not too large, that is, not much above 100, one finds that contraction
reverses into expansion, but not before enough nuclear energy is liberated to
unbind the star. The result is total disruption except for a relatively narrow
mass range (Am, =~ 5) just above the lower limit of m, ~ 30. In this
latter sub-region, a massive remnant consisting of a few solar masses of the
burning products of oxygen remains. This remnant must undergo a second
dynamical event but very little has been done to clarify the behavior and
astrophysic relevance of this case. The very massive stars mentioned above
(i.e. mc = 100) form black holes but otherwise the explosion of these stars
(“pair-formation supernovae™) is found to be quite simple from both the
physical as well as the numerical point of view. The problem is that it is
still not clear whether stars which give rise to these massive cores ever exist.
A recent discussion of this problem is given by Wheeler (1990), and we
only mention here that difficulties arise both as to the existence of such stars
and whether they would survive the processes of mass loss without reducing
their carbon-oxygen core mass below the relevant limit. Note that the answer
to these questions may depend on the initial metalicity. If it turns out that
for low metalicity, the formation of such stars is favorable, it may have an
important impact on our perception of galactic history. We also note that
formation of such stars and their subsequent explosion may occur as a result
of a merger of colliding stars in dense clusters (Colgate 1967).



38 Zalman Barkat

3.2. Region Il

Stars in this region (2 < m,. < 30) eventually develop iron cores which
collapse due to iron photodecomposition at a temperature of about 6 % 10° K
It is widely believed that the collapse of the iron core must in some way be
followed by an explosion of the outer layers giving rise to a supernova of
Type II. SN 1987A is a distinct example.

The most important quantitative products of evolutionary calculations in
this context are: the mass of the iron core at collapse (which is found to
be a crucial parameter in the theory of collapse) and the composition (mass
distribution of nuclei) of the outer layers, which are expected to be shock
ejected. Several detailed papers describing the evolution of relevant stars
have been published; some of the most recent ones are: Woosley and Weaver
(19864, 1986b,1988), Wilson et al. (1986), Nomoto and Hashimoto (1986).
Examining the results in the literature, one sees that the values of the final
iron cores’ mass (mg,) turn out to be rather scattered in the range 1.20 <
mp, < 2.4, and are sensitive to various physical uncertainties, such as the
12C(a; ¥)'® 0O reaction rate, convection algorithm, beta decay rates, etc.

We (Marom 1990, Barkat and Marom 1990, Marom and Barkat 1993)
have carried out an extensive survey of the evolution of carbon-oxygen cores
more massive than m. = 2. We believe that the main results of this work
will help to clarify the picture of evolution. As mentioned above we use
two parameters to characterize the core — (treated as star): m, (mass) and X,
(carbon mass fraction which is taken to be initially homogeneous). A very
important point concerning the dependence of the end result (i.e., iron core
mass) on the initial (mainsequence) mass will be made when we analyze the
systematics of carbon burning, which is as follows. We find that two cases
arise — in the first case, carbon bummg occurs in a central convective core
which extends up to mass point m,c (where the subscript ¢¢ stands for: top
of the convective zone). In the second case, carbon begins to burn around
the center radiatively and proceeds as a radiative burning shell which travels
outwards until at mass point ml(,c , (where the subscript bc stands for: base
of the convective zone), burning becomes convective and a convective shell
which extends from the base m},’c up to m2 is formed. In fig. 2, we show
the dependence of my and m},'c) on m. and X.. The general behavior is seen
to be such that for any X, there is a maximal core mass m¢ below which the
first case is realized (i.e., convection around the center) and above which the
second case occurs. m( is a function of X, and is larger for higher values
of X.. At a given m,, the convective core m_> is larger and the base of the
convective shell m“) is lower for higher values of X..
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Fig. 2. Convection during central carbon burning as a function of X.. Solid lines
represent the extent of the convection core. Dashed lines represent the base of the
first convective shell when it is not situated at the maximum extent of the convective
core. (a) X, = 0.10, (b) X, = 0.205, (c) X, = 0.30, (d) X, = 0.50.

Before describing the significance of this behavior, we wish to show how
it can be easily understood.

A necessary condition for onset of convection is a local increase in the
entropy density (s) such that formation of a negative entropy gradient is
promoted. Neglecting the flux carried by photons, we can write this condition
as |

s=7m—m=%(%—)>o 3.1
where T is the temperature, g, is the rate of energy generation by nuclear
reactions, and g, is the rate of energy losses due to escaping neutrinos.

It is well known that for these rates one can write

gn ~ XZpT" 3.2)

T
P

qv ™~ (3.3)
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where n,, ny, n3 are appropriate constants which for carbon burning are n; ~
23, npy ~ 12, ni ~ 1.
Also, for massive stars

3
% = B(s)m? (3.4)

where T, p are the temperature and density close to the center, B is a constant
that depends on the entropy s, and m is the stellar mass.

We can combine egs. 3.2, 3.3, 3.4 to get

q X2 Tnl—n2+3(n3+l)

— 1n ~ 2 _l4+n3pn;—n; ~ [4
]/, - v ch T m2(n3+1) Bns+1 (3'5)

Remembering that the change of composition is related to the reaction rate

dt
dX. ~ —qgudt = —q,dT )
q q ( dT) (3.6)

Clearly T = ‘g depends on S but not Jjust on the local value. Rather, it
depends on the structural changes of the entire core. For our purposes we
assume that T' does not change appreciably during fuel burning. Thus, using

eq. 3.2)

dX,~ — (%) XEBT—”";dT 3.7
or
d (l) ~ w (3.8)
X, TBm?
from which
1t rmeont (3.9)

Xc XC(O) TBmZ
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and here X.(0), Ty are the carbon mass fraction and temperature when the
burning starts, ¢ = suitable constant.
One can safely neglect T"'+4 as compared to T™** so that

Xe=XO)——om= (3.10)
[(O)T"1+4
1+ e
which can be inserted into eq. (3.5) to get
X2 0 T”l—’l2+3("3+1)
Yo~ O (3.11)

2D proi(] 4 @ XOTY 2

¥ is seen to have a maximum (Ynq,) With respect to T, which can be
shown to be

X2(0) FBm2)
~ C C
wmax m%(n3+1)Bn3+l { XC(O) } (3.12)
which finally, using the numerical values of ny, n2, n3, becomes
X1,4(0)T0.6
Vmax ™~ __—;;1-4mg-8 (3.13)

To satisfy our necessary condition for onset of convection-equation (3.1),
we clearly need:

v > 1 (3.14)

and thus, if from eq. (3.13) one finds that ¥,., < 1, it is clear that convection
cannot form.

For given X.(0), T, and B, one sees that ¥,,,, decreases when m, in-
creaases. Indeed it can be shown that for m. = m¢, Ymax becomes smaller
than unity and this explains why at m¢, there is a transition from a convective
core to radiative burning.

Physically, what happens is that above m¢, the relevant parameters
(X.(0), B, T) “conspire” to prevent g, from matching g, by lowering X,
to the point that it overcomes the effect of the increasing temperature.

For given T and B, we see that m¢S must increase when X-(0) increases,
which is what we have found.

It remains of interest to see if we can also explain the fact that above
m¢, convection sets in not at the center, but at mass point mbc It turns out
that as burning advances outwards two things happen: B = B(s) becomes
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larger (because s is there larger), and at the same time, T also becomes
larger, mainly due to the accelerated contraction of the (carbon exhausted)
core below the point of burning to where only neutrino losses operate. These
two effects act in opposite directions as can be seen from eq. (3.13). The
increase of B tends to prevent onset of convection but the increase of T tends
to promote it. It turns out that close to the center, the effect of B dominates
while at some distance from the center, T becomes dominant. Indeed, when
the peak value of ¢ as a function of mass for a given core is monitored
in actual calculations, it is seen that the peak value of v first decreases but
later begins to increasse until at around m,(,lc) it exceeds unity and convection
sets in.

To illustrate our explanation we have shown that artificial scaling of g,
does change m¢ as well as mg) and in just the right way.

Let us now return to the discussion of the significance of the behavior
of m{y and ml(,lc). Due to entropy losses a carbon exhausted core evolves,
toward generally higher density and temperature until the next available fuel
is ignited. A measure of the speed of evolution or typical timescale (t) is
given by

Ts
r=2=22 (3.15)
$ qv
using eqs. 2.3 and 2.4, we obtain
_ K

Now through the condition of hydrostatic equilibrium of the entire star T is
an implicit function of s and m. It is apparent that even without writing down
an explicit relationship, T (s, m) (which is not easy to do), that T must be quite
sensitive to s and m. In fig. 3 we show t(s, m), which we have obtained
numerically by modeling cores by artificially suppressing nuclear burning.

One can see that the sensitivity is really there such that, at s = 1, 7 ~ L,

m/O

andats =2, t ~ L.
To appreciate the relevance of this sensitivity, remember that at any stage
beyond carbon exhaustion in the inner core, we have a convective burning
shell (whose width in mass is, say, Am..) above such a core. This burning
shell has a finite lifetime (z,,) which lasts until the fuel is consumed and
burning is extinguished. This burning depends on several parameters (e.g.:

Amge, X (0), location . ..) and as long as

tys << T(s, m) (3.17
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Fig. 3. The entropy, S, in units of kT is plotted as a function of the logarithm of the
evolutionary time scale T = §/ § for models of a variety of masses (M) in which
the nuclear reactions are suppressed such that the evolution is driven solely by the
neutrino losses.

we should expect that the burning shell will be able to consume its fuel
well before the core beneath it can evolve in a significant way. Once this
happens, the core’s mass grows by Am,. “suddenly” (it does take some time
for neutrino losses to reduce the entropy but it is relatively short). A new
convective burning shell of finite and usually larger size is then formed above
it. To be precise we note that in some cases just before exhaustion of the fuel,
the boundary of the convective zone recedes, leaving behind a composition
gradient. In this case the new convective zone base is somewhat below the
former’s maximum extent. To see what happens next we go back to examine
eq. (3.17). Typically, it is found that #; for the new shell becomes longer
while T becomes shorter. Eventually we should get

Ips > T (3.18)

which implies that the core can evolve without “waiting” for the burning
shell. The core mass that is relevant for the next stages of burning all the
way through to core collapse is frozen from then on and it is termed “final
carbon exhausted core.” Due to the sensitivity of the dependence of T on m, it
is found that the transition from inequality (3.17) to inequality (3.18) occurs
rather abruptly at around m* = 1.6. A “clean” explanation for the physical
determination of m* is still lacking. Without elaborating on this problem here
we mention only that we believe that it is not simply a manifestation of the
Chandrasekhar mass. For now we take the existence of m* as an empirical
fact. We shall call m* the “critical transition mass” (CTM).
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The next step in our analysis is to note that the width (in mass) of convec-
tive burning shells (Am.) is larger when their base is located further out in
the star. This is mainly a result of the relative flatness of the entropy gradient
there.

Figure 4 presents the evolutionary picture of a few carbon-oxygen stars
with X, = 0.30. (Note that the horizontal axis is related to but not equivalent
to time.) The shaded zones are convective zones and the dashed lines describe
radiative burning shells. Most of the features that we have described thus far
are shown in this figure. In addition one can see that the mass of the final
carbon exhausted core below the outer large shaded zone is not monotonic
in the stars’ mass.
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Fig. 4. The evolution of carbon-oxygen cores for X, = 0.30. Shaded regions show
convective zones. Horizontal axis is schematic time.

According to our line of argument presented above, this is a result of the
fact that the mass of this final core is bounded by the first convective shell
whose base is above m*. Thus, if we compare two stars whose masses are
almost the same and where the top of the /ast convective zone whose base is
below m™ is in one of them just above m* (m = m* + A) and in the other just
below m* (m = m* — A), we should expect that the final carbon exhausted
core’s mass will be in the first case m* + A, and in the other it will be
m*— A+ Am,.. Since Am_, can be much larger than A, we can find a large
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difference between the final core masses even though the star masses were
very close to each other. Further, the core mass of the lighter star can be larger
than the core mass of the slightly more massive star. Figure S illustrates how
the carbon-exhausted final core mass is determined for carbon-oxygen stars
in the mass range 2 < m, < 25, in the case where X, = 0.30. The horizontal
axis is m, and the vertical axis shows the mass boundaries in the stars of
successive convective shells. The dash-dotted line (Iabeled 1’) is the base of
the first convective zone. Up to m,, ~ 9, it coincides with the horizontal axis
(center), and from m., ~ 9 it increases discontinuously to the point where
the radiative shell burning becomes convective as described earlier. The full
line (labeled 1) is (as in fig. 2) the upper boundary of the first convective
zone. It increases discontinuously at m., ~ 9 and quickly extends almost to
the star’s surface. However, between m., ~ 9 and m., ~ 12.5, the upper
boundary recedes before the entire fuel is consumed and only a composition
gradient remains. The dashed line (labeled 2') is the base of the second
convective zone and it is seen to coincide with the former upper boundary
of the first zone (i.e., the line labeled 1) up to m., ~ 7.5; from there up to
me, ~ 9 it coincides with the extension of the line 1’ — because this is the
point at which radiative burning becomes convective. From m., ~ 9, line 2/
jumps to a relatively high value where the receding convection left enough
fuel for convective burning. The dash-cross line (labeled 2) is the upper
boundary of the second convective zone. From my, ~ 7.5 it rises quickly
almost to the star’s surface. The full circles’ line (labeled 3') is the base of
the third convective zone. It is somewhat lower than the upper boundary
of the former zone for m., < 6 and coincid=s with it above m., = 6. The
crosses (labeled 3) show the upper boundary of the third convective zone
which is essentially the stars’ surface. For m., < 4 a fourth convective zone
appears (open circles labeled 4') and extends up to the stars’ surface. The
horizontal dashed line represents the critical transition mass, m*.

The final mass of the carbon exhausted core (mg..) is shown in fig. 6. The
value of (mpg..) can be derived from fig. S by joining the parts of the various
lines representing the bases of convective zones which are above m*. The
nonmonotonic dependence of this core on the star’s mass is evident. Similar
results are derived for other values of X.. The basic principles are identical
but the quantitative values are different as have been shown in fig. 2.

In reality, since X, depends on m,,, the true final carbon exhausted core
should be derived by a proper interpolation; but this would not change the
basic picture.

We will not describe here in any detail the stages of evolution beyond the
formation of the final carbon exhausted core (i.e. neon, oxygen, silicon and
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Fig. 5. Boundaries of convective zones for carbon oxygen cores, for X, = 0.30, as
function of core mass.

nickel burnings). We mention only that the same factors used in comparing
the lifetime of a burning shell with the evolutionary lifetime of the core
beneath it be used there as well. The nonmonotonicity just introduced is
further complicated in the later stages. However, the actual amplitude of the
nonmonotonic variations is however decreasing because the absolute size of
later cores is progressively smaller.

The conclusion of this work is that from physical arguments, one should
expect and should find a certain nonmonotonic dependence on both the col-
lapsing iron core’s mass and on the composition distribution within the outer
layers on the mass of the carbon-oxygen core (which may on the other hand
be a monotonic function of the main sequence mass, at least if mass loss
itself is not too large). The role played by m* and the dependence of the
width and lifetime of convective burning shells on various parameters such as
composition, reaction rates, or convective algorithm, guarantee a high level
sensitivity on even small changes in these (and other) parameters. This ex-
plains the inconsistency of results published and should raise a warning flag
against the simple interpolations of results.
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Fig. 6. Dependence of the mass of the final carbon-exhausted core (mfc.) on core
mass for X, = 0.30.

3.3. Region lll

The characteristic feature defining this region is the onset of electron capture
at high Fermi energy due to a high density and relatively low temperature
combination well before iron core collapse.

The width of this region in terms of the mass of the carbon-oxygen core is
rather narrow (1.40 < m, < 2.0), yet this should be still of interest in terms
of populating stars because of the relative high abundance of parent stars.
It is difficult to give a comprehensive picture of evolution in this region
due to many complications that arise here, such as temperature inversion
that promotes off-center ignition of fuels. The resulting burning shell which
develops a convective zone may or may not (Nomoto 1987, Miyaji and
Nomoto 1987) advance inwards and reach the center. If it does not we may
find heavy, burnt out material (say Ne/Mg, Si) overlaying lighter unburned
matter (say 60,2 C). The difference in composition may be crucial to the
question of when and how electron capture begins. All these features are
highly dependent on the star’s mass as well as on physical uncertainties such
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as electron capture rates, heat conductivity, and on numerical algorithms,
particularly in the case of convection. We shall not discuss any of these
problems further here. We conclude by noting that electron capture soon
leads to collapse at relatively low core mass (compared to iron core collapse),
low entropy, and at least some neutron enrichment, all of which could be
important for the dynamics of collapse.

3.4. Region IV

The stars in this region, bounded from above by the Chandrasekhar mass
(approximately 1.40), finally evolve as classically cooling white dwarfs, at
an almost constant density. Some of them, those at m, < 1.00 (this limit as
well as the others mentioned below are only approximate) do not ever burn
carbon. Stars somewhat more massive than this limit do ignite carbon but do
so off center. More massive stars than m., ~ 1.15 ignite carbon centrally.
Oxygen burning occurs only for m., 2 1.39. These results are due to the
nature of the evolutionary tracks which attain a maximum temperature and
then evolve towards lower temperatures. It should be noted that the physical
mechanism responsible for this behavior is the onset of degeneracy. The fact
that there exists a minimal star mass for carbon ignition also means that there
is a maximum density at which carbon can ever burn (that is, < 107 g-cm™3).
Even at this density, where the electrons are partially degenerate, carbon
ignition is not explosive. Finally, the rate of evolution in this region is
such that up to a certain combination of density and temperature, evolution
monotonically accelerates since neutrino losses become higher and higher
but beyond this point, evolution quickly slows down. Note that the most
important neutrino losses in this range are the plasma and/or bremsstrahlung
type.

This concludes the discussion of the character of evolution in the four
regions of carbon oxygen mass space. As mentioned earlier, for all but the
last region, the timescale of the evolution of the carbon-oxygen core in a real
star is significantly shorter than the timescale for the burning of the helium
shell which may be located above it. However, this is not the case in the
me, < 1.4 region. In this region, due to the previously mentioned slowing
down of evolution along the white-dwarf cooling track, the presence of a
burning shell above the core may become crucial. We discuss this issue in
the next section.
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4. Growing stellar cores-intermediate mass stars

We have seen that carbon-oxygen cores whose mass is less than approxi-
mately 1.40 will eventually “remember” that they are actually surrounded by
an envelope. The presence of this envelope may lead to the core mass growth
due to the advance of the burning shell which is located above it. We shall
discuss later the evolution of such growing cores. At this point we wish to
define as “intermediate mass stars” those main-sequence stars which are the
parents of carbon-oxygen cores that are relevant to our present discussion,
that is, cores whose mass is less than approximately 1.40. This definition is
equivalent to the condition that these stars develop degenerate carbon-oxygen
cores.

Let us review some of the important characteristic features of the evolu-
tion of intermediate mass stars (IMS). Just beyond helium core burning, the
structure of these stars shows a rather small (m,., < 0.5) carbon oxygen core,
surrounded by a helium burning shell just above the core, and a hydrogen
burning shell significantly higher, at m,. The helium burning shell is at first
broad, but becomes thin and travels outwards, increasing its luminosity and
the core mass behind it. As this occurs the layers above this shell expand
due to the absorption of energy (entropy) from the flowing radiation. This
expansion lowers the temperature at the hydrogen burning shell, and eventu-
ally, this burning is extinguished. An interface consisting of a composition
discontinuity (or at least a sharp gradient) is left at the location of the former
burning shell, separating the helium core from the envelope. Evolutionary
calculations (Kippenhahn et al. 1965, Paczynski 1970a, and Becker and Iben
1979) show that somewhat later, a convective zone which is formed at the
stellar surface and becomes gradually deeper, is finally able to penetrate into
the helium core through the composition interface. The results of this pen-
etration are both the mixing of helium into the convective envelope which
should show up as helium (and CNO nuclei) enrichment of the stellar sur-
face, and the reduction of the helium core mass. In fact, the reduction of the
helium core mass can be very large. Figure 7 which is given by Becker and
Iben (1979) shows their results relating the core mass just before penetration
(or “second dredge up” as Becker and Iben refer to this process) to core mass
just after the penetration has reduced it to its minimal size as a function of
stellar mass (horizontal axis) and metalicity for 0.001 < z < 0.03. An in
depth discussion of the phenomenon of this penetration will be given else-
where. Here we only point out that as can actually be recognized even by a
quick look at fig. 7, we can reinterpret this figure by plotting fig. 8, which
shows that the core mass reduction (AmHe) depends only on the initial core
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Fig. 7. The size of the hydrogen-exhausted core as a function of the total stellar
mass, both before and after the second dredge-up phase. In this figure, Y = 0.28 and
Z is allowed to vary. From Becker and Iben (1979).

mass (mye,) and does not depend on stellar mass and/or metalicity. The oc-
currence of penetration has an important quantitative effect on the delineation
of the mass boundary of IMS; we shall come back to discuss this later.

It is found that penetration stops very close to the helium burning shell
so that the mass of the helium zone becomes very small (< 0.1). This also
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Fig. 8. Dependence of helium-core-mass reduction (AmHe) due to second dredge-up
on initial helium core mass (mHe;).

means that hydrogen is now present very close to the helium burning shell. It
is obvious that hydrogen soon should be re-ignited. Published evolutionary
calculations show that hydrogen ignition occurs radiatively and marks the
beginning of the famous phase known as “double shell thermal relaxation
oscillations” (first noted by Schwarzschild and Harm, 1965, and many others
— see for example, Iben 1974, Becker and Iben 1980, Sackman 1977). This
phase is characterized by a repeated succession of stages where a “slow
and quiet” hydrogen shell burning with no helium burning is followed by a
“violent” eruption of helium burning, which extinguishes hydrogen burning
and consumes much of the helium accumulated by the former hydrogen
burning. After the decay of helium burning, hydrogen reignites and a new
and similar (but not necessarily quantitatively identical) cycle starts. We will
not discuss this interesting phase of evolution here but will only remark that
we feel that the details of the first reignition of the hydrogen shell have not yet
been adequately studied and the possibility remains that at some subregion
this ignition can be convective, which would lead to a very different sequence
of events.

In any case the carbon-oxygen core beneath the helium burning shell must
grow as the shells move outwards. The growth of the core mass actually
only occurs when the helium shell flash consumes the helium mass layer
which has been accumulated during the pertod of hydrogen shell burning
(“interflash period”). The duration of the helium shell flash is much shorter
than the interflash period, and both become exponentially shorter as the core
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mass grows toward m,, ~ 1.40 (Paczynski 1975). It is customary to describe
the rate of core growth as a continuous process and it is then equated to the
rate of helium production by the hydrogen burning shell. The luminosity
of the latter burning is known to satisfy the “luminosity-core mass relation”
(Paczynski 1970, 1971; Uus 1970) which has the form

£ = 59250(m., — 0.522) 4.1)

We note that a theoretical explanation of this computationally derived re-
lationship is given by Tuchman, Glasner and Barkat (1983) where the depen-
dence of the constants in equation 4.1 on composition is also discussed, see
also Kippenhahn (1981).

Writing

£

mCO

where Q is the Q-value of hydrogen burning (= 6.4 x 10'® erg - gr™!) and
X is the hydrogen mass fraction in the envelope.
One gets:

Hico ~ 1.5(me, — 0.522) % 107" Mg.yr ! 4.3)

This is the rate at which the core mass grows. As discussed earlier, it
only becomes relevant when the core evolution slows down along the white-
dwarf-cooling-track. As it turns out at this stage, the combination of core
growth which promotes evolution along isentropes, with the cooling which
promotes evolution towards a lower temperature, leads to a convergence of
evolutionary tracks in such a way that the evolution proceeds along a unique
track which does not depend on the initial core mass (see Paczynski 1970,
Barkat 1971). This track does depend on the core growth rate and on the rate
of energy loss by neutrinos. Figure 9, which is taken from Couch and Amett
(1975), shows how the track can be shifted by these factors as well as how
neutrino losses due to thermal Urca processes (see later) introduce certain
factors. We note that most of the present discussion is also relevant to the
case where a carbon-oxygen star is accreting mass from a binary companion.
The only difference is that the cores mass growth rate is, in this case, a “free”
parameter determined by the binary’s structure and evolution. Also in this
case, it is relevant to discuss the possibility that before the onset of accretion,
the core may cool down to the point of solidification.
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Fig. 9. Effect of uncertainties in neutrino losses, rate of core growth, and thermal
Urca loss on evolution of growing carbon cores.

In any case the evolution along the common track leads, as shown in
fig. 9, to a point where carbon burning is ignited at m. ~ 1.38 and p X
2x10° g-cm™3; T ~ 3 x 108 K. We note that in this case the burning rate is
boosted (by many orders of magnitude) by “strong screening” promoted by
the high density (Salpeter and Van Horn 1969, Graboske et al. 1973). Also
note that if and when carbon is absent (because of earlier exhaustion, which
is the case for initial core mass = 1.15) the track leads to oxygen ignition
which then occurs at an even higher density 2 10'0 g - cm™. We will see
later the significance of this fact.

Before continuing on to discuss the evolution beyond carbon ignition, we
would like to stress that this evolution depends on the ability of the core
to grow. Clearly, in a single star, growth happens only if the envelope is
retained throughout the relevant phase of evolution; that is, up to a core
mass of approximately 1.38. It is by no means clear that stars can retain
their envelopes that long. Indeed, it is widely believed that well before this
stage, the envelope becomes unstable and is eventually ejected forming a
“planetary nebula.” We will not discuss here either the observational evidence
or the theoretical models for this phase. For our purpose it is sufficient to
be aware of the fact that most single stars may not evolve to the kind of
carbon ignition which we are about to discuss and that it is likely that if such
ignition does occur, it is limited to the more massive stars.

The ignition of carbon in growing cores occurs when p ~ 2 x 10° g-
em~3, T ~ 3 x 108 K and the Fermi energy of the electrons Ey is then a few
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MeV. At such high degeneracy, ignition is expected to be explosive due to
the insensitivity of pressure to temperature increase. As we will see the actual
sequence of events is complicated and rather uncertain. Soon after ignition a
convective zone begins to grow around the center, spreading the liberated en-
ergy over a larger mass and thus slowing the rate at which the temperature and
reaction rate would otherwise increase. However, this is not too significant
and unless “Urca neutrino losses,” which we will discuss later, can control
burning, it will indeed eventually proceed on a dynamic timescale. In this
case it is clear that a burning front will form and travel through almost the en-
tire core. The matter just behind the front is expected to be in “nuclear statis-
tical equilibrium” at a temperature of approximately 8 x 10° K. The dominant
nucleus in this case is 3Ni, and since the total liberated energy is larger than
the binding energy, the star explodes producing large amounts of Ni. This
is currently believed to be the mechanism for a Type I supernova. It can be
shown that the burning front may be either a “deflagration” or a “detonation.”
For a full discussion of the general nature of such fronts, the reader is referred
to a number of sources: Courant and Friedrichs (1948), Landau and Lifshitz
(1959), Zeldovich and Raizer (1966), and Mazurek and Wheeler (1980).

Several recent papers discuss the question of whether the front in our case
is a detonation or a deflagration (e.g., Khokhlov 1991, Woosley and Weaver
1986a, Barkat et al. 1990). We will not discuss the issue here beyond the
following remarks.

a. A major difference between a detonation and a deflagration is that the
former travels supersonically with respect to the matter ahead of it, while
the latter in the same aspects travels subsonically. The significance of this
difference in the present context is rather significant as we will see later.

b. Both fronts can be shown to continue to propagate as long as the density
is larger than approximately 10’ g-cm™. In the present case this means that
almost the entire core is incinerated to °Ni since very little mass (< 0.1 at
the very edge) is at a lower density. Observationally, this raises a difficult
contradiction since in supernovae of Type I, one sees significant amounts of
only partially burnt carbon (e.g., Branch et al. 1982, 1983). It appears that
the only way to resolve this problem is to “convince” the star to expand
such that before the front arrives at the surface, the density is lower than
107 g - cm™ over a significant part of the star. Such pre-expansion can be
naturally promoted by a deflagration, which as was already mentioned moves
subsonically and can be shown to necessarily push a shock ahead of it. In
contrast, in the case of a detonation, one needs an independent mechanism
to induce pre-expansion. It is possible that in reality, a combination of a
deflagration and a detonation occurs — see Khokhlov 1991, Barkat et al. 1990,
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Woosley and Weaver 1986a. It is important to note that there are at least
some numerical simulations of the explosions that are quite successful in
reproducing observational spectra, such as the deflagration model of Nomoto,
Thielemann, and Yokoi (1984). Yet, we will immediately see that things
might actually be more complex.

Let us return to the discussion of evolution from just after carbon ignition
in the core up to the time where bumning occurs on a dynamic timescale.
Note that most of the following discussion is taken from Barkat and Wheeler
(1990). We have already seen that a convective zone grows around the center,
spreading the entropy produced and mixing the composition over a larger and
larger mass. At first (Arnett 1969) it was believed that nothing can prevent
burning from evolving into a thermal runaway.

However, a crucial new ingredient was added when Paczynski (1972) sug-
gested that an adaptation of the “pulsational Urca process” (Tsurata and
Cameron 1970) to the case of convection could act as a restraining mecha-
nism against the thermal runaway. The basic ideas are very simple:

1. A nucleus (“daughter”) may (i.e., has a finite chance to) capture an
electron and transform itself into another nucleus (“mother”) if the sum of
its rest mass and the energy of the electron (rest mass plus kinetic energy)
is higher than the rest mass of the mother. Equivalently, the energy of
the electron must be greater than the difference between the rest masses of
mother and daughter, which is called the “threshhold energy.” 2. “mother”
nucleus may emit an electror: and transform itself into a “daughter” if the
sum of energies of the electron and daughter can be less than the rest-mass
energy of the mother. In both cases — electron capture or emission — the
difference between the energies of the initial and final states is carried away
by a neutrino (or antineutrino, as the case may require; in the following we
shall use “neutrino” for both). These processes are schematically illustrated
by the energy-level diagrams in fig. 10.

2. The matter, which originally contains either suitable mother or daughter
nuclei, is subjected to a cycle where the condition for capture is fulfilled in
one half of the cycle and the condition for emission is fulfilled in the other
half. In this case it should be expected that energy be continuously lost
from the system because of the neutrino flux. The probability for the capture
(emission) events per nucleus can be shown (Tsuruta and Cameron 1970) to
be only a function of the difference between the energy of the electrons and
the threshold energy. If successive cycles are identical, we should then expect
that a steady state must sooner or later be established where the abundances
of mother and/or daughter nuclei will be (to first order) fixed at any phase
of ihe cycle.
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Fig. 10. Schematic energy-level diagram illustrating the relevant energies for elec-
trons, neutrinos, and nuclei for (a) the capture of an electron on a “daughter” nucleus
with the associated emission of a neutrino and (b) the decay of the “mother” nucleus
with the associated emission of an antineutrino. See text for definition of symbols
and associated discussion.

The original Urca process was suggested by Gamow and Schoenberg
(1941), and the role of the “cycle” was actually played by the thermal smear-
ing (~ KT) around the Fermi energy which allows both captures and emis-
sion at any time the Fermi energy is equal to the relevant threshold energy.
Tsuruta and Cameron (1970) applied the same idea to the case of a vibrating
high-density star. Matter, which is located at a density for which the Fermi
energy is close to the threshold energy of a suitable Urca nucleus (e.g.,2’Na
at 4.4 MeV or p = 1.714 x 10° g cm™), may find itself repeatedly above
and below the threshold because of the vibration.

Paczyniski (1972) realized that an Urca process should be set up when a
convective zone can carry “mother” and/or “daughter nuclei” back and forth
across the location in the star where the Fermi energy of the electrons equals
their threshold energy. This location in mass coordinates, my, where the
Fermi energy is equal to the threshold energy, will be denoted as an “Urca
shell,” and the corresponding radius will be called the “Urca radius.” The
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formalism developed by Tsuruta and Cameron (1970) (see also Paczyriski
1973) was used by Paczyriski (1972) as the basis for his quantitative estimates.

Paczyniski (1972) showed that the rate of energy loss by escaping Urca
neutrinos (“Urca losses™) would become equal to the energy generation by
carbon burning while the extension of the convective zone beyond the Urca
radius is still rather small, Ar/r « 1. The central temperature determines the
thermonuclear burning rates directly and determines the Urca losses indirectly
throughout the extent of the convective core. Paczynski showed that the
responsiveness to the increase in central temperature is such that Urca losses
(x T'70Y are far more sensitive than the thermonuclear rates (x T20). It
follows that Urca losses are easily capable of controlling carbon burning and
thus preventing thermal runaway. Paczyriski went on to discuss the possible
outcome, concluding that a collapse due to electron captures on O and Mg
(Finzi and Wolf 1967; Wheeler and Hansen 1971) might be the end result. On
the basis of these ideas, Ergma and Paczyniski (1974) computed the evolution
of carbon-oxygen cores. They found that the result depended on the initial
carbon abundance, X, but for X < 0.5, convective Urca losses were able
to control carbon burning, so that in a convective core of 0.4 M, carbon
was almost completely exhausted before a runaway occurred (see fig. 11).

It was soon pointed out by Bruenn (1973) that the basic electron capture
(emission) process actually heats matter in spite of the neutrino energy loss.
If this were the case, the convective Urca process would not really affect
the thermal runaway, and in any case would render the convective Urca
mechanism altogether uninteresting.

Couch and Amett (1975) argued that Bruenn’s heating must be offset by
work done by convection in carrying the relevant nuclei around a cycle. They
evolved cores in which the convective Urca losses were assumed to balance
thermally the nuclear burning. The evolution to higher density is driven by
the continuous contraction of the core; this is due to both the growth of the
core in mass and to the decrease in Z/A which accompanies electron capture
on some products of carbon burning. Couch and Amett found that thermal
balance is maintained under conditions with monotonically increasing central
temperature and hence, the nuclear reaction rates. They found that eventu-
ally the evolution became too fast for the Urca process to be important, so
that the runaway would then be revived. Contrary to Ergma and Paczyriski
(1974), they found that at the time of runaway, carbon was far from being
exhausted. The runaway point was estimated to be postponed from approxi-
mately 2 x 10° up to approximately 6 x 10° g-cm™ (fig. 11). While this is
a substantial change in central density which would result in a considerable
increase in the resulting neutronization of the ejecta (Sutherland and Wheeler
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Fig. 11. The results of previous studies of the effect of convective Urca process on
the evolution of degenerate carbon-oxygen white dwarfs subsequent to carbon ignition
are shown in the central temperature-central density plane, where pg = p./10° g -
em™3 and Ty = T,/108 K. Ergma and Paczyriski (1974) found that for initial carbon
abundance, X¢ < 0.5, carbon was almost completely exhausted before dynamic
thermal runaway occurred. Couch and Arnett (1975) assumed that convective Urca
cooling balanced heating and found the core to evolve to approximately 6 x 10° g-
cm™3 before dynamic thermal runaway. Iben (1982) did the most complete study and
found “thermal Urca” cooling on A = 25 and A = 23 pairs, followed by convective
Urca cooling as the core grew in density to exceed the threshold for a convective
Urca shell due to the A = 21 pair, at which point the calculation was terminated.
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1984; Woosley, Axelrod, and Weaver 1984), it is nevertheless not too relevant
to the basic dynamic conclusion that detonation or deflagration would still
develop, disrupting the star.

Rather than assume that heating is unimportant, Iben (1978, 1982) attacked
the problem by compiling in his evolutionary code all relevant equations and
physical data. He analyzed his evolutionary calculations in great detail and
found that the control temperature went through strong oscillations during
the phase when the first Urca pair, >Na-23Ne, controlled the burning. In the
hot state the neutrino cooling exceeded the heating, and in the cool state the
heating exceeded the Urca neutrino losses. Iben found that the Urca zone
divided into two pieces when a second Urca-active pair, >!Ne-?!F, crossed
the density threshold at p. ~ 3.8 x 10° g. cm™>. This new central Urca
zone was essentially in local equilibrium and strongly cooled the center.
This caused the base as well as the outer edge of the outer convective Urca
shell to be fixed. Since the convective shell could not expand to increase
the Urca cooling, the nuclear heating dominated, and temperature in the
convective shell began to increase. Iben concluded that a thermal runaway
probably takes place at p ~ 4 x 10° g - cm™3, a density high enough to
cause problems with the neutronization of the ejecta. This behavior is quite
different from that predicted by Couch and Amett (1975) or by Ergma and
Paczyniski (1974) (see fig. 11). We will return to a discussion of these results.
For now it is enough to say that Iben’s calculations are complex and have
not been fully assimilated by the community. Most subsequent calculations
of degenerate carbon runaway have ignored the convective Urca process and
assumed thermal runaway at moderate central densities (<2 x 10° g- cm™?),
whereas for a white dwarf that has cooled prior to accretion, the runaway
could occur at considerably higher densities (Iben 1982).

Barkat and Wheeler (1990) have recently re-analysed the problem and con-
cluded that while one may wish to check some of the quantitative predictions
of Iben’s work, it is inappropriate to ignore his main conclusions; so runaway
at p~2x 10° g-cm™3 is highly questionable.

We note that if the thermal runaway occurs at a density which is higher than
approximately 10'® g-cm~3 (e.g., this will be the case if and when carbon has
been exhausted), one finds that the temperature density combination of the
matter behind a burning front (of either type) induces the onset of nuclear
statistical equilibrium. The composition in this case promotes very high
electron capture rates (as well as neutrino losses) which lower the pressure
on a dynamic timescale such that a severe rarefaction wave forms. It is
expected that in this case the explosion may turn into an implosion (see
Colgate 1971, Barkat et al. 1970, Bruenn 1972, Buchler et al. 1974, Mazurek
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et al. 1974), and this could be a scenario for formation of neutron stars, with or
without a supernova. Returning to the “standard” carbon explosion case, we
conclude that to obtain a theoretical model that agrees reasonably well with
observations of Type I supernovae, one must avoid the onset of “convective
Urca.” We estimate that this might be achieved if ignition occurs at a density
lower than approximately 10° g-cm™>. A rough estimate (based on fig. 9)
shows that for this to happen, we need the relevant rate of neutrino losses to
be scaled down by about an order of magnitude. We are currently checking
to see if this is permitted on physical grounds.
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1. The evolution of massive stars

1.1. The physics of the calculation

We first consider the evolution of massive stars as determined by the con-
struction of computer models. The basic physics included in our calculations
was discussed by Weaver et al. (1978), but there have been many changes
since and it is worth reviewing the current situation (see also Woosley and
Weaver 1988).

We begin with the equations of momentum and energy conservation written
in Lagrangian coordinates:

dv 0P Gm  4m 3Q

@ T wm T b
and

de 9 d (v oL .

— = - 47P— () —dnQ— (=) - = 4+ §. .

dt nPam(vr) ”Qam (r) am +S 1.2

Although these might appear complicated, they contain terms that should be
familiar. In the first equation, if the acceleration is zero and the term con-
taining the artificial viscosity is set to zero, one recovers the usual condition
of hydrostatic equilibrium. In the second equation there are terms for the
work that compression (or expansion) does, the energy transported by radia-
tive diffusion or convection, the energy generated by nuclear reactions (less
neutrino losses), and, again, a term for the viscosity. The viscosity is given
by

0 =3nrtd (Y), (1.3)
where
nw =ng + 3lipcs + 3 Zpmax(0, —Vv), (1.4)

and ng, the real viscosity, is taken equal to zero, [; = 0.1Ar, and I, = 2Ar,
where Ar is the zone size. The advantage of solving the hydrodynamic
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equations rather than just the stellar structure equations (eqs. (1.1) and (1.2),
but with no acceleration term and no viscosity) is that it removes the need
to make an abrupt transition from one code to another when the star decides
to do something dynamic. Such transitions are difficult to accomplish while
maintaining near equilibrium, where it exists, and conserving energy. One
disadvantage, occasionally, is that we might not want to study everything
that the star does along the way that is dynamic (e.g., Cepheid oscillations of
the outer envelope), but usually such occurrences can be handled with only
minor annoyance.

It is essential, however, that these equations be forward differenced and
solved implicitly, which is to say the derivatives of all quantities must be
included in the calculation and a matrix (which is tri-diagonal since each zone
speaks only to the one above and beneath) must be inverted in each iteration.
Explicitly differenced hydrodynamics, while easier numerically, suffers from
the requirement that time steps be a small fraction of the sound crossing time
for any zone (Courant condition). One could never evolve a star with such a
severe constraint, and even if one could, energy conservation would become
a problem. While the implicit solution is straightforward in one dimension,
no one has yet extended the method to a stellar evolution code in two or
three dimensions. To preserve composition boundaries, such a code would
need to be Lagrangian (mass zoned) rather than Eulerian (space zoned) or
else use a moving finite mesh. Nonradial motions would result in “bow-ties”
without some clever scheme for rezoning. So far no such code exists.

One must also specify an equation of state (EOS). This too is straightfor-
ward although tedious. Since the code will be used under conditions ranging
from a collapsing hydrogen cloud (or exploding supemova) to a neutron star,
the EOS must be correct in regions where the electrons have an arbitrary
degree of degeneracy and a speed arbitrarily close to the speed of light. The
radiation is simple, always a black body, and the ions are always Maxwellian,
except deep in neutron stars. In making excursions to density in the vicinity
of the atomic nucleus, which we hardly ever do, terms must be included for
the nuclear force. So far, we have not done this.

One must also compute the ionization state correctly in order to get both the
pressure and opacity. We assume thermal equilibrium and solve a Saha equa-
tion with terms included to approximate pressure ionization. As an option,
usually employed only for the study of supernova light-curve calculations,
the Saha equation may be solved for all the ionization states of up to 14
elements as heavy as nickel (Z = 28).

Just as one must include modifications to the ideal gas equation when
the strong force becomes important, one must also correct for the electrical
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interaction that occurs because the ions and electrons have charge. These are
loosely known as the “Coulomb corrections.” They lead to a decrement in
the pressure and internal energy. The pressure decrement is approximately
(Clayton 1968)

4 1/3 ZS/3X
Pcoul = -03 (%) N:/Sez Yel/3p4/3 Z : . :

A (1.5)

~ —5.7x 102 Y2 A3 p*/ dyne cm™2

where A is the mean atomic weight and Y, is the electron number density di-
vided by pN4. Of some relevance is the correction to the (zero-temperature)
Chandrasekhar mass implied by these terms

Mg ~ MS (1 — 0.0226(Z/6)*). (1.6)
ch

Next one must consider how to treat convection. This is the greatest source
of variety in the results obtained by several groups studying massive stellar
evolution. There is no accurate theory of convection, but everyone today
uses some variation of “mixing length” theory (see Clayton 1968 for a simple
discussion). Convection transports energy and changes the composition, and
both effects are very important. So long as one is interested only in energy
transport in a region where the entropy gradient is clearly superadiabatic, and
80 long as the time scale for mixing is not close to other physically relevant
time scales (nuclear, Kelvin Helmholtz, etc.), then the results are not sensitive
to the convective formulation employed. The difficulty comes in how to
treat convective boundaries, how to treat regions that are semiconvective
(see below), and whether to believe the results when mixing and nuclear
time scales become comparable.

A historical split in the way convection is treated comes about because the
adiabatic condition can be written two ways

dpP dp

P n— =0,
P
dP I dr (1.7
— + — = 0.
P 1-55 T
For convective instability, A > 0 or B > 0, where
A — 1 dp 1 dP
T pdr NP dr’
B — r,—-114d°r 1dT (1.8)

N P dr T dr’
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Here A is known as the Ledoux condition for instability, and B is the
Schwarzschild condition. These two conditions are equivalent except when
there are gradients in composition or when radiation pressure is important.
Then the Ledoux criterion is more restrictive since
4 -3 1d
A= Pp . Lo
B w dr
where B is the ratio of gas pressure to total pressure. Expressions for I" are
given in Woosley and Weaver (1988).
In our zoned numerical model two dimensionless quantities are calculated

2 P
WA = In (ﬁ) — ﬁ In (—1>
Po T’ T+ I 1 P,
F, F P T
Wy = Lo BT Cn (2,
2 P, T,
where F = (I3 — 1)/I5 and the superscripts and subscripts “0” and “1” refer
to the inner and outer zone, respectively. Obviously W, > 0 corresponds to

Ledoux convection and Wz > 0 corresponds to Schwarzschild convection.
The convective velocity is then computed (e.g., Clayton 1968)

(1.9)

(1.10)

1 /GM 12
Ve == | —A4Vp 1 (1.11)
2\ pr?
using Wy = (AVp/p)Ar.
The “mixing length” [ is the pressure scale height:

P+ P 1
— Lot N _ 15 , (1.12)
Po + p1 GM(r,)

and operationally Ar is given by (AM, + AM)/@rr(p, + p1). A
semiconvective velocity can be calculated in an analogous fashion using
Wg = (AVT/T)Ar. The diffusion coefficient for compositional mixing,
DB, is

Dp =3Vcl (1.13)

and the radiative diffusion coefficient is

D — 1 acT? [ de\ ™! 1.14)
"3 wp? \3T ), (1.
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The semiconvective diffusion coefficient is

FD,Dg

Dg = ——— 8,
S~ FD, + Dg

(1.15)

where F is an arbitrary parameter.
Once the diffusion coefficient is known, convective mixing in either case
A or case B is calculated from the diffusion equation

aY; d aY;
— = — |@nr’p)* D — 1.16
( at )conv Mf l:( i p) 8MFJ ( )

and added to the purely nuclear terms for (dY;/ds).

In our studies during the last 3 years, since shortly before SN 1987A,
we have generally carried out our calculations with two choices for F in
eq. (1.15). In the cases we shall call “unrestricted semiconvection” or some-
times “semiconvection on,” F is 0.1. This basically amounts to using a
diffusion coefficient for the composition in semiconvective regions equal to
10% that of the radiation diffusion coefficient. The other standard choice,
which we call “restricted semiconvection,” is F = 107*, This is not exactly
the same as using the strict Ledoux criterion; mixing time scales and evo-
lution time scales near the end of hydrogen exhaustion are still comparable.
But, as we shall see, it makes a big difference to the evolution of the star
what one chooses for . We have never been able, for example, to get
a blue progenitor for SN 1987A, even using the LMC composition, unless
F <1073

Note that none of our calculations ever correspond exactly to the case of
Schwarzschild convection (as, for example, Nomoto and his colleagues and
many others employ). Even if F were taken arbitrarily large, we still do not
(so far) transport energy in semiconvective regions by means other than radi-
ation diffusion. Of course, once the composition is mixed, a semiconvective
region will usually become convective, so maybe the distinction is not great.
Still, F = 0.1 is not the same as Schwarzschild convection. The limit F =
0 is, however, the strict Ledoux case. We suspect that these distinctions are
the cause of (relatively minor) differences between our calculations and those
of Nomoto’s group. The distinction is particularly important during silicon
burning where a decrease in Y., the electron mole number, owing to electron
capture should, and in the LeDoux case does inhibit mixing between layers
where electron capture has not occurred. Naively one would expect such a
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restriction on convection to result in smaller iron cores, but in fact just the
opposite can occur. More efficient convection can cause the silicon core to
grow to a critical mass and collapse at just that point where, in the LeDoux
case, additional convective shell burning might have occurred.

Which choice for F, if any, is right? A lot of work remains to be done,
but a very interesting study of semiconvection has recently been carried out
by Spruit (1990). He claims, based upon laboratory experiments, that semi-
convection is a “double diffusive” phenomenon, with the region breaking
down into cells. Inside a cell there is no composition gradient and convec-
tion proceeds as normal. In the zone boundaries, however, the composition
gradients are expressed and energy and mass only crosses these boundaries
by diffusion. He obtains for the semiconvective diffusion coefficient

(1.17)

4 v, -V,
3 -
)

Ds = (D, Dio)'"? (——
S ( o) V#

where D, is given by eq. (1.14), Di, is the ionic diffusion coefficient, § is
the ratio of gas pressure to total pressure, V, is the logarithmic derivative of
the radiation temperature with respect to radius, V, is a similar derivative of
the composition, and V, is the adiabatic gradient. In typical circumstances
the ionic diffusion coefficient is about 10® times smaller than the radiative
diffusion coefficient and the logarithmic derivative terms give a number less
than unity. This suggests a choice Dg ~ 10~*D, may not be too bad, but
the dependence on composition (especially ionic charge) and thermodynamic
conditions is much more complex than eq. (1.15) would indicate. We are in
the process of implementing this new procedure, but note so far the indication
that our “restricted semiconvection” calculations with F = 10~ may be the
more physical.

Certainly the part of the computer calculation that takes most of the time
and requires the greatest attention is the nuclear physics. This gives both the
energy generation rate and the nucleosynthesis. For computational efficiency
and clarity, we use different methods for calculating the nuclear reaction
network at different stages of the stars evolution. It is scarcely necessary
to carry a 150 isotope network to get the energy generation in hydrogen
burning correct (although it is necessary for silicon burning). The workhorse
of the code is the “19 Isotope Approximation Network.” This is mostly an
“g-chain” from “He through °Ni, but includes dummy links to the odd-mass
nuclei, e.g., *Mg(a, p)?’Al(p,y) 2Si which are assumed to be in steady
state, i.e., dY ((7Al)/dr = 0. The inverses of these links are also included for
a total of 80 reactions. The “real nuclei” included, those for which matrix
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elements are actually computed and inverted, are the neutron and proton
(hydrogen), 3*He, '2C, N, 160, 2Ne, and «-particle nuclei up through
%Ni, and **Fe. Steady-state links of one form or another pass through the
nuclei 2H, 13C, 315N, 1415180, 23Na, 27Al, 3!P, and all the a-particle-minus-
one-proton nuclei through >*Co. Also included are the heavy-ion reactions
12C + 12C, 12C + 160, and 190 + 0. This network is used from hydrogen
burning through oxygen burning until X('0) = 0.04.

After oxygen depletion one needs additional nuclei in the network in order
to follow the electron capture and positron decay (and at very late times,
B decay) reactions that alter the stellar structure. This is where the going
gets tough. Computation through oxygen shell burning and silicon burning
take about 80% of the total calculation time. In those zones where oxygen
has been (nearly) depleted we use a “quasiequilibrium network™ composed
of 125 isotopes from magnesium through mass 60. This should be good
for Y. 2 0.43. Efforts are currently underway by Aufderheide, Fushiki, and
Hartmann to extend this network to lower Y, and higher mass numbers. Pho-
todisintegration flow downwards from magnesium to ’s is coded explicitly
(Bodansky et al. 1968). Two groups of equilibrium isotopes are assumed to
be coupled by nonequilibrated link at mass 45 (Woosley et al. 1973).

When there are two groups not in mutual equilibrium, one must specify
five independent parameters: T, p, n, X(*Si), and X(**Ni), for example,
to determine all the abundances. When the two groups melt into one, four
parameters specify all abundances (drop X(**Ni)). When silicon disappears,
true nuclear statistical equilibrium is achieved and three parameters specify all
abundances. For reasons of stability, we do not convect individual isotopes
in regions that are in quasi- or nuclear-statistical equilibrium. The code
would take very small time steps watching the individual nuclei adjust to
their new temperature. Instead we convect the parameters of the equilibrium,
n and X(**Si). This mixing is not implicitly coupled to the stellar structure
calculation. Rather one does alternate cycles of “mix and burn” for each time
step.

In order to verify that the approximation and equilibrium networks are
functioning properly and in order to calculate detailed isotopic nucleosyn-
thesis, an arbitrary implicitly coupled network of any size (currently 150
isotopes) can be carried along in each calculation. This network is selected
from a nuclear library of over 500 isotopes. The matrix is inverted in every
zone where any substantial nuclear activity is going on and the abundances
are convectively mixed. There exists a version of the code in which the large
network is coupled to the structure equations, but this is rarely used. Also
included in this network are the reactions necessary to study light isotope
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nucleosynthesis and neutrino-induced reactions (charged and neutral current
on all isotopes). References for the reaction rates in the current code are
given in Woosley et al. (1990a,b). Tables of reaction rates evaluated at sev-
eral temperatures are available for a limited time and for those with a serious
“need to know” from Robert Hoffman at UCSC.

The greatest uncertainty in the nuclear physics presently employed in the
study of massive stellar evolution is the reaction rate for ?C(a, ¥)!0. Cur-
rent estimates range from zero (disallowed since we must breathe) to as much
as five times the currently favored value (Caughlan and Fowler 1988). As we
shall see, a value roughly twice that of Caughlan and Fowler (1988) seems
to be preferred on nucleosynthetic grounds and values more than three and
less than one times this standard rate cause nucleosynthetic difficulty.

1.2. A brief overview of massive stellar evolution

The general characteristics of massive stellar evolution and nucleosynthesis
have been reviewed many times. See, for example, Arnett (1978); Nomoto
and Hashimoto (1986); Chiosi and Maeder (1986); Woosley and Weaver
(1986); Woosley (1986); Maeder and Meynet (1988, 1989); Barkat and
Marom (1990), and references in all of these.

It is helpful, however, to keep in mind some general characteristics
and fiducial numbers (see also Arnett 1978; Nomoto 1984; Nomoto and
Hashimoto 1986). From the equation of hydrostatic equilibrium (eq. (1.1)
after dropping appropriate terms in acceleration and viscosity) and assuming
constant density, it follows that P./p. & M/R o« M*3p'/3, or P3/p? o« M?.
In fact, one obtains the same proportionality (see, e.g. Clayton 1968; p. 162)
in the more general case of a polytrope of index #, in which it can be shown

3 2
% = 4nG (%;l—) (1.18)

where ¢ = (n41)¥2¢2(d¢/d¢);,, or 10.73 in the case of an n = 3 polytrope.

The pressure may take several forms — ideal gas, radiation, and degeneracy
dominate in various situations, but consider as is appropriate, two limiting
cases when either ideal gas pressure dominates (or B8, the ratio of ideal gas
pressure to total pressure, is constant) or electron degeneracy. In the former,
since P. «x p.T. (or to TC4), the centers of spheres of constant mass will
evolve along lines of constant T}/p.. As the star contracts, it heats up and
T « p!/?. Eventually, however, either nuclear reactions occur or the core
becomes degenerate. If it becomes degenerate, the pressure is no longer
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sensitive to the temperature. A limiting density is reached (if the electrons
do not become fully relativistic) and the core ceases contraction. Along the
way, between these two limits, the center of the star of given mass passes
through a maximum temperature. If this is sufficient to ignite a given fuel,
the star does so, spends some time at approximately those conditions, and
then contracts again.

This simple behavior is complicated by several effects: (1) degenerate
flashes — sometimes ignition of the fuel significantly changes the structure of
the star including the relation between T, and p.; (2) neutrino losses, which
may create temperature inversions; (3) nuclear burning, which affects the
abundances of key nuclear fuels; and (4) convection, which affects the extent
of various compositional shells, beyond what is already determined by the
reaction rates and EOS.

Since complexity is easy to find in stellar evolution, we instead start sim-
ply. We construct spheres of constant mass and composition in hydrostatic
equilibrium at a density sufficiently low that both degeneracy and nuclear
reactions are negligible. As will be appropriate, we consider cores of 0.30,
0.40, and 0.50 M composed of pure helium, 0.75 and 1.00 M cores of
half carbon and half oxygen, and 1.25, 1.35, 1.40, and 2.0 M, cores of 75%
oxygen and 25% neon. These cores are allowed to contract, heat up, reach
some maximum temperature before encountering degeneracy, and then cool
off. The results are given in fig. 1 and table 1.

Table 1

Conditions at maximum temperature for contracting cores
Mass Age T o L
(Mo) (yn K (g cm™?) (erg s™')
0.30 1.3(7) 8.60(7) 1.0(5) 5.3(33)
0.40 L.1(7) 1.27(8) 2.0(5) 1.9(34)
0.50 5.2(6) 1.74(8) 3.4(5) 49(34)
0.75 1.2(6) 4.66(8) 1.6(6) 6.9(35)
1.00 9.0(5) 7.61(8) 5.3(6) 2.0(36)
1.25 7.4(5) 1.32(9) 2.6(7) 4.9(36)
1.25% 1.6(5) 6.63(8) 6.5(6) 4.9(37)
1.35 8.1(5) 1.65(9) 6.8(7) 5.7(36)
1.40 9.1(5) 1.88(9) 1.4(8) 6.0(36)

Table 1 shows the conditions near maximum central temperature for these
cores. In one case, 1.25 M, neutrino losses were included. These had the
effect of shifting the maximum to an earlier time when the temperature and
density were both lower. When neutrino losses are important, however, it
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Fig. 1. Central temperature and density for contracting spheres of various masses and
appropriate composition (see text). A maximum temperature is reached that depends
on the mass, then the core becomes degenerate and cools. Curves are for core masses
of (from bottom to top) 0.4, 0.5, 0.75, 1.0, 1.25, 1.35, 1.40, and 2.0 M. Neutrino
losses and nuclear reactions were ignored in this simple study.

can be misleading to examine only the central conditions. In the case of the
1.25 M, core, for example, the actual temperature maximum occurred well
off center (fig. 2) at a later time and was twice the central temperature at
that time. An obvious consequence of this is that some stars, particularly
those near the borderline, may ignite their nuclear burning off center. In-
verted compositions may develop with, for example, neon-burning ashes on
top of unburned neon. Further burning of central material must await the
depletion of fuel in overlaying shells and/or the inefficient propagation of
burning inwards by conduction. This makes the studies of such stars very
time consuming and complex.

Because of the extreme temperature sensitivity of nuclear energy gener-
ation in stars, there is a well-defined ignition temperature for a given fuel.
For hydrogen burning it is around 107 K and for helium burning about 10® K
(depending on the density). For heavier fuels the ignition condition can
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Fig. 2. Temperature distribution in a neon oxygen core of 1.25 M, at a time when
maximum temperature (8.6 x 10® K) is reached in the star. This maximum occurs
later than peak central temperature and well off center.

be determined from balanced power considerations, equating nuclear energy
generation to neutrino losses, leading to an ignition temperature of about
0.74, 1.3, and 1.8, and 3.0 billion K for carbon, neon, oxygen, and silicon,
respectively. Table 1 then suggests critical masses of about 0.3 M, for he-
lium ignition, 1.0 M, for carbon ignition, 1.3 M, for neon ignition, and 1.4
M for oxygen ignition. As mentioned previously, there are modifications
for neutrino losses. Calculations that include neutrino losses and burning
are straightforward and have been carried out by a number of groups (see
summary in Nomoto 1984) with the result that the actual critical masses for
helium, carbon, and neon are 0.31 M, 1.06 M, and 1.37 M, respectively.

Equating these critical core masses to their corresponding main sequence
masses can be misleading because of the dependence upon initial helium
abundance, which affects the size of the helium core; semiconvection, which
affects, for a given helium core size, the mass of the carbon-oxygen core;
and the reaction rate for '>C(e, y)'90. Generally speaking however, one
needs main sequence masses heavier than about 8 M to ignite carbon.
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Complicated effects of off-center ignition and burning shells continue to
about 13 M, although with restricted semiconvection and a small rate for
12C(at, ¥)'60, even a 15 M, star may ignite neon burning off center. By 18
M and beyond though, all burning stages, hydrogen through silicon, ignite
at the center of the star.

1.3. Stars in the mass range 15 to 80 M,

Historically these are the stars deemed most likely to give the common Type
II events, especially Type IIp. SN 1987A is a member of this set and, at least
in ways not specifically related to the blue nature of the progenitor star, Sk
202-69, is typical of the evolution expected in this mass range. Mass loss
may be important for the circumstellar environment in which the supernova
explodes and for nucleosynthesis, but the late stages of evolution for single
stars lighter than about 35 M is uniquely determined by the mass of the
helium core at the end of carbon burning. The mass of this core ranges from
roughly 1/4 to 1/3 as one moves from the light to heavy ends of the range
—a 15 M, star has a helium core of 4 Mg; a 35 M, star has a core of 14
M.

Above ~35 M mass loss may be so efficient as to uncover the helium
core during the red giant stage and produce a Wolf-Rayet (WR) star (cf.
Chiosi and Maeder 1986). Mass loss rates for WR stars may be very large
and mass dependent, Langer (1989) suggests, for example, a value for WNE,
WC, and WO stars (those showing large surface enhancements of nitrogen,
carbon, and oxygen respectively) of

M 2.5
WR) Moy (1.19)

Mwr = (0.6-1.0) x 107’ <—

Mo
Such rates imply that a very massive star, say 65 Mo, may evaporate all
the way down to 5 M during its evolution. Such a 5 M residual of a
very massive star has, at the time it explodes as a supernova, a very differ-
ent structure and composition than is obtained either from evolving a 5 M
helium core without mass loss or taking the inner 5 Mq of a 65 M star
evolved without mass loss. In particular the carbon-oxygen core is a much
larger fraction of the helium core than in the constant mass case (sometimes
100%) and the entropy is higher. Both these effects have important conse-
quences for models of Type Ib supernovae, a subject to which we shall return
in section 3.3.
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Table 2
25 Mg, presupernova properties
Model 2581 2583 25N1 25N3
2¢(q, y)'0* 1 3 1 3
Semiconv. high** high low** low
Metals solar solar solar solar
IH 9.38 9.33 10.12 10.10
‘He 8.61 8.51 10.24 10.28
2¢ 0.75 0.21 0.65 0.38
14N 8.2(-2) 8.0(—2) 8.7(-2) 9.4(-2)
160 3.0 2.7 13 2.0
20Ne 12 0.12 0.70 0.14
Mg 0.12 2.2(~2) 0.11 5.0(—2)
2gi 0.34 1.1 0.32 0.28
32g 0.14 1.0 0.16 0.16
36Ar 2.1(=2) 0.26 22(-2) 3.7(=2)
40Ca 7.7(=3) 0.29 1.1(=2) 2.3(=2)
2Na 3.8(—6) 4.8(-8) 1.5(—6) 1.2(—8)
2641 4.6(-5) 3.8(=5) 6.8(—6) 2.6(—5)
Mg 145 1.51 1.37 1.53
M3s00 1.73 1.58 1.59 1.90
Masgo 1.83 1.65 1.67 2.02
Miie 92 9.3 9.2 93
Mz 6.7 6.8 4.5 45
Ri> 59 60 55 55
Lag 10 11 8.7 8.8

*Compared to the most recent tabulated experimental value by Caughlan and
Fowler (1988).

**High means a semiconvective diffusion limited by F = 0.1 in eq. (1.15) the
radiative diffusion coefficient. “Low” is 1000 times smaller.

Tables 2 through 7 and figs. 3 and 4 present the results of some recent mod-
els (Weaver and Woosley 1991) employing varying prescriptions for semicon-
vection (see section 1.1) and values for the uncertain 2C(a, ¥)'%O reaction
rate,

These tables show a number of interesting properties of massive stellar
evolution. First we note the dependence of nucleosynthesis on the reaction
rate for 2C(«, ¥)'0. To the extent that a 25 Mg, star is representative,
tables 2 and 3 show that the nucleosynthesis becomes unacceptable, one
way or another, if the reaction rate is much less than that of Caughlan and
Fowler (1988) (e.g. Models 25S1 and 25N1) or more than three times larger
(Models 2583 and 25N3). For the small capture rate neon, a carbon burning
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Table 3
15, 25, and 35 M presupernova properties
Model 1582 15N2 2582 25N2 3582 35N2
2¢C(a, )10 2 2 2 2 2 2
Semiconv. high low high low high low
Metals solar solar solar solar solar solar
'H 6.90 730 9.38 10.10 11.07 12.54
‘He 5.18 577 8.44 10.27 12.39 14.16
2¢ 0.16 0.10 0.28 0.48 0.32 0.83
14N 5.2(=2) 6.0(=2) 8.0(—2) 9.2(-2) 0.13 0.11
160 0.80 0.25 3.91 1.88 6.73 4.45
20Ne 0.20 8.6(—2) 0.14 0.13 0.94 0.48
XMg 3.0(-2) 1.6(—2) 5.1(=2) 4.38(-2) 045 0.32
28gi 0.21 0.14 0.56 0.39 0.62 0.39
32g 0.14 7.3(=2) 0.25 0.17 0.34 0.13
36Ar 3.0(-2) 1.8(=2) 5.7(-2) 3.3(-2) 7.3(=2) 2.8(-2)
40Ca 1.6(—2) 5.5(=3) 2.8(=2) 1.2(=2) 5.9(=2) 1.4(=2)
2Na 2.2(=7) 6.9(—8) 6.4(—8) 4.2(—8) 9.2(-7) 2.0(-7)
LN 1.1(=5) 1.0(=5) 4.6(-5) 2.1(-5) 3.4(—4) 1.7(—4)
Mg 1.35 1.23 1.95 1.49 2.03 1.63
M3sp0 1.58 1.40 224 1.80 2.17 2.06
Museo 1.66 143 248 1.89 2.45 221
My 445 425 9.19 9.20 14.0 14.6
Mz 272 1.72 6.88 430 11.1 7.17
Ri» 349 34.6 61.4 56.9 79.4 81.4
L3g 3.45 2.05 10.6 8.68 18.5 18.0

product, is overproduced by more than a factor of two relative to oxygen
in the sun. For the large rates, not only are neon and magnesium greatly
underproduced, but at least in the case of efficient semiconvection, the high
entropy associated with a star that skips carbon and neon burning leads to
a vast convective oxygen burning shell where silicon and sulfur are greatly
overproduced. Tt would be impossible to hide all this silicon and sulfur in
the neutron star without making a black hole. It is also interesting that the
convective oxygen shell in 2583 devours most of the carbon oxygen core.
There would be very little helium burning s-process ejected from such a star.
From this study, a value of about twice the >C(a, y)'®O rate of Caughlan
and Fowler would be favored on the basis of nucleosynthesis (models 25N2
and 2582).
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Table 4
25 Mo metallicity study
Model 25TS1 25TS3 25TN1 25TN3
2¢(, )10 1 3 1 3
Semiconv. high high low low
Metals 0.01 Zg 0.01 Zg 0.01 Zo 0.01 Zg
H 9.33 9.34 10.35 10.32
‘He 8.71 8.67 10.62 10.69
2¢ 0.75 0.17 0.64 0.37
14N 1.0(-3) 1.0(=3) 1.2(-3) 1.2(=3)
160 2.9 3.1 1.1 1.8
20Ne 1.6 0.12 0.56 1.5(-2)
XMg 0.19 2.9(-2) 0.13 1.2(-2)
Bgi 2.5(-2) 1.0 0.18 0.25
g 3.1(—4) 0.81 4.5(~2) 0.15
BAr 1.5(=5) 0.18 5.3(=3) 3.9(-2)
0Ca 1.0(=5) 0.17 1.4(=3) 2.1(~2)
2Na 8.2(—6) 3.0(—8) 2.7(—6) 3.3(-8)
2641 3.1(—6) 3.2(=7) 7.3(—6) 1.6(—6)
Mre (1.65)* 1.56 1.47 1.49
Masgo 1.69 1.67 1.78 1.79
Masoo 1.78 1.75 1.86 1.90
Mue 9.2 9.1 9.2 9.2
Mz 6.7 6.6 42 42
Rip™* 52 64 2.9 2.7
L38** 10 10 ~9** ~9**

* Implosive oxygen burning in progress. Core poorly defined.
** Pulsating.

The sensitivity of results to the semiconvective diffusion coefficient is
also apparent. Most of the differences can be traced to the smaller CO-
core obtained when semiconvection is restricted (fig. 2). This gives less
heavy-element production and, generally speaking, smaller iron cores. The
envelope of the supernova progenitor can also be greatly affected, especially
if the metallicity is low (see table 4). There comes a metallicity, however,
when even stars with full semiconvection end their lives as blue supergiants
(tables 5 and 6).

Finally, we note (table 7) the possibility that very massive stars endowed
with mass loss rates as large as suggested by (1.19) may lose, not only all of
their hydrogen envelope, but a portion of their helium and carbon—oxygen
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Table 5
25 Mg Very low metallicity
Model 25781 25783 25US3 25ZN1 25ZN3
2C(a, y)'%0 1 3 3 1 3
Semiconv. high high high low low
Metals zero zZero 1074 Zo zero zero
'H 10.19 10.20 9.79 11.01 11.01
‘He 7.61 7.57 8.66 9.92 10.02
2¢ 0.49 0.32 0.34 0.55 0.34
N 1.9(=7) 1.4(=2) 1.4(=5) 1.4(=7) 1.6(=T)
160 34 3.5 3.4 1.1 1.8
20Ne 0.72 0.19 0.11 0.66 1.1(-2)
XMg 0.40 1.8(-2) 8.4(-2) 0.12 4.3(=3)
8gi 0.37 0.65 0.36 0.23 0.24
g 8.4(-2) 0.55 0.21 0.10 0.16
36Ar 1.2(-2) 0.13 4.8(-2) 2.4(-2) 4.5(-2)
40Ca 4.3(=3) 0.16 2.7(=2) 5.5(=3) 2.2(=2)
22Na 1.5(—6) 8.7(-7) 1.7(=7) 2.4(—6) 5.4(—9)
2641 7.9(-5) 4.7(—6) 7.5(=5) 7.8(-8) 4.0(—8)
Mg 1.90 1.83 2.05 (1.33)* 1.49
Masgo 2.13 2.03 227 1.56 1.83
Masoo 2.30 224 2.53 1.63 1.95
Mye 8.4 8.1 8.6 75 75
Mz 7.1 6.4 6.4 4.1 4.1
R2** 12 1.1 1.1 0.71 0.69
L38** '\’10** '\’8** NIO** ~9** ~7**

* Implosive oxygen burning in progress. Core poorly defined.
** Pulsating.

core as well. The final structure of stars such as 60WRA does not closely
resemble what one would obtain from the evolution of an isolated helium
core of any mass evolved without mass loss. That is the 4.25 M residual
of Model 60WRA is very different from the end of the evolution of a 4.25
M bare helium core. Part of the difference is that the carbon—oxygen
core in the mass losing calculation is much larger, roughly all of the star in
Model 60WRA, although the surface abundance of helium remains nontrivial.
The entropies are also higher since the late stages of evolution proceed so
quickly that the star retains memory of its previous large size. Thus the
density gradients around the iron core and the size of the iron core itself are
very different from those of a lower mass star. We shall return to discuss
these differences further when we consider the possible origin of Type Ib
supernovae (section 3.3) from such stars.
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Table 6

Other presupernova models

Model 1581 1583* 15T3 1523 3583
Mass/M g 15 15 15 15 35

2C(a, y)100* 1 3 3 3 3
Semiconv. high high high high high

Metals solar solar 0.01 Zg zero solar

'H 6.92 6.88 6.86 7.33 11.0

“He 5.24 5.15 5.27 498 12.2

2¢ 0.18 0.13 0.14 0.15 0.27

uN 5.6(—2) 52(=2)  6.0(—4) 4.4(-8) 0.13

160 0.52 0.92 0.96 0.83 6.75

20Ne 044 49(=2)  1.3(=3) 70(=2) 022

XMg 99(=2) 34(=2) 7.9(=3) 27(=2)  6.6(-2)

Bgi 0.14 0.28 0.24 5.1(=2) 098

32g 49(=2) 015 0.14 37(=2) 096

3Ar 52(=3) 42(=2) 3.7(=2) 8.0(=3) 033

40cy 2.6(—3) 1.9(=2) 1.8(-2) 7.6(-3) 023

22Na 52(=-7)  43(=9)  75(=10) 2.4(=7) 1.7(=7)

264) 1.2(-5) 1.2(=5)  4.6(-8) 1.0(=5) 8.5(—5)

Mg, 1.41 1.33 1.39 1.56 1.92

M3soo 1.50 1.60 1.67 1.75 2.12

Masoo 1.55 1.66 1.75 1.85 2.23

Mue 44 45 47 38 14.2

Mz 27 28 29 28 1.2

Riz 35 35 26 0.61 78

Lag 35 35 22 24 19

1.4. The path to instability and neutron star masses

One frequently reads the simplistic statement in the literature that the iron core
of a massive star collapses because it: (a) exceeds the Chandrasekhar mass,
and; (b) can no longer generate nuclear energy. Some people even go so
far as to claim that this explains why neutron stars should have gravitational
masses near 1.4 M. While all these statements are truein an approximate,
general sense, they obscure some very interesting physics. Consider the
traditional Chandrasekhar mass

My, =583 Y2 (1.20)

which is 1.457 M, for Y. = 0.50. There are numerous corrections that must
be added (and subtracted) from this when considering a real stellar core,
which after all is not an isolated white dwarf.
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Fig. 4. Composition of Model 60WRA at the time its iron core collapsed. Extensive
mass loss as a Wolf-Rayet star has reduced the star’s mass to 4.25 M. Central
temperature at this point is 8.07 x 10° K and the central density is 6.12 x 10° g cm™3.
The luminosity is 4.4 x 1038 erg s~! and the radius 3.9 x 10!° cm. The model contains
400 zones and about 27 000 models have been calculated since carbon ignition. The
material external to the iron core is almost entirely carbon and oxygen although the
surface abundance of helium is nontrivial. Shallow density gradients near the iron
core bode well for producing *Ni (see section 3.3).

First, the central density is not infinite when the white dwarf becomes
unstable to general relativistic gravity (Shapiro and Teukolsky 1983). A
structural adiabatic index somewhat greater than % is unstable when the post-
Newtonian corrections are added to gravity, so real instability sets in at a
central density of p = 2.65 x 10! g cm™3. Also at this point, not all of the
electrons are (special) relativistic, especially in outer layers. Taken together
these corrections imply a 2.7% reduction in M., so that 1.457 M becomes
1.418 M.

Second, as discussed earlier, the gas is not ideal. The pressure is reduced
by the Coulomb corrections. Recall eq. (1.6)

Mo~ MG [1 — 0.0226(Z/6)*°],
which reduces 1.42 M, to 1.39 M, for a carbon white dwarf. For Fe

the Coulomb correction is larger and, moreover, Y, = 0.464, so M, (*°Fe) =
1.15 Mo.
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Table 7
Massive stars with mass loss
Model 35WR 40WR 60WRA 60WRB 85WRA 85WRB

Initial M 35 40 60 60 85 85

Final M 15.2 111 425 6.65 8.34 9.71
2¢@, %0 27 3 2.7 1 2.7 1

Semiconv. low low low low low low

Metals solar solar solar solar solar solar

'H 1.45 — — — — —
‘He 8.05 5.1 0.18 0.14 6.7(—2) 7.1(=2)
12c 1.10 1.5 0.53 1.10 0.51 1.29
uN 7.3(-2) 2.3(=2) — — — —
160 2.39 242 1.51 2.02 4.51 3.96
20Ne 0.15 0.15 0.18 1.29 0.27 1.70
Mg 9.3(-2) 3.6(-2) 2.8(=2) 0.27 0.18 0.44
28gi 0.26 0.24 0.22 0.27 0.47 0.52
2g 0.13 0.15 0.15 8.0(—-2) 0.26 0.12
36Ar 2.9(-2) 3.7(=2) 3.2(-2) 9.0(-3) 6.5(=2) 1.3(=2)
40Ca 1.8(-2) 2.3(=2) 1.7(=2) 3.5(=3) 6.5(—2) 3.8(-3)
Mg 1.45 1.42 1.40 1.46 1.90 1.59
M3sao 1.77 1.67 1.66 1.77 2.18 1.96
Masoo 1.88 1.76 1.73 1.89 248 2.11
RS, 68 0.12 3.92(=2)  2.63(-2)  2.50(-2) 2.40(-2)
LS 13 —* 44 ~15 —*  ~10

* Difficult to determine. Surface was oscillating.

Third, the surface boundary pressure plays a very important role. This
decreases the effective Chandrasekhar mass, but the effect varies as silicon
and oxygen burning shells are ignited. Frequently a core may begin to col-
lapse, but as it contracts, an overlaying shell of unburned fuel is ignited. This
generates energy which raises the overlaying material to larger radii relieving
the boundary pressure on the core. At this point the core ceases contracting
and may even expand.

Fourth, and probably most important for the core of a massive star is
the fact that such cores have finite entropy, i.e., they are not completely
degenerate. To rough approximation (Chandrasekhar 1938; Hoyle and Fowler
1960; Baron and Cooperstein 1990)

2k2T2
My ~ MC, (1 + (’—’T» 1.21)

€F
where ¢ is the Fermi energy for relativistic degenerate electrons,

er = 1.11(07Y.)" MeV. (1.22)
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The distinction between er and the chemical potential y. is important in
deriving the above equation. To a first approximation (Baron and Cooperstein

1990y,
N 1 (mkpT\?
Ue X ep{l—= . (1.23)
3 €F

The Chandrasekhar mass may also be expressed in terms of the electronic

entropy per baryon
s \2
(4
M ~ MY, (1 + (”Ye) ) : (1.24)

where s, in units of Boltzmann’s constant, &, is (Cooperstein and Baron 1990)

Se 72TY,
Se = =
NAk €F
1i3( Ye 3 (129
=~ 0.50p,, T;
Pro (0.42) MeV

when near complete relativistic degeneracy is assumed. For typical conditions
during silicon burning in a massive star (p;o = 0.01, Y. = 0.46, Tyev = 0.3)
this correction can increase the “Chandrasekhar mass” by 26%. At collapse
the correction is smaller, typically 10%. The core must lose entropy to
collapse.

Finally there are minor corrections for the ion and radiation pressure. The
star is not entirely supported by electrons. These corrections are small and
can be neglected. Perhaps more important, but totally uncertain, is whether
a correction should be made for rotation.

Note that in all these correction terms, composition, Y., and entropy must
be properly averaged over the whole stellar core. Typically in the presuper-
nova models Y, is 0.42 in the center and 0.48 at the edge, thus an average
value is 0.45. The composition is mostly iron (Z = 26). Thus the minimum
core mass capable of collapse, assuming, unrealistically, that the entropy is
zero, is My, ~ 1.09M 5. The mass that collapses must be reduced by the
neutrinos that are lost, that is the binding energy of the neutron star must be
subtracted. This mass decrement is reasonably independent of the equation
of state so long as a black hole is not formed and is roughly independent of
equation of state (Burrows 1990; Lattimer, private communication),

M 2
AM =~ 0.084 (T;_) , (1.26)

o}
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or about a 15% reduction depending upon the mass. Thus one could, in
principle, have neutron stars with gravitational masses as light as 1.0 M.
In nature this never happens.

Including realistic entropy and surface boundary pressure corrections, i.e.,
using the stellar models themselves, the iron core that collapses is typically
between 1.25 and 2.05 M with 1.3-1.6 being most typical of all but the
rarest (most massive) stars (tables 2—7). However, even corrected for neutrino
losses, the iron core mass is not the neutron star mass. The prompt explosion
mechanism does not work (section 2.1). The delayed explosion mechanism
takes roughly a second to develop during which time mass accretes. A
realistic upper bound on the final mass (in a successful explosion) is to take
the mass where the free fall time is about 1 second. This gives roughly 4000
km. Typically masses there are 1.6 M, which when corrected for neutrino
losses gives a gravitational mass near 1.4 M. Actual delayed explosion
models tend to give mass cuts corresponding to 2500 to 3500 km in the
presupernova star (Mayle and Wilson, 1991). For values of 2C(e, y)!%0
that best fit the solar abundances (about twice that of Caughlan and Fowler
1988); for restricted semiconvection, which seems to be required to replicate
the evolution of the progenitor star of SN 1987A; and for stars in the mass
range 15 to 60 M, the range of masses interior to 3500 km is 1.40 to 2.05
baryon mass corresponding to gravitational masses between 1.27 and 1.78
M which we think is an appropriate range so long as a black hole does not
form. Of course no estimate can be considered reliable until the explosion
has been realistically modeled.

And the story may not end even there. For Type II supernovae, there
is a “reverse shock” that occurs when the exploding helium core runs into
the hydrogen envelope. The sudden increase in pr® leads to a reflection
(Weaver and Woosley 1980; Bethe 1990) that communicates the signal to
the underlying material to slow down. In the moving material this appears
as a shock. For SN 1987A and other Type II’s, this shock arrives back at
the center of the star after about an hour (Woosley 1988) and leads to an
unknown amount of material being decelerated below the escape velocity.
Chevalier (1989) estimates the mass in SN 1987A to be ~0.1 M, but the
actual value is uncertain and may be much smaller. Woosley (1988) finds that
if the explosion energy is less than about 3 x 10 erg, solar mass quantities
of material may fall back onto the core. This did not happen in SN 1987A
because we know the explosion energy there to have been much greater than
3 x 10°° erg, but it could, depending on details of the delayed explosion
mechanism (section 2.2), happen in other supernovae. Thus it is possible to
make a substantial black hole in the middle of an optically brilliant supernova.
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All of the radioactivity would be lost, however, which is another reason we
know that this did not happen in SN 1987A.

For lighter stars in the 8 to 12 M range, even though the explosion
mechanism is uncertain, the range of iron core masses is more tightly con-
strained, 1.25-1.38 M, (gravitational mass). This is because of the abrupt
density decline outside the iron core that decreases the amount of accretion
that can occur during the explosion and because neutron-rich nucleosynthesis
precludes the ejection of much of the iron core (section 4.4).

For the accretion-induced collapse of a white dwarf one obtains a nearly
unique value. The baryon mass at collapse is white dwarf mass having a
central density of about 10! g cm™3 (Nomoto and Kondo 1990; Isern et al.
1990; Canal et al. 1990), i.e., about 1.38 M, implying a final neutron star
mass of 1.25 Mg.

2. Type II supernovae

In this section we shall be concerned with the physical processes currently
held responsible for the explosion and radiation of Type II supernovae. Dis-
cussions of a broader nature appear elsewhere (Woosley and Weaver 1986;
Arnett et al. 1989; Petschek 1990; Bethe 1990; Woosley, 1986). Of spe-
cial importance is the status of the “delayed explosion mode” of Wilson and
Mayle which presently is the only one giving credible explosions.

2.1. Core collapse and bounce

For many years it was hoped that a simple, purely hydrodynamical solution to
the Type II explosion mechanism could be found. This would reduce reliance
upon more intricate calculations of radiation (neutrino) transport and explain
a common natural phenomenon in a simple, physically appealing fashion.
Unfortunately, nature appears not to have taken this simple path. For the
realistic equations of state of the day and presupernova models calculated
carefully by at least four independent groups, it appears that the so-called
“prompt mechanism” does not work. Nevertheless, the events during the first
20 ms (sound crossing time for the core) following maximum compression
remain exceedingly important because, just as the presupernova model set
the conditions for the collapse, the propagation and initial death of the shock
set the stage for what follows. We shall be skimpy on detail here and refer
the interested reader to excellent reviews of the subject by Bethe (1990) and
Cooperstein and Baron (1990).
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Prior to achieving nuclear density, pressure continues to come predomi-
nantly from relativistic electrons, hence I't ~ 4/3. At a density p ~ 3 x 10"
g cm™3, depending somewhat on their energy, neutrinos become trapped
within the collapsing core; i.e., their diffusion time outwards exceeds the
collapse time scale, a few milliseconds. From this point on, the total num-
ber of neutrinos plus electrons does not vary greatly though the two may
exchange identity via the weak interaction. Typically the lepton number
density, n; =~ 0.40pN4 cm™ at trapping with N5 Avogadro’s number. The
dynamics of collapse naturally segregate the imploding core into two regions:
an inner core which collapses homologously (vocr), with its outer extremity
falling at about the sound speed, and an outer core, whose supersonic infail
velocity (vor~!/2) is roughly 1/2 of the free fall velocity. At maximum, the
collapse velocity reaches about 70000 km s~!. Homology can be preserved
only in that inner portion that remains in sound communication. The mass
of this inner core is sensitive to a variety of thermodynamic conditions: the
pressure decrement compared to that required for hydrostatic equilibrium;
the adiabatic index of the gas; and how much electron capture has occurred,
but for typical conditions it ranges from 0.5 M to 0.7 M. As the central
regions approach and exceed nuclear density, the equation of state suddenly
stiffens (I becomes much greater than 4/3) and that portion of the core
that was collapsing homologously comes to an abrupt halt. Peak temperature
here is ~ 10-15 MeV and peak density, about 7 x 10’ g cm™3, (i.e., several
times the nuclear density). Pressure waves propagating outwards accumulate
where the Mach number equals one and build into a shock wave that begins
to move out. Thus the shock is not born at the center of the star, but out
around 0.7 to 0.8 M, i.e., roughly 0.2 M beyond the homologous core.

Analytic arguments (Lattimer et al. 1985) suggest that the shock wave is
born with an energy approximately equal to the gravitational binding energy
of the homologous (unshocked) core after it comes to rest, ~(4—7) x 10! erg,
as corrected for nuclear force and energy stored in the excited states of those
nuclei that have not merged or evaporated. This energy would be ample to
power the supernova if it could all be used, but unfortunately considerable
degradation occurs as the shock now attempts to beat its way out through
the remainder of the infalling core. Chief among the losses it suffers are
neutrino emission, especially when moving into a region where neutrinos
from electron capture can diffuse ahead of the shock (0 < 10" g cm™),
and photodisintegration. The temperatures of the shocked material are so high
that complete stripping of iron down to free nucleons is implied, an energy
~ 1.5 x 10°! erg being required for each 0.1 M, so disintegrated. The shock
cannot long endure such prodigious losses and, unless it quickly reaches
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the edge of the dense core and moves into a region where the low density
and high heat capacity give post-shock temperatures too low to disintegrate
iron and less efficient in producing neutrinos, it will die. Thus an important
criterion for the success of the core bounce mechanism is that the total mass
of the collapsing iron core not be too large, one obvious limit being that the
difference between the homologous and total core masses not be so great as
to consume the entire shock in photodisintegration losses. Unfortunately, as
noted above, all modern presupernova models have iron cores that are too
large.

2.2. “Delayed” explosions

2.2.1. An overview and some general comments

Consequently the shock moves out to some radius, typically ~ 300 km where
it stalls, loses all outward velocity and becomes a standing accretion shock.
A nearly stationary “neutrinosphere” (surface of near unit optical depth for
neutrinos) initially develops at about 50 km where the density p~10'! g cm—>
and the effective neutrino emission temperature is ~5 MeV (somewhat of
an oversimplification of the actual calculation; the neutrinos actually have
an optical depth that depends on their energy and the distribution function
is never fully thermalized). As time passes, the neutron star and its neutri-
nosphere shrink until the radius is only 10 km or so. It is the interaction of
the neutrinos from this shrinking core, typically 3 x 10°® ergs of them, with
the almost optically thin material above the neutrinosphere that ultimately
slows the accretion and turns material around again. The turnaround devel-
ops on a time scale comparable to that required for the neutron star to release
a fraction of its binding energy, which is ~ 1 second. Since this is so much
longer than the hydrodynamic time scale, the model is usually referred to
as the “delayed mechanism” (Wilson 1985; Mayle 1985; Bethe and Wilson
1985; Wilson et al. 1986; Mayle and Wilson 1988ab; Mayle 1990; Mayle
and Wilson 1991; Bethe 1990, 1993).

Obviously if only 0.5% of the neutron star binding energy could be put
in the right place at the right time, an energetic supernova would result.
This coupling, however, has been the outstanding theoretical problem in
the study of supernovae for a very long time (Baade and Zwicky 1934;
Colgate and White 1966). It is our opinion and that of at least several
others (Colgate 1991; Bethe 1990, 1993) that Wilson and Mayle’s model is
qualitatively correct. This is not to preclude the possibility that new physics
may ultimately be required to obtain agreement with observations, but the
general idea of a slowly developing explosion powered by neutrino absorption
is appealing for many reasons. It explains in a natural fashion the fact that
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the mass cut occurs outside of the neutronized core and not within, where
the nucleosynthesis would be unacceptable. It may explain the origin of the
r-process (section 4.4). It provides the long slow push that is essential to
avoid mass reimplosion (Colgate 1991). Finally there is the simple fact that
it appears to work, at least in some computer calculations, which is more than
one can say for any other model at the present time. The delayed mechanism
also employs some fascinating physics and it is worth taking some time to
discuss some of it.

The explosion of the infalling mantle is essentially a study in accretion
physics. Matter passes through an accretion shock, is abruptly slowed, though
not stopped, and “settles” rapidly onto the neutron star. A rough schematic
is given in fig. 5.

Ry
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A

) }

~ 3000 Km s~

1

Fig. 5. Qualitative velocity structure at an early epoch in the delayed explosion
mechanism.

The rate at which material arrives at the shock can be estimated (Coop-
erstein et al. 1984) by assuming that material in the mantle has a density

distribution
H

plr>R) =~ @2.1)

which experiences an acceleration a’g = a2 [GM(r)/r?). Neglecting pres-
sure, which basically has the effect of making ¢ < 1, the velocity at ra-
dius r will, after some time, be a fraction of the local escape velocity, i.e.,
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Fig. 6. Product of density and radius-cubed for an 18 Mg, presupernova star. Overall
this quantity is roughly constant but note abrupt changes just outside the iron core
and at the hydrogen-helium interface. Regions of abrupt increase in pr? give rise to
reflections of the shock wave (Bethe 1990).

v(r) = —aves(r). This implies a density structure
2 H —1,-3/2
)= 2.2
P = 3 RGM )P 22)
Hence the accretion rate, 4wr?pv, is
. 8
M@) = ?” Hi™, 2.3)

which, interestingly, is independent of a. For H ~ 1032 g (for example, in
the inner mantle of an 18 M, star; fig. 6) and o ~ 1/2, the accretion rate at
the shock is a few tenths of a solar mass per second at time one second. As
time passes, H increases so the accretion rate, including the t~! dependence,
stays near this value, at least uvntil a black hole is formed. Numerically this
is consistent with the results of Woosley and Weaver (1982a) who followed
the failed explosion of a 25 M, star for 6 seconds. During that period, 1.8
M accreted through the shock.
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Most interesting for the delayed mechanism is what happens to this ma-
terial after it passes through the shock and, in particular, the competition
between energy absorption from neutrinos flowing out from the neutron star
and emission of neutrinos by electron (and positron) capture. In order to
merge smoothly with the neutron star, net dissipation (corrected for energy
absorption) must carry away energy at a rate equal to the gravitational bind-
ing energy of the accreted material, i.e., Ly = MGM,/R, ~ 2.4 x 107
(50 km/R,) erg s~! where R, here is the radius of the neutron star, here
assumed to be equivalent to the neutrinosphere radius, and M, is its mass,
about 1.5 M. Here we have also assumed M =03 Mg s, although that
will obviously vary from star to star and from time to time. The dissipation is
composed of two parts, photodisintegration and neutrino loss. The photodis-
integration loss is M Q where Q = 1.7 x 10°? erg per solar mass (complete
disintegration to nucleons is presumed; 8.8 MeV/nucleon), so the neutrinos
must carry off something like 2 x 1052 erg s™! in steady state. If they do not,
then the neutron star will begin to “resist” the accretion. Loosely speaking,
the sink would back up and the shock consequently move outwards in radius.
This does not necessarily imply that any mass moves outwards, although it
certainly may do so with or without any additional energy input. An inter-
esting case was considered in our 1982 paper mentioned above. When all
dissipation was turned off, the accretion shock moved rapidly out in radius
to several thousand kilometers in 1.3 seconds (note an error in the labeling
of the axes in Woosley and Weaver (1982a); in their fig. 11 it should be
“R*10”, not “R/10”). Positive velocities of roughly 1000 km s~ were also
observed behind the shock. While it is certainly not physical to set Lgis = 0,
this calculation demonstrates the important role of dissipation in the accretion
process.

The electron and positron capture on nucleons occurs in a narrow region
above the neutrinosphere. So another condition for the sink not to back up
is that the accretion rate into the loss region must equal that at the shock. If
sufficient power is absorbed between the shock and the loss region to slow
M, material may begin to move out. Bethe (1990, 1993) suggests that only
energy deposited outside the loss region can be effectively utilized in the
explosion. We do not agree because decreasing the losses, even in a region
where the net energy generation retains a negative sign, must be useful to
explosion. However, it is very important that not too much of the energy
absorbed in the “gain region” be advected into the loss region. Slowing
this matter, however, takes far less than the 2 x 10°? erg s~! being lost in
steady state to electron capture. The kinetic energy of the inward moving
material is very small compared to gravity though the thermal energy is
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comparable. That is what the shock plus gravitational compression after the
shock accomplished. Thus the farther out the energy is deposited beyond the
loss region, the less work is required to reduce M. Typically the internal
energy of the matter is a few times 10'® erg g! in the region of interest.
Absorption of energy comparable to this in the time that it takes the matter to
move to the loss region will begin to reverse the flow. Since the matter enters
the loss region at a few thousand km s~! and the region where it might gain
energy by neutrino capture is only ~ 100 km in extent, the available time is
short, a few hundredths of a second. Thus the energy absorbed from neutrinos
must be ~ 10?° erg g~!. As we shall see in the next subsection, this implies
neutrino luminosities (in each flavor) of several times 10°2 ergs™!. Values
comparable to this are observed in the Wilson and Mayle models during the
first second or so. It is this coincidence that allows the explosion to develop.

Clearly it is to the star’s advantage to slow the accretion at the earliest pos-
sible moment. The less energy advected into the loss region, the more useful
energy will be available for the explosion. The best way to halt the accretion
is to increase the neutrino luminosity and so the most successful models of
Wilson and Mayle are those that amplify the early luminosity by considering
convection in the neutron star. Convection outside the neutrinosphere also
plays an important role, in part by cooling the loss region and reducing Lg;s
(Wilson, private communication), but also by allowing energy that would
have been advected into the loss region to stay out of it (Bethe 1990, 1993).
Convection is probably an essential aspect of the delayed mechanism and the
fact that others have not included it may account for the fact that no one, so
far, has replicated the successful explosions of Wilson and Mayle.

Once the accretion is halted, a mass separation begins to develop as mate-
rial actually begins to move outwards. This decreases the efficiency for neu-
trino capture on nucleons and a second stage of heating commences where
the bulk of the final supernova energy is developed. Scattering of neutrinos
on pairs and, possibly, neutrino annihilation (Goodman et al. 1987) play an
important role here. The density becomes too low, except in a very narrow
region near the neutron star, for capture on baryons to be important. Whether
or not a full 10°! erg of final kinetic energy is finally developed in the de-
layed explosion model is presently a point of some contention (Hillebrandt,
this volume, but see also Mayle and Wilson 1991). Given the large sums
of energies involved and sensitivity to the simulation of convection and the
angular integration of the neutrino annihilation energy input, it may be that
we should be content for now simply to have a mechanism that provides
mass ejection.
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2.2.2. Energy absorbing and emitting processes
In order to go into more quantitative detail, it is useful to consider some
of the physics involved in the delayed mechanism. Some of the formulae
developed here were previously presented by Bethe (1993).
All energy absorbing and liberating processes involving the neutrinos have
at their heart the basic weak interaction cross section:
4GmZh’

Oy = ——— = 1.7 x 107* cm?. (2.4)
Tc

This implies, for example, for the electron capture reaction, €~ + p — n + v,

(1+3g2) ( € )2
So = Oo

8 mec?

= 4.5 x 107%¢Z,, cm?,

(2.5)

where eyey is the energy of the outgoing neutrino in MeV. The most im-
portant heating process, at least at relatively early times is the capture, by
nucleons, of electron-flavored neutrinos streaming out from the core,

n+v.—>p+e”
p+7iv.— n+et,
Owing to helicity arguments, the cross section for neutrino capture is twice
that of the electron, s, = 2s,, and for a relativistic Fermi distribution in which
_ Fs(0)

(€)= T?(MeV)
F3(0)
~ 20.8 TX(MeV) 2.6)
~ 250 MeV?,
So & 1.2 x 107*! cm?. The energy deposition rate is
. X
Queap = Pev 25o,Nap i
7 acR?T? X
=2 X ——2 Y 05, Npyp X
16 42 oAP
Xowe 6 ( Ro\
~ 1.0 x 1025,07—;—Tv6 <—> ergem 57! 2.7
r

X
~ 1.05 x 10?7 Fs, m% r7? ergem3s7!

X
~ 1.05 x 10%° Fs; % r7_2 ergg'l s~
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where Fs, is the luminosity of v, and v, divided by 10°2 erg s™! and it is
assumed that the nucleons are roughly half protons and half neutrons (i.e.,
Y. ~ 0.5). If the fluxes of the two types of neutrinos are different then an
obvious redefinition of Fs; is required.

On the other hand, the inverse reactions lead to an energy loss

n+et > p+
p+e — n+v,.

For a relativistic gas of pairs (Mayle 1985; Bethe 1993):

Xnue (€2)

2 (e2)
~ 2.0 x 107 ;ome,cT6 erg cm 357!
~2.0x 108 X0 TS erg g7! s7L.

. ~ 7 4
Qecap ~ 2 x §aT 5oNap 4

(2.8)

Again the factor of 2 out front recalls the fact that an electron or positron can
capture on one-half of the nucleons present and we have used the fact that
(€2) ~ 21 T? for both neutrinos and pairs. Equating energy losses and gains
implies a relation between temperature and radius at the point of balanced
power (Bethe and Wilson 1985; Mayle 1985):

R\
T=T, (;) . 2.9)

In the terminology of Bethe, r here is the “gain radius,”
T3 ~ 5Fy, (2.10)

or about 5 to 11 for F5; = 1 to 5 (here Fs; is the flux of electron neutrinos
and anti-neutrinos).

The flux, Fs;, at late times is roughly 1/3 the binding energy of the neutron
star divided by the time scale over which most of the neutrino emission
occurs, about 2 seconds:

Fsy~ — = 5. 2.11)
37

Behind the shock and above the neutrinosphere the material is nearly in
hydrostatic equilibrium. It may be settling at speeds of ~ 1000 km s~!, but
this is far short of the escape velocity, ~ 10 cm s~!. The pressure from
relativistic pairs and radiation is very nearly aT 4, but there is an important
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contribution from the nucleons. At early times, P, JaT* ~ % but the ratio
later becomes smaller. Assuming radiation dominance, the pressure scale
height is

aT*r?
lp ~

GMp 2.12)

~ 7 X 106 r72Tf\?leV

cm.

A successful explosion will require appreciable optical depth beyond the
gain radius. If the entropy is roughly constant, the density scale height will be
a little longer than the pressure scale height (distance for T* to decline by e).
Averaged over the entire event we need an neutrino trapping efficiency, or
average optical depth t, ~ 0.01, or

o
7, =001 = / K, pdr
~i,plp (2.13)
= 5oNap Xnuc lp
~ 4.6 x 1072 Ty,
implying at the gain radius,

PTd, =21 OT(“)I. (2.14)

Thus in order to gain energy and not lose it we need r7T> < 7 but in order
to gain a significant amount of energy we need r2T* 2 20. Combining the
above we obtain, at the gain radius for 1% efficiency 1 = 1 and T = 2.2
MeV which is approximately the actual situation at moderately late (roughly
0.5 s) times, confirming that efficiencies ~1% are achieved. For the scale
height not to exceed the radius the density must be greater than 10® g cm~3
at this point, but as heating proceeds and as the neutrinosphere sharpens up,
the density at 100 km will decline.

The actual run of temperature and radius is determined by the hydrostatic
equilibrium condition and the distribution of density beneath the shock. If
the density obeys a power law, p = po(ro/r)”, then, continuing to as-
sume radiation dominance, the temperature will also obey a power law,
T = To(ro/r)®*D/* Typically n is 2 to 3 and T o r~%73© =1 Thus
rT? and r?T* both decrease radially outwards and the above conditions are
each satisfied at some radius. The trick is getting rpi, to be less than ry,y.
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At least at early times in the models of Wilson and Mayle, these conditions
are satisfied, that is the temperature is nearly 2 MeV at 100 km. As time
passes however, the density gradient gets steeper near the neutrinosphere and
the density declines in what is now the “bubble.” A gain radius can still
be found but the efficiency for absorption beyond this gain radius decreases.
Moreover as the material expands and cools, nucleons reassemble into «-
particles thus shutting off energy deposition by capture, as well as cooling
by capture. Usually not enough energy has been deposited at this point to
blow up the star and, were nothing else to happen, material would begin to
fall back in again increasing the density, perhaps giving rise to oscillations
(Wilson et al. 1986). Thus more energy deposition is required in a second
stage of heating. This occurs by at least two mechanisms, scattering off of
electron—positron pairs in the low-density bubble and energy deposition due
to neutrino—antineutrino annihilation.

The energy input by neutrino annihilation is (Goodman, Dar, and Nussinov
1986; Cooperstein et al. 1986, 1987), i.e.,

Veur + Veur = et e,

is

o _GEDO) . [(d) (e}
W) = — i Iz L,L; ( o " ﬁ) (2.15)
P(x)=(1—-x)*&?+4x+5), (2.16)
x=(1=(R,/r)H'? (2.17)

where G = 5.29 x 107 MeV~2 and D = 2.34 for electron neutrinos and
0.503 for v, and v,. The total energy depesited external to the neutrinosphere
is

. GiD 2 2
QO = SR ; z L,L; (EGU; + E?;)
€5 v
ety A (2.18)
~ A 50 km L, ergem > s~
~ R, 1053 ergs™! &
where A = 6.2 x 10®ergs™! for u- and r-neutrinos individually and

2.9 x 10° ergs™! for electron neutrinos. For radii several times that of
the neutrinosphere

. N 0 Los [Rs\® 3 1
Gvs(r) 9 x 10 Rt ergcm s 2.19)
v6 e
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In these equations L, is the luminosity of a given flavor of neutrino, typi-
cally one or two times 1072 ergs~! when R, is 20 km, thus contrary to some
claims in the literature, we expect the contribution from this process to be
rather small, although not negligible. However, it should be noted that the
equations used here assume a precise neutrinosphere when calculating the
angular integral and the actual situation is likely to be much more compli-
cated. In particular, in a realistic “grey” atmosphere, there may be many
more high-angle collisions between neutrons than a sharp photosphere would
imply. This effect boosts the efficiency of neutrino annihilation as an energy
source at late times (Wilson, private communication).

The remaining (known) process of importance is scattering on electrons
and positrons

e+ Veyur > €+, .

et + veur > €+ .,
and the corresponding reactions for V., ,.. Both these processes and neutrino
annihilation have the appealing attribute of continuing to provide energy to
a (hot) region even when the baryon density has declined (owing to the
expansion that must accompany a successful explosion). The cross section

for a neutrino to scatter on a relativistic electron is (Tubbs and Schramm
1975; Mayle 1985; Burrows and Lattimer 1986; Cooperstein, et al. 1986)

( e, kT )
o, = Ao, | ———
(mec?)? (2.20)

~ 6.54 x 107* ¢, Tyev cm?

where A = % for electron neutrinos, % for anti-electron neutrinos, and § each
for u- and 7-neutrinos and their antiparticles. The number density of pairs,
again assuming relativistic, nondegenerate particles, is (Mayle 1985)

_ 2 [mec 3 kgT 3 —
we=re =) \ma) ¢

3 1.2021 4
~ ——-—T
272 (hc)?
_Tal?
"8 3kg
where 7 is the chemical potential, p., divided by kgT. Taking the chemical

potential equal to zero, which gives the second form of the equation, implies
Npair & 2.4 x 1031 T3y, leading to an absorption coefficient

(2.21)

Xe =3.09A4 x 107%¢, Tyt , ecm™}, (2.22)
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for positron and electron scattering. In the limiting case that all neutrinos (x-,
7-, e-neutrinos, and their antiparticles) are present in equal abundances (ap-
proximately so at late times), then A, = 9.0 x 10~ 2eyey Tyhey cm™! which is
to be used with the fotal neutrino luminosity in all flavors. In each scattering
the neutrino deposits a fraction

AE 1 ksT
- (1-4 :
P (4() e

or very nearly half its energy. Using our earlier formula for the scale height
(2.12), and evaluating for the optical depth to total neutrino luminosity at
late times external to the gain radius, (2.10), we find

. L
Gescat ~ 3.6 x 1018 ;3;‘;" €Ty ergg ! s™! (2.24)
7
and
T2
Te ~ 0.005%. (2.25)

This shows that substantial optical depth to neutrinos can be developed even
at late times and that deposition is even favored by lower density at the gain
radius (because of the larger pressure scale height). This energy deposition
is to be compared, at low density to losses by pair annihilation

e +et > v+,

Gpair ~ 1.0 x 105T° erg cm™ (2.26)

which is generally negligible.

Finally we apply these semianalytic approximations to an edit of a recent
calculation by Mayle and Wilson (1991) of a 20 M star. At 0.608 s, the
temperature and density structure are shown in fig. 7.

At this point the neutrinosphere is located at 21 km and the luminosities
are 1.4, 1.6, and 6.4 x10°? erg s~! in v,, V., and all the - and 7-neutrinos,
respectively. Neutrino annihilation is, according to eq. (2.18), contributing
2 x 10* erg s~! and almost all of this is interior to the gain radius. This
process has yet to become important. Exterior to the gain radius, neutrino
capture on nucleons, eq. (2.7), and pair capture on nucleons, eq. (2.8), are
contributing a net gain of 2.4 x 10°° erg s~! and electron scattering, eq. (2.22),
is contributing an additional 5.7 x 10* erg s~! for a total of 3.0x 10 erg s~!.
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Fig. 7. Temperature, density, velocity, and accretion rate as a function of radius in
a 20 M o model calculated by Mayle and Wilson at 0.608 s. The neutrinosphere and
gain radius are indicated. The accretion shock is situated at about 2000 km. The gain
radius, indicated by a star, is at 50 km where the temperature is 2.4 MeV. The y-axis
is in appropriate units and M is in solar masses per second. The total mass contained
in this region is 0.02 M, mostly at the lower densities.

While this is a bit on the small side (energy is still being advected into
the loss region and one might have preferred 5 x 10% erg s=!), the equa-
tions used here are very approximate. It also is not correct to neglect all the
energy deposited internal to the gain radius. Although most of it is radiated
away, the equilibrium temperature is higher when energy is being deposited
than when it is not and thus the pressure scale height is larger. Certainly if
all material external to the gain radius were to be removed, material would
flow from beneath to take its place, doing work in the process. Thus we
differ with Bethe (1993) who states that energy deposited interior to the gain
radius is irrelevant. Finally we have only examined one arbitrary time point.
At any rate, it is encouraging that the numbers are in the right ball park
and it suggests that, in the future, meaningful models might be constructed
that include only physics of the optically thin region (plus an inner boundary
adapted from a realistic neutron star cooling calculation). This would alle-
viate the need to do high-density physics and neutrino transport in the same
code where the explosion is simulated. We look forward to trying it.
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2.3. Shock propagation and break out
Once a strong outbound shock is formed, it moves through the mantle and

envelope, arriving at the surface of the red or blue supergiant in a time given
approximately by the Sedov equation

ENS
R, ~ (—") 1213, (2.27)
P
or 2
3M
h =~ (4 EH ) R,
T
° 1 (2.28)
My\Y
& 700 (—) Rz s.
Es,

when My is the mass of the hydrogen envelope in solar masses and R, its
radius in units of 10'2 cm.

As the shock breaks through the surface a bright hard ultraviolet flash oc-
curs, but that is discussed elsewhere in this volume by Nadyozhin and need
not be treated in much detail here. The duration, luminosity, and hardness of
this flash are all very sensitive to the initial radius of the star. Approximate
relations are (Woosley 19902) Lo ~ 10°'5Ryg erg s7!, Thea ~ 10%3/R}}*
K, and T ~ Rj¢ s, but all these quantities really need to be calculated in
a code in which the detailed effects of the line opacity are considered. In
particular, one may expect a large amount of ultraviolet line blanketing from
the high velocity metal lines in the outer envelope. This wavelength depen-
dent absorptive opacity is difficult to model in a thermal calculation. Several
groups are working on the synthetic spectrum necessary to proper (non-lte)
calculation.

2.4. Light curves of Type Il supernovae

The key physical parameters that determine the light curve are: (1) the total
energy deposited by core processes in the overiaying mantle; (2) the density
distribution and composition of the presupernova star, including any previ-
ously ejected circumstellar material; and (3) energy input from radioactive
material produced and ejected in the explosion. Fortunately, due to the very
large differences in scale between the portion of the star that undergoes col-
lapse (radius ~10® cm) and the radii of typical (Type II) presupernova stars



Massive Stars, Supernovae, and Nucleosynthesis 103

(102 to 10" cm), the still uncertain details of the core phenomena tend to be
almost completely averaged out in the ensuing explosion. In most cases, it
is an excellent approximation for the purposes of calculating light curves to
treat the core as a point mass and energy source (cf. Zel’dovich and Raizer
1966).

Following shock break out, the supernova’s luminosity falls rapidly as its
surface cools by expansion and radiative emission. Meanwhile, the rest of
the star’s material is cooled and accelerated by adiabatic expansion. The bulk
of the star remains sufficiently optically thick during this acceleration that
~99% of the total supernova energy is converted to kinetic energy in the
expanding debris. Only about 1% (typically about 104 ergs) thus remains
to be radiated when the star finally starts to become optically thin after
expanding to about 10'° cm.

For a red supergiant star that has not lost most of its envelope mass,
a two- to three-month-long plateau in emission then follows as a cooling
wave associated with the transparency induced by hydrogen recombination
propagates inwards through the star’s exploding envelope (see, for example,
Weaver and Woosley 1980). This has been discussed in detail by Woosley
and Weaver (1986) and Amett et al., (1989) and references therein. The
light curve of SN 1987A, which may be considered typical of what happens
when the explosion occurs in a blue supergiant is also covered in that same
reference (see also Woosley 1988).

The physics and progenitors of Type II-L supernovae and other peculiar
subclasses of Type II are not nearly so well understood. The Type II-L may
represent massive stars that have lost most, but not all, of their hydrogen
envelopes (Chevalier, 1984) and thus exhibit only very short and difficult
to observe plateau phases (Litvinova and Nadyozhin 1983). Alternatively or
additionally, these supernovae may be powered mostly by the decay of °Ni
(Doggett and Branch, 1985), with the break in the rate of decline at 100 days
being due to the transition from optically thick to optically thin emission, as
is clearly seen in Type I supernovae.

A relevant model is shown in fig. 8, but the resemblance to Type II-L
observations is not very good (though see Swartz et al. 1990).

2.5. X-ray and y-ray emission

At late times, after three months in a Type IIp and one month in SN 1987A,
the supernova light curve is powered by the decay of %°Co (and at very late
times by ’Co and *Ti). As the supernova expands and thins, the y-rays from
radioactive decay can begin to escape the supernova and be seen. The subject
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Fig. 8. Light curve resulting from the 1.3 x 10°! erg explosion of a 6 M helium
core (comparable to SN 1987A) capped by a 1 M, envelope of hydrogen and helium
having a radius of 1.4 x 1013 cm. The dashed lines are an unmixed version while the
solid line shows a model which was mixed comparable to SN 1987A. The top curve
was an explosion that made 0.42 M, of 3°Ni. The bottom made 0.07 M.

of y-ray astronomy of supernova is reviewed elsewhere in this volume by
Cassé, so here we present just a few equations and numbers

The unscattered flux of y-rays from a mass, Msg of *°Co in solar masses
normalized to a distance of 50 kpc (i.e., SN 1987A) is (Woosley 1988;
Woosley et al. 1988a)

F =081 ( Mss ) exp (—1/111.3d —ky ¢, (1,/1)?) em™2 71,
0.1M,

(2.29)
where ¢ is the elapsed time since the explosion, ¢, some fiducial time at which
the column depth to the edge of the *Co layer, ¢,, is to be determined, and
K, is the opacity to 1 MeV y-rays. Here F is the flux of some line, such as
847 keV, through which all decays proceed and homologous expansion has
been assumed. An appropriate value of «, is 0.06 cm?g~! and a reasonable
time to evaluate the column depth is z, = 10% s. This flux will have a
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maximum at time
tmax = Tcoky ¢o12)? = 263 (¢,/10%)'* days. (2.30)

The maximum flux is easily obtained by evaluating (2.29) at time fmax,

M 12 173
0.602 (56 ) exp |3 (K22
0.10Mo 4td,

M
0.602 ( 0'105;40) exp (—0.161)°) cm™2 571,

Finax

2.31)

a result which is extremely sensitive to the column depth at ¢,, ie., to
the expansion rate. Models appropriate to SN 1987A had ¢, in the range
(5—7) x 10* g cm~2 at 10° s provided that the 3°Co remains concentrated at
the center of the supernova. The y-ray optical depth at maximum emission is
1.4 (¢,/10* g cm™2)!/3, which is in the range 2-3 for any reasonable model.
Thus there is a pronounced continuum even when the y-rays are at their peak
luminosity.

The widths and energy profiles of the y-ray lines reflect the velocity dis-
tribution of the °Co as modified by optical depth effects. At late times one
sees a FWHM roughly twice the average velocity of the °Co. Early on
cobalt on the far side of the supernova will be optically thick and one will
see narrower, blue-shifted lines. The technology of 1987 was just barely ad-
equate to detect the supernova and some of the other interesting diagnostics
that come from line shapes at early times may not have been obtained.

Type la supernova, because they expand faster and have less mass to begin
with, have column depths about 100 times less than SN 1987A (e.g. Weaver
et al. 1980) and thus peak at a time roughly (100)"/3 = 4.6 times earlier and
have a flux per gram of **Ni produced exp(—0.161(50000'/3 — 500'/%)) or
100 times brighter. They also make ten times as much Ni and are thus
1000 times brighter in y-rays. Type Ib’s and II-L’s are intermediate between
these two limits. Table 8 shows the results of Monte Carlo calculations (Pinto
and Woosley 1991; Woosley and Pinto 1988; Pinto, private communication)
for models of Type Ia, Ib, and Ilp supernovae. The numbers given for
II-L are interpolated between Ib and IIp assuming that II-L supermnovae are a
consequence of massive stars that have lost most, but not all of their hydrogen
envelope. The line labeled “AIC” is for the accretion-induced collapse of a
white dwarf star. The 0.002 M of Ni is based upon a very specific
calculation (Mayle and Wilson, 1988a) that may not be applicable in the
general case. For the time being, it should be considered an upper bound.
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Table 8

Gamma ray emission from several types of supernovae

Type Msg tpeak Pmax Dmax

(M) (days) (em2s7hy  (em2s7!)

10 kpc 20 Mpc

Ia 1.0 100 50 1(=5)

Ib 0.3 250 4 8(—=7)

IIp 0.1 400 0.04 9(—9)

II-L 0.2 ~300 ~1 ~2(=7)

AIC 0.002? 3 ~1 ~2(=7)

One important point from table 8 is that no Galactic supernova of any
type could go undiscovered provided a y-ray spectrometer of only modest
sensitivity is continually on line (SMM and previous balloon-borne detectors
have had sensitivities somewhat greater than 10~ cm~2 s~!). Exceptions
can be found to all other types of supernova searches, be they optical, radio,
infrared, or neutrino.

3. Type 1 supernovae

3.1. Type la

By now you have read and heard a great deal about observations of and
models for Type la supernovae (see lectures by Branch, Nomoto, Barkat,
and Thielemann, this volume). These supernovae are the brightest, the ones
having no hydrogen in their spectra and showing indications of being from a
low-mass population. Many of the observational properties are in agreement
with a basic model, now some thirty years old (Hoyle and Fowler 1960), in
which a highly degenerate white dwarf experiences a thermonuclear runaway
and is totally disrupted. Since a white dwarf, by itself, is quite stable, the
white dwarf must grow by accretion to an unstable mass, therefore it must
be in a binary system undergoing mass exchange.

Today there is broad agreement in the community that this type of model is
qualitatively correct. There is even a “standard model” based upon the defla-
gration of carbon (more about this term shortly) in a white dwarf approaching
the Chandrasekhar mass (1.38 M, to be precise) which explains reasonably
well the light curve, late time spectrum, peak light spectrum, and, to some
extent, the nucleosynthesis expected of Type Ia supernovae. Presumably this
model has been adequately described elsewhere in this volume and a working
knowledge will be presumed in what follows (see also Woosley and Weaver
1986; Woosley 1990b).
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Yet there remain vexing problems with the standard model — things that
either just are not quite right or, at least, are not sufficiently well modeled.
Foremost is the problem of nucleosynthesis. If our measurements in nature
were only of elements, there would be no problem. Type Ia supernovae make
the iron group (chromium through nickel), and a minor portion of the silicon
through calcium, and that is about all. From theory we may note that Type
Ia supernovae must produce at least 0.6 M, of iron (see below), and quite
probably more in order to explain their light curves and velocities, while
Type II supernovae produce typically a tenth of a solar mass or so (e.g.,
SN 1987A; 0.08 M ). Thus, unless the event rate of Type Ia, averaged over
Galactic history, is less than one-seventh that of Type II and Ib, most of the
iron is made in Type Ia.

With earlier statistics suggesting that Type Ia occurred just about as fre-
quently as other supernovae (e.g. Tammann 1982), the dominance of SN Ia
in producing iron was clear. More recently, van den Bergh et al., (1987)
and Evans et al., (1989) have estimated that the ratio is more like one SN Ia
for every four or five SN II and Ib and van den Bergh and Tammann (1990
and this volume) have suggested an even lower rate for Type Ia’s, possibly
one-sixth or one-seventh that of the II and Ib. Even so, it might prove diffi-
cult to reconcile a model in which most of the iron was made in SN II and
Ib with the overabundance of O/Fe in metal deficient stars (see Wheeler et
al. 1989 for a review) and chemical evolution models still find the SN Ia
contribution is important even with the small rates (Rocca-Volmerange and
Schaeffer 1990).

The chief problem, however, is that we have isoropic measurements of iron
in the solar system, which presumably samples the Population I component
of the Galaxy, and those isotopic ratios are quite inconsistent, at the factor
of 5 level, with what is made in the standard model. Even if only half of
the iron in the Galaxy was from Type Ia, we would still have a fundamen-
tal difficulty. Since the overabundant isotopes are a consequence of having
too many neutrons in the nse distribution, in turn a result of electron cap-
ture at high density, this difficulty is sometimes called “the electron capture
problem.”

While presently the most severe, electron capture may not be the only
problem facing the standard model. The light curve is not all that great. One
has to push the burning speed to the point where a very large fraction of
the star is consumed, which means that the flame must move at an appre-
ciable fraction of the sound speed (why almost sonic yet not quite sonic?).
Agreement with observations can then be achieved, although this may reflect
a sparse data set of premaximum data points (e.g. Woosley 1990b) and be-
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cause the flame physics is sufficiently uncertain as to be essentially a free
parameter. In fact, the light curve of the carbon detonation model, in which
the entire white dwarf burns to iron and expands more rapidly, is superior.
But that model has had its own problems: too much electron capture; too
little intermediate mass elements; and a poor spectrum both at early and late
times.

The spectrum of the standard model also poses some interesting problems.
One great strength of the model is that it produces large quantities of silicon
and calcium that are required for the peak light spectrum. Still a good fit
is achieved only if the outer layers are mixed in a prescribed manner that
may or may not be realistic (Branch et al. 1985). The late time spectrum
also needs more study. Early calculations by Axelrod (1980) included only
iron group elements and obtained good agreement, essentially because the
expansion speed was right. First attempts at including other elements show
strong oxygen emission lines in the model (Pinto 1988) that are not present
in Type Ia supernovae (but are there in Type Ib). More work is needed,
but there may be difficulties if radioactive *Ni and *Co are in too close
proximity to oxygen, a strong coolant.

Finally, a general problem with all these white dwarf models is lack of
adequate numbers of identified progenitors. We can look at certain stars,
Betelgeuse and Sk-203-69 (a twin to the progenitor of SN 1987A) for ex-
ample, and say there, someday, will be a Type II supernova. For Type Ia
we have no such secure identity. The nova instability and accretion-induced
collapse severely limit the acceptable accretion rates and, so far at least, there
is no compelling observational evidence for a large population of merging
white dwarfs.

There have been a number of attempts lately to improve on the standard
model (see, e.g. Livne 1990; Livne and Glasner 1990; Khoklov 1990a,b),
but before discussing them it will be useful to consider in greater detail the
physics that underlies it.

3.1.1. Some general considerations

For a CO dwarf accreting matter at the specified rate ((0.5 to 30) x10~7 M,
y~1), ignition will occur when carbon burning begins to provide an excess
of nuclear energy over that which can be carried away by plasma neutrino
losses. The exact value of the central density when this occurs varies with
the accretion rate and may increase substantially after balanced power is
achieved. A typical value is about 3 x 10° g cm™3 and the temperature is
about 2.5 x 10% K. The white dwarf mass at this point is 1.38 M, although
the exact value depends upon Coulomb corrections to the equation of state
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and other corrections due to special and general relativity. The net binding
energy of the star is 5.1 x 10°° erg and its radius is 1600 km. Since the
burning of a composition of carbon and oxygen (30% '2C, for example)
releases 7.3 x 10'7 erg g7, it is clear that at least 0.35 M, of iron will
ultimately have to be produced in order to disrupt the white dwarf. To give
the ejecta an average velocity of 5000 km s~!, this mass is raised to 0.59
M. Thus given only the general validity of the carbon deflagration scenario,
the iron synthesized in the explosion is rather rigidly constrained.

It is also relevant that the equation of state for this highly degenerate
dwarf is characterized by I” very nearly equal to 4/3. This means that small
perturbations in net energy can cause large excursions in radius. For ex-
ample, although the binding energy is 5.1 x 10° erg, the addition of only
7.3 x 10% erg of energy to the star, as would be released by the burning of
0.05 M, of the interior to °Ni, is sufficient to cause the central density to
decline (in hydrostatic equilibrium) by a factor of 3.6. Because the density
in the central regions is so critical in determining the amount of electron
capture that occurs during the explosion and therefore the isotopic nucle-
osynthesis of the iron group, the possibility that a small amount of burning
at a slow rate, ~1 s (after high temperatures Ty ~ 5, are achieved anywhere
in the white dwarf), may alter the pre-explosive density structure must be
seriously considered (Woosley and Weaver 1986, Woosley 1990b; section
3.1.3).

Once the runaway has begun in earnest, it is virtually impossible to stop
by any means other than expansion. As the temperature starts to climb
following ignition, the reaction rate accelerzic:s but the pressure rises only
imperceptibly. At first, conduction, and then convection is able to transport
the excess energy. But as the temperature continues to rise, the rate at which
nuclear energy generation is able to change the temperature eventually be-
comes comparable to and then faster than the time for a convective blob to
execute one cycle. This occurs at a temperature of (6-7) x 108 K when both
are about 10-100 seconds. Beyond this point the theoretician attempting to
calculate energy transport is in unknown territory. Critical to these consider-
ations are the events that transpire as the temperature rises from 6 x 108 K to
1.0 x 10° K. At this latter temperature the burning time (~0.01 s) becomes
much shorter than the time required for sound, at 9500 km s !, to go one
pressure scale height, 450 km.

Energy transport by convection may also be influenced by the URCA
process (see, e.g. Iben 1978a,b; 1982) and, if the accretion rate is very low,
by crystallization and/or phase separation in the core (Lopez, et al. 1986a,b).
Such effects make an already hard problem even more difficult and will not
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be treated here except to note that the general tendency is to suppress the
runaway until higher densities.

The condition that burning occurs faster than the convective cycle time (for
Tz = 6) also signals a situation in which nuclear burning may appreciably
increase the entropy of a convective blob as it rises. If adiabatic expansion
does not truncate the burning, a runaway in velocity may occur as the blob
becomes increasingly buoyant. Provided that the blob is too large to cool by
conduction, its velocity will increase until either turbulent dissipation leads
to fragmentation into pieces small enough to cool by conduction or else the
bubble explodes. A likely result, although by no means demonstrated so far,
is a runaway ignited at many discrete points throughout a substantial volume.
Roughly this volume might be thought to encompass a fraction of a pressure
scale height (as did the pre-explosive convection zone).

Following all this in proper detail would take a 3D-Lagrangian hydrody-
namics code capable of very fine mass resolution (or moving mesh). Even
with the recent advances in computer technology this lies quite a ways down
stream from here, so let’s begin simple.

3.1.2. Deflagration flame physics

Consider the simplest, but physically unreasonable initial condition of a run-
away igniting precisely at a point at the center of a white dwarf of given
mass and composition. As mentioned above, it may ignite at many points,
but for now consider them individually. The normal flame speed (the micro-
scopic velocity of the flame front, which may be deformed when viewed on a
larger scale) can be uniquely determined either analytically or numerically by
a variety of techniques (Woosley 1986, 1990b; Woosley and Weaver 1986,
1991). The results of these studies can be summarized

Veond = 50 L " Xi2 km s~} (3.1)
2x10° g cm3 0.5

with p the density and X, the carbon mass fraction. The width of the
flame front is also determined by these same calculations to be ~10~3 cm.
These values are in approximate agreement with those obtainable by simpler
means, essentially dimensional analysis: veona ~ (0/Cv Toue)/? with o, the
conductivity, Cy, the heat capacity, and €y, the nuclear energy generation,
providing that an appropriate temperature, T ~ 35 x 10° K, is chosen for when
carbon begins to burn appreciably as the flame crosses. Expressions for o,
Cvy, and €, are given by Woosley and Weaver (1991).

Obeying the one-dimensional restriction and excluding deformation, a
flame of these properties initiated at a single point would slowly ( 30 s)
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make its way through the white dwarf, decreasing in speed as regions of
lower density were reached. Because the speed is so subsonic, the white
dwarf would continually adjust its structure, probably by a series of flashes
and oscillations until a highly extended structure developed. If it became
unbound at all, the star would do so at very low velocities (see also Nomoto
et al. 1976). In short, the observed phenomenon would not at all resemble a
Type Ia supernova.

Of course, when considered in more than one dimension, the plane flame
front is unstable to deformation. Burning behind a subsonic front in which
pressure remains approximately constant raises the temperature and lowers
the density. Crossed gravity and density gradients result in Rayleigh-Taylor
(RT) instability. Initially the slow normal speed of the conductive flame
(eq. (3.1)) prohibits the growth of small scale deformations and large scale
deformations cannot exist until a region of the star has been burned out that
is comparable to the scale size. An incipient instability having wavelength
smaller than

— 4” v(%ond (3.2)
8eft

)‘min =

with g = g(r)(4p/p) ~ (3)mGrp(Ap/p) will not grow before the
flame has already passed over it. For the time being we restrict ourselves
to regions located sufficiently central that density is approximately constant.
Burning at 2 x 10°gcm™ gives a density reduction of typically 30%. Thus
ger & 10° r; cm s~2 with r7 the distance to the center of the star in units of
100 km and a typical value at 100 km for Ay, is a few km. At larger radii
gefr initially increases and Amin consequently becomes smaller. Later, as the
star expands appreciably, geg declines, but v2_, decreases faster and so does
)Vmin-

There also exists a maximum deformation that can develop. This is given
by the “event horizon,” which we shall note here as ry,, the average radius
of the burned out region. Henceforth we shall use the terms “maximum
wavelength” and r, interchangeably although there exists some constant on
the order of unity relating the two. Until r, > Ay, no deformations will
develop and the flame will proceed slowly at a speed given by simple con-
duction (eq. 3.1). This happens only for a very small region, ~ 20 km or
3 x 107>M, near the center of the star. Beyond this point the flame front
begins to deform and the range of allowable unstable wavelengths, Api, to
ry, grows rapidly, in fact as r? and the problem becomes increasingly com-
plicated. Owing to the discrepant time scales associated with the growth of
RT instability for Amin and ry, (trr & (4T A/ ges)'/?), instabilities of smaller
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wavelength may grow into a nonlinear stage, perhaps even break off and
detach, while the longer wavelength deformations are still developing (see
next section).

We are interested chiefly in an effective flame speed, v, such that M, =
4rrrivesp. This is certainly what is needed by those who must map the
problem into a one-dimensional computer program. It also gives the rate
at which nuclear energy is being released, gnucMp (With guye ~ 7 x 10V
erg g~!), which determines the dynamic response of the star which in turn
specifies nucleosynthesis and, by way of the *Ni production, the light curve
and spectrum. Because the conductive flame is so thin, the rate at which mass
crosses the flame can also be written M, = vconqpA Where A is the area
of the arbitrarily deformed (and perhaps not simply connected) flame front.
Obviously veg = (A /4nr§)vcond, i.e., if we knew the ratio of the actual area
of the flame front to that of a sphere having a radius such that it encompasses
an equivalent mass the desired solution would have been found.

In the present problem Ap, sets a natural minimum scale at which we
are to measure the area of the turbulent flame front (the “tile size”). Smaller
surfaces are presumably smooth. The starting point is the undeformed sphere
of area 47r? which in the general case is deformed to a surface having
area 47r¢ (ro/Amin) ™ & 4712 (Amax/Amin) P~ where D is the fractal
dimension of the burning surface. The effective turbulent velocity we seek
is then given by

D-2)

Veff = Vcond (Amax/lmin)( = vcond(rb/A-min)D—2~ (3.3)

Fundamentally (Mandelbrot 1983), 2 < D < 3, which gives some restrictions
ON Vegr. SIiNCe Amin X ! (at least for small r) and Apax X 7, €q. (3.3) shows
that the flame will accelerate rapidly as its radius increases. Actually the
situation is even better than that. The fractal dimension, D, is not likely to
be very close either to 2 or to 3. Observations of fully developed turbulence
in many different situations suggest D ~ 2.5-2.7 (Mandelbrot 1983, see
especially plates 10 and 11 and Chapters 10 and 30). Thus asymptotically
we expect the effective flame velocity to be proportional to (r,/Amin)" With
n ~ 0.5 to 0.7 and, for small ry,

-2 _
Veff = vcond(rb/)‘min)" = FXElz n)p(O.S 0'6")"3"- 34

For p = 2 x 10° g cm> and X;» = 0.5 a reasonable range in effective
turbulent velocities is from 250 r; to 480 r}* km s~! with r the radius, ry,
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in units of 100 km. These expressions are valid only so long as the density,
fractal dimension, and the fractional decrease in density across the flame
remain constant.

3.1.3. Attempts to improve on the standard model

Incorporation of this prescription into the computer model has brought inter-
esting insights but, in its simplest form, fails to resolve the electron-capture
problem. One interesting result, however, which we believe will characterize
any realistic solution, is that slow initial propagation of the flame will lead to
more electron capture in a small region of the white dwarf than might have
been anticipated. Table 9 shows the distribution of Y. in the inner 0.01 M
of a model in which the fractal dimension, D, was taken to be 2.3. This
material all achieved nuclear statistical equilibrium at a temperature of about
9 x 10° K. At the center Y, is only 0.43, implying that nuclei as neutron-rich
as *Ca and %-%Ni will be produced in abundance. For a long time the origin
of the neutron-rich nuclear statistical equilibrium component of nucleosyn-
thesis has been thought to lie at the inner mass cut of Type II supernovae
(Hartmann et al., 1985). That may still occur, but it now seems that realistic
models for Type Ia supernovae will produce neutron-rich iron group isotopes
as well. This will be interesting not only for those interested in the origin of
these isotopes and those who try to understand isotopic abundance anomalies
in meteorites, but also y-ray astronomers.

That is because the nucleus ®Fe is also produced under these same
conditions (table 9). At Y. = 04311, the mass fraction of ®Fe in
the final frozen out abundances is about 9%; for Y., = 0.4375, it is
11%. The exact amount produced in the supernova depends sensitively
upon the density at which the carbon runs away, but for our standard
model (o, = 3.7 x 10° g cm™ we estimate an %°Fe yield of roughly

Table 9
Electron mole number in delayed detonation model
Y. n Mass AM Nuclei

Mo) Mp)

043 - 044 0.12 - 0.14 0.0022 0.0022 64.66N;,50Fe, 48Ca

044 — 045 0.10 - 0.12 0.0095 0.0073 34Cr, S8Fe

045 - 0.46 0.08 — 0.10 0.026 0.016 36,58

0.46 — 0.47 0.06 — 0.08 0.054 0.029 56Fe

047 - 048 0.04 - 0.06 0.085 0.031 34.56Fe

0.48 - 0.49 0.02 - 0.04 0.122 0.037 S4Fe

0.49 — 0.50 0.00 — 0.02 1.38 1.26 36N, 28, etc.
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10~* M. If one Type Ia supernova occurred in our Galaxy every 200 years (a
compromise between the longer interval suggested in this book by Tammann
and shorter values elsewhere), a steady concentration of roughly one M
would accumulate in the 2 x 10% year mean life of ®“Fe. This would give
a signal about an order of magnitude weaker than that of 26Al and should
definitely be sought by the Gamma-Ray Observatory and future missions.
Because the ®Fe is produced in the innermost layers, its velocity is low < 108
cm s~!. The strong emission lines are at 59 keV and 1.17 and 1.33 MeV
(equal strengths). If detected, this line would teach us a lot about Type Ia
supernovae, especially their Galactic distribution, frequency, and, indirectly,
the density at which carbon ignites. It would also be powerful positive
evidence for the slow initial flame propagation we favor. Interestingly the
seven year integrated spectrum of the Galaxy taken by SMM (Harris et al.
1990) shows lines at 1.17 and 1.33 MeV comparable in strength to *°Al, but
the lines are attributed to an on board ®Co calibration source. The upper
limit set by SMM is several times greater than the present prediction.

So far as this particular model is concerned, like others with constant
fractal dimension, continued evolution leads to an explosion rather typical
of previous deflagration models. The 3*Fe/*’Fe ratio was still far too great,
about 5 times solar. The basic problem is that it is difficult for any contin-
uously accelerating flame speed of constant fractal dimension, both to move
so slowly early on that the white dwarf expands appreciably before burning,
and yet still move so fast at late times that a large amount of °Ni is made
at low density. Slow flames die early without making enough 3®Ni and fast
flames move through the star making too much 3*Fe before the star expands.
Thus while the above prescription has put the standard model on a more
physical basis (the word convection no longer appears), some of the same
deficiencies have carried over. Qur parameter survey is incomplete, but some
other ingredient seems to be required. If the carbon deflagration model is
to remain viable, an explanation for the extremely rapid acceleration of the
flame at late times must be found.

We now believe that the explanation lies in: (1) the fact that the deflagra-
tion is not initiated at only one point (section 3.1.1); and (2) the nonlinear
nature of the RT instability and a consequent increase in the fractal dimen-
sion of the flame as it propagates. The discussion of the previous section was
based upon a linear analysis of the RT instability. Regions of size greater
than A, will deform before the flame sweeps over them and this sets the
“tile size” for a geometry of presumed constant fractal dimension. In reality,
however, scales lying well between Ani, and r, (and close to neither) will
have time not only to develop, but to progress into a nonlinear growth stage
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during which they may detach, float away from the main burning region,
and seed the development of other islands of burning. As noted before this
phenomenon actually commences during the transition from convection to
localized burning, but it becomes even more important during the explosion.
In terms of our mapping of the burning area onto an equivalent sphere, the
effect is to increase the fractal dimension of the flame as the (real) surface
becomes increasingly convoluted and noncontiguous. Since the fractal di-
mension gives the power to which the dependence on the radius is raised, a
small change in D, say from 2.5 to 2.7, can radically accelerate the flame
raising it quickly to very high speeds. In fact, as we have noted previously,
within a short time the effective speed may become supersonic (Woosley
1990b). While it is possible, in principle, to have a supersonic effective
speed with no shock wave present, after all the effective speed is not a ma-
terial velocity but a mapping of dM /dr onto a sphere, we have modified our
earlier view and now believe that a transition to detonation will occur. This
is certainly what we have discovered happens when a supersonic effective
speed is employed in the code. We now feel that it has physical basis as
well.

When the convolution of the surface inside some radius, r,, becomes suffi-
cient that the rate at which mass is burned substantially augments the internal
energy inside r, in less than the sound crossing time, ry/cs, pressure waves
(i.e., sound waves), which travel much faster than the microscopic flame
speed, will accumulate outside of some region where the burning is espe-
cially efficient and merge into a detonation wave. Once born, the detonation
wave travels through the entire white dwarf.

We have now computed six such models. Two of them assumed an initial
fractal dimension D = 2.5. Burning in these was so rapid from the very
beginning that inadequate expansion occurred to solve the electron capture
problem. Detonation happened too soon (when D was turned up as we shall
describe) and the results were very much like the classical carbon detonation
model, which is to say, not good. The other four used D = 2.3 initially
and are summarized in tables 10 and 11 and figs. 9-11. Two of these as-
sumed Population 1 abundances and, because of this, still ended up with a
34Fe problem for the same reasons as described in Thielemann et al., (1986).
Metallicity is converted to 22Ne during helium burning in the star that origi-
nally became the white dwarf and the excess neutrons are later incorporated
into >*Fe during the explosion. As Thielemann et al. noted, however, a Pop-
ulation II white dwarf helps with this problem. In the present case, when
coupled with the expansion during the slow initial propagation at D = 2.3,
the 3*Fe problem goes away. That is, the iron group isotopes are now well
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Table 10

Delayed detonation model summary

Model DD1 DD2 DD3 DD4
KExo/10°! erg 1.56 1.44 1.37 1.22
M*(12C) 1.1(=3) 2.8(=3) 1.9(-3) 3.3(-3)
M(160) 1.9(-2) 3.9(-2) 3.6(—2) 1.0(-1)
M (¥Ne) 3.0(-4) 6.8(—4) 7.0(—4) 1.2(=3)
M(**Mg) 1.4(-3) 2.2(=3) 2.2(-3) 9.0(-3)
M(%si) 6.6(—2) 1.2(-1) 1.4(-1) 2.6(—1)
M(2S) 3.9(-2) 6.8(-2) 8.3(—2) 1.6(—1)
M(Ar) 5.7(=3) 9.5(—3) 1.8(-2) 3.5(-2)
M®Ca) 7.9(-3) 1.3(=2) 1.9(-2) 3.7(=2)
M(**Fe)** 2.0(=1) 1.9(-1) 7.1(=2) 7.0(-2)
M(*Ni) 9.7(-1) 8.7(—1) 9.3(-1) 6.3(—1)
M(Fe)t 7.2(-2) 7.1(=2) 7.1(=2) 8.9(-2)

* Solar masses of ejecta.
** Includes some component of 8Ni produced in the a-rich freeze-out.
t All other iron group isotopes; mostly %Fe.

represented. Note though that it takes both. Thielemann did not get an ac-
ceptable solution just by turning the metallicity down. His white dwarf still
blew up too quickly. And we do not get an acceptable solution if the white
dwarf is Population 1.

In each of the models summarized in tables 10 and 11, a flame was born
in the center of the white dwarf. The small initial value of D is reasonable
since until the flame has moved several tens of kilometers, D is identically
2.0 (section 3.1.3). Beyond this, D begins to grow, but does so slowly
since nonradial mixing is not very efficient. Buoyancy is only in the radial

Table 11

Some details of model DD3

Time Mass e geff Amin Veff Cs P
(sec)  (Mg) (108cm) D (108 ems=2) (103 cm) (108 ems™!) (108 ems™!) (107 gem™3)
0.201 0.0162 0.142 23 31.8 165 0.246 9.74 303
0.530 0.0665 0.262 2.3 35.7 78.2 0.269 9.32 228
0.698 0.106 0354 2.3 335 404 0.251 8.86 157
0964 0.161 0572 2.3 19.6 14.6 0.181 7.55 63.8
1.350 0.232 1.15 24 6.99 3.24 0.281 5.67 14.0
1478 0.269 1.46 2.5 5.05 2.66 0.765 5.62 8.70
1499 0.319 1.58 2.6 5.07 4.02 2.30 6.10 8.12
1.505* 0.385 1.66 2.7 5.54 2.36 7.99 5.66 7.95

* Shortly after this, conduction was terminated. A detonation wave had formed.
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Fig. 9. Final composition of Model DD3.

direction. So long as the range of wavelengths between Ap;, and r, is not
large, the RT-instability will not have time to develop into a nonlinear regime.

For example, 0.201 s into the evolution of Model DD3 (table 11), 0.0162
M of carbon and oxygen have burned to iron. The effective flame speed is
about 250 km s~! and ry is about 150 km. There is then less than a factor
of ten difference between the growth times of A, and the largest possible
instabilities and only the smallest instabilities can become nonlinear. The
net acceleration due to gravity (roughly 0.3 GM(r)/r?) is about 3 x 10° cm
s~2, implying that an accelerating blob might move at most % esst? ~600 km
in 0.2 s (ger is smaller earlier on). But this ensemble of small blobs would
then have to grow to macroscopic size, similar in total area to the burned out
core, before affecting the net overall burn rate. That would take another few
tenths of a second. So the rate of mass consumption is not greatly affected
by the nonlinear RT instability at this early time.

Circumstances have changed markedly by the time 0.2 M ; has been burned
and one second has passed (table 11). Now the range of unstable wavelengths
is much larger; ry itself is 10 times bigger. Pieces tens of kilometers in
size can now detach and accelerate. Moreover, in the longer time, greater
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Fig. 10. Final velocity of Model DD3.

velocities have developed for the detached blobs — v = gt would in fact
imply supersonic motion. Actually the blobs experience drag and do not
move that fast, but they might “float” at an appreciable fraction of the sound
speed. By now the smaller blobs detached at an earlier epoch have also
grown to appreciable size. In short one may expect that somewhere between
a few hundredths and a few tenths of a solar mass the flame surface gets a lot
more complicated or, in our terms, its fractal dimension increases, probably
to the full turbulent value 2.7. [ The extreme limit D = 3.0 is not physical
as it would correspond to a supernova constructed entirely of foam having
cell size Anmin.] A physical picture we carry is one of an exploding fireworks
“bomb” with very many radial streamers coming out, almost at the sound
speed. As time passes, burning between the streamers leads to a very rapid
rate of mass consumption, eventually implying a supersonic vegs.

Shortly after the dimension is increased to 2.7 in the calculation the flame
becomes supersonic and merges smoothly into a detonation wave. By this
time the white dwarf has expanded to the point that its central density is
only 8 x 107 g cm™3. No more electron capture happens. The detonation
continues to the surface. Because of the low density the explosive burning in
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Fig. 11. Light curve from Model DD3. The brightest curve used electron scattering
opacity solely. The other models included an arbitrary additive opacity of 0.03, 0.1,
and 0.3 cm? g~! to represent the effect of Doppler broadened lines. Real Type Ia
supernovae probably peak around 15 to 20 days after explosion.

the outer layers produces not iron, but silicon, sulfur, and other intermediate
mass elements. In models DD4 even some unburned oxygen was ejected.

By now the reader may have reasonably concluded that the history we
assume for the fractal dimension, including the initial and final values and
the time and rate at which the transition is made, is annoyingly artificial. We
agree, but the multidimensional calculations to test it are probably a long way
off. Nevertheless, we believe that our assumptions are reasonable and may
be tuned to satisfy all observational constraints, which is more than can be
said for any previous model. The composition and final velocity for Model
DD3 are shown in figs. 9 and 10. The light curve, calculated using several
values of optical opacity, is shown in fig. 11. Use of Type la models, delayed
detonation or otherwise, as “standard candles” will clearly require more work
on the optical radiation transport. However, we note, as did Weaver et al.,
(1980) and Arnett et al., (1985), a correlation between the time the supernova
peaks and its brightness. Models that peak between 15 and 20 days will have
a peak luminosity between 1 x 10 erg s~! and 2 x 10*® erg s~'.

Although our description of what causes the transition to detonation is
different, cast as it is in the language of fractal geometry, the outcome,
delayed detonation, is much the same as recently suggested by Khoklov
(1990a,b). Indeed, although we have long championed the need for expanding
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the star and then burning rapidly, our examination of the possibility of a late
transition to detonation had as its immediate motivation these two preprints.
Khoklov also assumes a period of prolonged burning at slow flame velocity
that initially expands the white dwarf. He conjectures, however, that then an
abrupt transition to detonation occurs. Such transitions are seen to occur in
terrestrial explosions and Khoklov attributes the occurrence in the white dwarf
to turbulence and the existence of a spectrum of temperature fluctuations in
the material that is running away. We instead emphasize the role of the
nonlinear RT instability and the initial conditions set up as burning becomes
faster than convection. Whatever the cause for the transition, it is clear that
“delayed detonation” (Khoklov’s term) does help with a number of problems.
First, it allows the discontinuous acceleration of flame speed that seems to be
required if pre-expansion is to solve the electron capture problem. Second,
it produces large quantities of silicon and calcium at a broader range of
velocities than in the standard deflagration model. Artificial mixing may no
longer be required. Third, the light curve is improved. Finally, because the
combustion of the white dwarf to iron and intermediate mass elements is
complete, less oxygen remains to (possibly) poison the late time spectrum.

Many more calculations remain to be done — of spectra and detailed nu-
cleosynthesis in particular — but we feel that if Type Ia supernovae are the
explosion of carbon—oxygen white dwarfs near the Chandrasekhar mass that
this is how it must happen.

3.2. Accretion-induced collapse

Under certain circumstances an accreting white dwarf, be it carbon and oxy-
gen or neon and oxygen, can forestall ignition to a central density of about
101%gcm3 (Canal et al. 1990; Isern et al. 1990; Nomoto and Kondo 1990).
These same works show that whether the white dwarf then explodes or col-
lapses directly to a neutron star is sensitive to the flame speed.

There can be a considerable change between pj; =~ 3 x 109g cm™? and
10% cm—3 because of the extreme sensitivity of electron capture rates to the
density. If sufficient electron capture occurs, the density inversion behind
the flame will be suppressed because, at constant pressure, material having
a smaller value of Y, has greater density. Woosley and Timmes (work in
preparation) have determined the conductive flame speed, the equivalent of
eq. (3.1), for a mixture of 60% oxygen, 20% neon, and 10% magnesium. It is
85 km s~! times p%%. A similar result has been obtained for a carbon—-oxygen
mixture by Garcia et al. (1990). Woosley and Timmes have additionally
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Table 12

Electron capture behind a conductive flame at 1.05 x 10'° K

t (ms) Y. P10 t (ms) Ye P10
0.649 0.4945 0.900 17.2 0.4569 0.948
1.02 0.4927 0.902 23.9 0.4504 0.959
1.40 0.4908 0.904 325 0.4441 0971
1.81 0.4890 0.906 435 0.4378 0.984
2.69 0.4854 0.909 5717 0.4316 0.998
5.31 0.4767 0.919 76.0 0.4255 1.011
8.28 0.4700 0.927 99.8 0.4195 1.025
12.1 0.4634 0.937

studied electron capture behind the flame using a large reaction network.
The flame initially raises the temperature to 10'° K very abruptly since the
flame is only 107> cm thick. This raise in temperature, at constant pressure,
decreases the density at Y, = 0.50 by 10% to 9 x 10° g cm™3. The subsequent
evolution in Y, and density is given in table 12. Most of the electron capture
occurs on free protons.

What this means is that in the burning white dwarf, the region of den-
sity inversion behind the flame will be limited to a distance ~ VcondTeap ™~
85 km s~! times 0.05 s, or a few kilometers. This gives a maximum wave-
length of Rayleigh-Taylor instability that can develop. On the other hand,
one still has a minimum wavelength given by eq. (3.2) such that smaller
wavelengths will be annealed by the flame. Unless Ay, is smaller than a few
kilometers the conductive flame will be stable and will receive no acceler-
ation by the Rayleigh-Taylor instability. For the assumed density Ami, ~ 1
km/rq with r7 the radius of the burned out region in hundreds of kilometers.

Once the flame has moved several kilometers, the density in the center
begins to rise owing to electron capture and thus the white dwarf begins to
collapse. By the time the flame has moved to several hundred kilometers,
the infall velocity is faster than the flame and the white dwarf is committed
to collapse. At 300 km, the range of wavelengths that can grow unstable is
about 0.3 km to 3 km, but values at both extremes are almost stable (a few
per cent density inversion hardly suffices for a vigorous overturn) and there
is inadequate time for the instability to become terribly nonlinear. Thus, in
terms of the previous section, the fractal dimension is not likely to increase
well above 2. Say for example, it became 2.3. Then the effective flame
speed would be veong(3 km/0.3 km)Z3=290 or about 170 km s~!. This is less
than 2% of the sound speed.

It would seem that for ignition densities around 10'° g cm™ and greater
the white dwarf would have to collapse to a neutron star.
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3.3. Type Ib supernovae

Over the last decade increasing evidence, principally spectroscopic in nature,
has accumulated that Type I supernova may not be quite so regular and
homogeneous a class as they were once considered. Of particular interest
is the category of supernovae called Type Ib. The signature of Type Ib is
absence of the A = 6130 absorption feature in the spectrum taken at peak
light, a feature generally attributed to Si II, and the presence instead of
an unidentified “doublet” at A = 6300 and 6500. Many members of this
class now exist and are discussed elsewhere in this volume by Kirshner,
Branch, and Nomoto. Additional characteristics of the class include a light
curve that is, at peak light, roughly a factor of 4 dimmer than a Type Ia
while having a width not less than, and perhaps slightly slower on the rise
than average; a luminosity on the tail that declines more slowly than Type
Ia (possibly indicating a greater column depth io y-ray deposition); and
a spectrum dominated at late times by emission lines of oxygen. Many
Type Ib supernova seem to be located in HII regions and SN 1983N, a
prototypical Ib, was the first Type I to be detected in radio. Remarkably no
Type Ib has been discovered in an elliptical galaxy. Thus there is compelling
evidence that, unlike ordinary Type Ia, Type Ib be associated with massive
stars.

There are at least two generic ways of getting a supernova that observers
would call Ib (or Ic). The actual frequency depends upon which path nature
has favored. First there is the explosion of the stripped down cores of massive
stars, commonly called Wolf-Rayet stars. Studies by Ensman and Woosley
(1988) indicate, however, that the mass range of the presupernova star is
severely restricted. The exploding core cannot be more massive than about
6 M. Essentially this follows from the fact that the explosion energies
of Type Ia and Type II supernovae (as exemplified by SN 1987A) are very
similar, both near 1 x 10°! erg. For Ib’s not to be enormously fainter than
Ia’s at peak light it also follows that they must produce at least 1/4 to 1/2 as
much °Ni as a carbon deflagration/detonation, i.e., a few tenths of a solar
mass. If the light curve peak of the Ib is not to be enormously broader
than Ia, and observationally it is not, it follows that the column depth, and
hence mass, of the Ib’s cannot be much greater than 1.4 M. Subtracting
1.5 M for the neutron star, this implies a presupernova star of roughly 3
M. Four M is also not too bad but 6 M is pushing it unless the Type II
supernova explosion energy is frequently an order of magnitude greater than
in SN 1987A (Ensman and Woosley 1988). Nomoto and colleagues have
recently suggested that the mass constraint on Type Ib progenitors is reduced
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somewhat when one considers mixing. We do not find this to be a large
effect and will discuss it more a little later.

Stripped-down stars can, according to cumrent lore, be obtained in one of
two different ways. A lower mass star, e.g. 15 Mg might lose its hydrogen
envelope due to mass exchange in a binary system becoming a helium core of
several solar masses (Uomoto 1986; Ensman and Woosley 1988; Shigeyama
et al. 1990) or a single star more massive than about 35 M could lose
so much mass both as a giant and while a WR star that it ended up with
only a few solar masses. Neither observations nor theory preclude this,
although it does admittedly seem a great deal of mass loss. Both these
pictures have strengths and weaknesses. As massive stars, the progenitors
would be associated with spiral galaxies and HII regions. The explosion
might produce radio emission because there has recently been a lot of mass
loss (or exchange). Depending upon the specific model, oxygen would be
abundant and silicon might not be, explaining the spectroscopic peculiarities.
A somewhat larger mass would account for the slow decline on the tail and a
smaller *Ni mass synthesized would make the display fainter. Yet the models
also have problems. Why, in either case, should the star that explodes always
end up near 3 or 4 M? Why not 2 or occasionally 6 or 10 M,? Maybe it
happens and we just do not have a big enough sample yet. Will the explosion
produce enough *Ni? How much fainter than Type Ia are the Ib anyway?
If the progenitor is in a binary system then why do we not see an abundant
population of WR stars in binaries having low masses?

Examples of this class of model based upon the 3, 4, and 6 M helium
cores of massive stars that lost their hydrogen envelopes (but not much else)
have been given by Ensman and Woosley, (1988) and by Shigeyama et al.,
(1990). Here I present a model of the other type. This model is based upon
a 60 M star studied by Norbert Langer and ourselves. The star endured
extensive mass loss, especially after becoming a WR star, and ended up
as a 425 My WO star. It is to be emphasized that this residual is quite
different both in composition and structure from the 4 M core of a 15 Mg,
star that lost only its hydrogen envelope. Among other things the entropy
is higher as the star remembers its past history as a massive star, thus the
star is less centrally condensed and the density gradients are shallower. As
a result, explosion (simulated by placing a piston at the edge of the iron
core), produces a large amount of Ni by explosive nucleosynthesis (figs. 12
and 13). Because the density gradient is shallower a larger mass of ejected
material experiences temperatures in excess of 5 x 10° K. For an explosion of
1.7 x 10! ergs, a *Ni mass of 0.3 M, is made. This gives the light curve in
fig. 14. Actually the figure shows three light curves in which the composition
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Fig. 12. Final composition of an exploded Wolf-Rayet star model for a Type Ib
supernova (Woosley et al. 1991).

has been (a) unmixed; (b) mixed a lot; and (c) almost homogenized. The
point is that mixing changes the width of our calculated maximum very little.
More mixing causes the light curve to decline earlier but also causes it to
rise earlier. There is also a more subtle effect in that radioactivity keeps the
gas hot, hence more fully ionized. Therefore mixing increases the optical
opacity which is mostly due to electron scattering.

Compared to observation (see, e.g. Ensman and Woosley 1988), none of
these light curves is particularly appealing. They are all still too broad even
for this large nickel mass and small presupernova mass. In particular they de-
cline too slowly after maximum. Figure 15 takes another tack and arbitrarily
varies the electron scattering opacity by a large factor. As has been known for
a long time (Weaver et al. 1980), decreasing this opacity leads to a brighter
supernova that peaks at an earlier time. This makes the overall peak narrower
in better agreement with the observations. It is unclear just why the electron
scattering opacity would be so reduced, but one may speculate that clumping
would lead to regions of higher density and lower ionization than calculated
in the simple 1D homogeneous model. Also clumping would provide voids
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Fig. 13. Final velocity of the model in the previous figure.

where radiation might more effectively leak out. Until more detailed multidi-
mensional calculations are done, this remains, as labeled, sheer speculation.

Another important modification to the bolometric light curve of these mod-
els which has not yet been properly calculated is the time-dependent mod-
ification from Doppler broadened lines. Early on the photosphere is just
beneath very rapidly moving material in which the line opacity may be very
large. Later the Doppler shear is less in the material above the photosphere.
When the opacity is large, more energy is lost to expansion. Thus the effect
would be to reduce emission at early times relative to emission at the peak.
This might “sculpt” a narrower light curve out of the one we have calculated
using simple electron scattering opacity. In short, a proper light curve can
only be determined by doing the time dependent spectrum. This is, in fact,
true of all supernovae. A number of groups are working on this but no results
have been presented so far.
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Fig. 14. Light curve from the model in the previous figures. The star has been mixed
to various extents, in the most extreme case, almost thoroughly homogenized. The
peak and width of the light curve are not greatly affected.

There is a second way of making Type Ib that also has some appeal. In
section 3.1 we discussed models for Type Ia based upon carbon deflagration.
Looking at the spectra and light curves of Ia and Ib side by side, we are
more impressed with the similarites than with the differences. Might the Ib
also be some variation of carbon deflagration?

The answer seems to be yes, at least in theory. Suppose the delayed
detonation model is indeed the correct one for Type Ia. Then there might also
be occasions when the deflagration goes out without igniting a detonation.
These would produce less ®Ni (but still a lot compared to massive stars) and
thus be fainter. They would expand more slowly, hence the light curve would
be broader. There would be a layer of silicon and calcium but it would be
very thin (perhaps extended in velocity space by the distortion of the burning
surface, but small in mass). There would be a lot of oxygen, hence oxygen
lines at late times in the spectrum. All in all, a lot of the observations would
be explained. On the other hand, unfortunately, there is no known compelling
reason why such fizzled detonations would find themselves in HII regions
and never in elliptical galaxies.
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Fig. 15. Light curve from the model in the previous figures. The star has been mixed
and the electron scattering opacity multiplied by 1, 1/3, and 1/10 to simulate the effect
of clumping. This very artificial and speculative operation leads to a narrower and
brighter light curve that may agree better with observations (however, the data set of
bolometric observations of SN Tb is very limited).

One might also expect situations in which detonation did occur but very
little silicon and calcium were made because the star did not expand enough
during the first stage of burning. Such an overly successful detonation would
produce iron and little else. There would be little silicon and calcium, but
also no oxygen. Whether such objects have been observed is not clear.

4. Explosive nucleosynthesis in supernovae of Type II and Ib

Many aspects of nucleosynthesis have been reviewed, both in a parameter-
ized fashion and in terms of the current supernova models, in the Saas—Fee
Lecture Notes (Woosley 1986). Here we update some of those results, espe-
cially with regard to explosive nucleosynthesis, and present two new major
nucleosynthetic processes — the neutrino, or v-process and the r-process in
the context of an a-rich freeze-out of the high entropy bubble in a delayed
supernova explosion (section 2.2). For other recent developments in nu-
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cleosynthesis, see section 3 on the delayed detonation model for Type Ia
supernovae, especially the neutron-rich isotopes produced in the central re-
gions, and section 1 on massive stellar evolution, especially the sensitivity
of hydrostatic nucleosynthesis to semiconvection and the reaction rate for
2C(a, y)'90. See also the reviews by Thielemann and by Nomoto in this
volume.

4.1. Parameterized explosive nucleosynthesis

As the shock, however generated, moves outwards through a massive star
whose core has collapsed, pressure inside the shocked region is nearly con-
stant (Weaver and Woosley 1980; Bethe 1990, 1993). Since radiation pressure
dominates, one has

Ew~ 10" erg ~ %nrlaT} @.1)

where T is the temperature behind the shock and r, its location. This
equation can be solved to give the shock temperature,

1.3 x 100

N 4.2
7 (rs/108 cm)3/4 “2)
Energy generated by the nuclear burning is small compared to that imparted
by the shock, so the expansion is nearly adiabatic, i.e. p(t), the density, is
proportional to 73(¢). Moreover, the material expands at approximately the
escape velocity, so the density time history for 1 < typ is

p(t) = psexp(—t/tup)

446 4.3)
THD = —m .
s

At later times one needs to use p(¢) in the equation for ryp and solve in a self-
consistent manner. Because the shock is not particularly strong, the density, at
least in the mantle and helium core, is not increased by the customary factor
of 7, but by a smaller factor, typically two or three. Using the adiabatic
relation and egs. (4.2) and (4.3), the temperature and density history of an
arbitrary point in the presupernova star is specified. If the temperature is
high enough to stimulate extensive nuclear burning, the final composition
too will be specified by these equations and hence uniquely determined by
the presupernova structure of the star. Extensive burning of a given fuel will
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occur (Woosley 1986) if the characteristic burning time scale is a fraction,
F, of the hydrodynamic time scale at that temperature (density) where F' ~
3/j and the characteristic burning reaction is proportional to 7/. Thus if
T, is above 2.5 x 10° K, explosive neon burning will occur; above 3.3 x
10° K explosive oxygen burning will occur; above 4 x 10° K, explosive
silicon burning occurs; and above 5 x 10° K, nuclear statistical equilibrium
is achieved.

While one must be cautious about using these equations near the region
where the shock first begins to move out (though see Bethe 1993), they
imply an easy way of estimating iron nucleosynthesis. All material heated
to temperatures greater than 5 x 10° K in the explosion process will achieve
nuclear statistical equilibrium, i.e. it will be iron. Temperatures this high
are achieved for radii less than 4000 km. Thus material between the mass
cut (which must be determined by a realistic model) and 4000 km in the
presupernova star will be ejected in the form of iron. By examining the
neutron excess n of this material in the presupernova model one can also
determine the dominant iron group isotope. As long as n < 0.02, as it
always is this far out in the star, the ejected material will be mostly **Ni.
Stated another way, if one has an accurate measure of the 56N;i created in an
explosion (0.075 M in SN 1987A, for example), the mass cut in a successful
model should lie that many solar masses interior to 4000 km. This reasoning
is altered if the explosion takes so long to develop that material at 4000 km
has already moved in a good fraction of the radius (this takes a second or
s0), but the argument does show why ®Ni synthesis is larger in stars of high
mass where the density gradient near 4000 km is shallower.

The isotopic composition of this iron, and especially the 3’Ni/**Ni ratio
can be estimated if the neutron excess and nature of the freeze-out are known.
Typically the value of 7 in the silicon shell outside the collapsing core is 0.004
owing to electron capture that went on during and after oxygen burning. Even
if there is no silicon shell, or if the silicon shell falls into the neutron star,
the base of the oxygen shell is not less than 0.002 for any but the most metal
deficient stars (Woosley and Weaver 1982b), nor greater than 0.006. Table
13 shows the ratio of 'Ni/>Ni and several other isotopes resulting from
a normal freeze-out from nuclear statistical equilibrium for various values
of n. We see that it is virtually impossible for the final iron isotopic ratio,
5TRe/%Fe, to exceed its solar value, 0.024, by more than a factor of 2.5
unless the dominant iron isotope is not *Ni, but *Fe. This would not only
be unacceptable in terms of nucleosynthesis but, for SN 1987A, would lead
to a fainter light curve than was observed. A reasonable range of 7, say less
than 0.004 restricts the >’Fe/>%Fe ratio to less than 0.7.
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Table 13

Ordinary freeze-out from NSE
To 55 5.5 5.5 5.5 5.5 5.5 55 55
P) 108 108 108 108 108 108 108 108
ni 0 0.001 0.002 0.004 0.007 0.01 0.02 0.03

nf 1.2(~4) L1(=3) 21(=3) 41(-3) 7.1(-3) 1.0(=2) 2.0(=2)  3.0(-2)

X(MT)  23(=5)  21(=5) 20(=5) 19(=5) 17(=5) 13(-5) 9.8(—6) 3.7(—6)
X(%Fe)  9.8(—4) 20(-2) 40(=2) 83(=2) 15(=1) 2.1(-1) 43(=1) 62(<1)
XCONi)  89(-1) 86(-1) 83(-1) T8(=1) 7T.1(=1) 63(-1) 391 15(=1)
X'Ni)  33(=5)  65(=3) 93(=3) 13(=2) L7(=2) 19(-2) 23(-2) 2.0(-2)
XC8Ni)  5.5(=5)  2.6(-3) 58(=3) 13(=3) 24(=2) 37(-2) 88(=2) 18(—1)

Pagy 0.021 0.020 0.019 0.019 0.020 0.020 0.020 0.020

Py 0018 0.379 0.794 1.73 342 552 182 67.6
Pse 1 1 1 1 1 1 1 1
Ps; 0112 0313 0.457 0.685 0.977 1.25 245 5.50
Py 0.003 0.075 0.169 0.398 0.839 143 5.58 19.2

This simple result from nuclear statistical equilibrium is substantially al-
tered, however, by the the a-rich freeze-out (table 14) which is chiefly re-
sponsible for making 'Fe in nature (Woosley et al. 1973; Woosley 1986). If
free a-particles are present during the cool down from nuclear statistical equi-
librium, as they are in the deeper layers ejected in SN 1987A (Woosley et al.
1988b; Hashimoto et al. 1989), the abundance of 5'Ni is enhanced relative to
6Ni. Table 14 shows the iron isotope ratios as modified by both a moderate
and a strong a-rich freeze-out. A 'Ni abundance implying 3 Fe/*°Fe greater
than four times solar is disallowed. Also a value less than 0.5 times solar
seems difficult to achieve in any circumstances. Values less than solar would
suggest little or no component from the a-rich freeze-out is present in the
ejecta of SN 1987A.

This range, 0.5 to 2.5, is consistent with recent infrared measurements
(Varani et al., 1990) and y-ray upper limits (Sunyaev et al. 1990) placing
the 3’Co abundance at a level that would imply one to two times the solar
value of ’Fe/*Fe and is also consistent with model supernova calculations
by Hashimoto et al. (1989) and Woosley et al. (1988) that suggest a similar
range. It is quite inconsistent with some of the values sometimes invoked
by those studying the late time light curve. Whatever the observational limit
ultimately becomes, it may have more to say about the existence of the a-
rich freeze-out in Type II supernovae than about the neutron excess (although
both are obviously important). As an aside we note that it is very unlikely
that the *“Ti synthesized by SN 1987A exceeds twice that implied by the
solar ratio for 4“Ca/>Fe.



Massive Stars, Supernovae, and Nucleosynthesis 131

Table 14

Alpha-rich freeze-out

Ty 5.5 5.5 55 55 55 5.5 55 5.5

p 107 107 107 107 107 107 107 107

ni 0 0.001 0.002 0.004 0.007 0.0t 0.02 0.03

1y 3.5(—4)  1.0(=3) 20(-3) 40(-3) T0(-3) 10(=2) 20(=2) 3.0(-2)
Xo 63(=2) 62(=2) 6.1(=2) 59(=2) 55(-2) 5.1(-2) 39(=2) 27(-2)

XHT)  1.6(—4)  1.5(—4)  14(—4) 1L2-4) 10(-49) 83(-5 38(-5) 1.2(-5)
X(OSND)  89(—=1) 8.7(=1) 84(—1) 79(-1) T0(=1) 62(=1) 35(-1) 85(-2)
XCTND)  83(=3)  26(=2) 3.0(-2) 36(—2) 42(=2) 46(-2) 48(-2) 29(-2)
X(8Ni)  72(=3) 13(=2) 3.8(-2) 87(=2) 16(=1) 24(-1) 52(-1) B8.I(-1)

Py 0.144 0.138 0.136 0.126 0.117 0.107 0.087 0.117
Psg 1 1 1 1 1 1 1 1

Ps3 0.384 1.24 1.45 1.87 2.46 3.06 5.58 13.8

Psg 0.199 0373 0.910 2.72 5.70 9.53 36.1 234

Ty 5.5 55 55 55 55 55 55 55

P 108 106 108 108 108 108 100 108

ni (] 0.001 0.002 0.004 0.007 0.01 0.02 0.03

ng 42(—4) 11(=3) 2.1(=3) 40(=3) 70(-3) 1.0(-2) 20(=2) 3.0(-2)
Xe 3.5(=1)  35(=1) 35(=1) 3.5(-=1) 34(=1) 34(-1) 32(-1) 29D

X(¥Ti) 7.71(—4) 7.5(—4) 73(=4 7.1(-4) 67(-4) 63(—4) 5.1(—4) 6.9(—5)
XCONi)  5.9(-1) 57(-1) 55(-1) 5.0(-1) 42(-1) 3.4(-1) 8.3(-2) 1.1(-3)
X(37Ni) 1.1(=2) 2.7(=2)y 29(-2) 3.1(-2)  33(-2) 33(-2) 22(-2) 1.2(=-3)
XNy 9.2(=3) 1.1(=2) 3.7(-2) 9.0(-2) 1L.7(-1)  2.5(-=1 52(-1) 47(-1

Pas 1.06 1.07 1.09 L15 129 1.51 490 49.0
Psg 1 1 1 1 1 1 1 1

Ps; 0.772 1.96 2.14 2.54 321 4.05 10.7 417
Psg 0.385 0.489 1.68 4.44 9.89 182 155 1.0(4)

*The production factor here is defined relative to solar mass fractions of 6Fe and the final decay product of
the given isotope.

Returning to our discussion of explosive nucleosynthesis in general, we
seek a way in which parameterized calculations carried out for a grid of
peak temperatures and densities and expanded on a hydrodynamic time scale
can be mapped into a realistic stellar model (see also Woosley 1986). That
mapping is provided by eq. (4.2). An ejected mass, M, initially located
between radii , and r, will experience a range of shock temperatures given
by that equation. The mass of a particular species i in that ejecta is given by

T2
M; = (X;) Mq; = / 4mr?p(r) Xi(r) dr
n

4.4
160 [h .4

=— [ (pr)Xi(T)d In(T)
3 Jg
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where, in the general case, pr® varies with T. As we showed in fig. 6,
however, pr? is almost a constant. So the ejected masses of species produced
explosively are approximately weighted by the logarithm of the temperature
interval in which they are synthesized. Empirically pr2> is even closer to
a constant than pr®. In a 25 Mg star, pr>> in the region where explosive
nucleosynthesis occurs is roughly 10%® cgs units (corresponding to several
times 10% g cm? for pr® compared to the considerably smaller value for
the 18 M star shown in fig. 17). Thus one should compute o(T) from the
radial dependencies of both p and T and then the average mass fraction

X0y = T p(T)X:(T) (AT /T?)
T X p(T)(AT/TS)

4.5)

where AT is the temperature interval of the grid of nucleosynthesis calcu-
lations and the sum runs from the lowest temperature where explosive nu-
cleosynthesis might occur (roughly 7, = 2) to the highest temperature matter
ejected. In practice, as discussed earlier, it is not physical to use any of
these relations for radii so small (about two thousand kilometers) that one
is sensitive to details of the explosion mechanism. Thus one should not go
much over Ty & 5. The iron produced at higher temperatures and the hy-
drostatic nucleosynthesis that is ejected without explosive modification must
come from a stellar model. It is very interesting to note, however, that to the
extent that p o r”, with n a constant, in stars of various mass, the relative
mass fractions (although not the total yield) of nuclei produced by explosive
nucleosynthesis will be roughly constant in stars of various masses. The total
mass depends on the actual value of pr>, or more generally pr", but this will
scale approximately as the mass of the carbon—oxygen core, or even more
roughly as the helium core mass, in both cases 1.5 M should be subtracted
for the neutron star. Thus in an 18 My star (M, = 5 Mg), pr3 is about
5 x 10°! g cm? (fig. 6) whereas in a 25 M star (M, ~ 9 M) it is about
2 x 10% g cm’.

The mass independence of the elemental and isotopic ratios coming out of
explosive nucleosynthesis in massive stars motivated a parameterized study of
the nuclei from magnesium to iron. Rob Hoffman has carried out such a study
using the above parameterization and an initial composition characteristic of
complete carbon burning in a Pop I star, i.e., a composition consisting initially
of oxygen, neon, magnesium, and other trace elements. The range of shock
temperatures considered was Ty = 2 to 6 and the grid size, 0.2 billion K.
The network size was 329 isotopes and the reaction rate for 2C(a, y)'O
was that of Caughlan et al., (1985), that is the larger value. The results
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Fig. 16. Composite of parameterized explosive nucleosynthesis calculations for a
range of peak explosion temperatures between 2 and 6 billion K. The “Production
Factor” is the ratio of final mass fraction produced in the (mass-averaged) ejecta
divided by its value in the sun. Dashed lines show a range of a factor of two about
a typical value for major species.

shown in fig. 16 are useful for indicating which isotopes probably are and
are not products of explosive nucleosynthesis in this temperature range (see
also Woosley 1986). The abundance of iron group isotopes to lighter ones
is sensitive to the arbitrary choice of the peak temperature considered in the
integral (here 6 billion K). The interpretation of the scale is that if roughly
one gram in 100 of the Galaxy has been through conditions like these, the
solar abundance set of species in the band will have been produced.

The overall fit is remarkably good. Thirty-six of the 56 stable isotopes
between 90 and ®?Ni are produced within roughly a factor of two of their
solar value (and in the sun these abundances scale five orders of magnitude).
Carbon and oxygen isotopes are all low or absent, which is not surprising
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since they come mostly from cooler shells that are not explosively processed
(i.e., Ty less than 2 billion K) and in some cases (e.g., '*C) from low mass
stars. The species >*Ne is absent since it is made in the helium shell (from a-
capture on N). Fluorine will be made by the neutrino process (not included
in this calculation). Chlorine and potassium are both low, and yet should
be products of explosive oxygen burning in this temperature range. Their
low production is a puzzle and may indicate some problem either with the
solar abundance set of Cameron (1982) and Anders and Grevesse (1989),
poorly determined reaction rates, or an enhancement by the s- or v-processes.
Certainly *°K is produced elsewhere by the s-process in the helium shell. The
solar abundance of “°Ar is very uncertain and its “low” production here of
little concern.

There are a number of problems just beyond the closed neutron and pro-
ton shells at calcium. The rare isotope “°Ca would have been much more
abundant in the calculation if the initial composition had contained carbon.
Perhaps it is made in carbon deflagration supernovae or by hydrostatic carbon
burning further out in the star. **Ca must be made in a very neutron-rich
region either deeper in the supernova than considered here or maybe in Type
Ia supernovae (section 3). The three nuclei “*Ca, *Sc, and *'Ti are not
made here and are real mysteries. They probably are not produced in Type
IT supernovae. In fact, the only site that seems to provide adequate amounts
is high-temperature explosive helium burning as might occur in a helium
detonation model for Type I (Woosley 1986). Here **Ca is underproduced
but this may reflect an inadequate inclusion of higher temperature material
that experiences the «-rich freeze-out (table 14). In Type II and Ib super-
novae, this nucleus is produced as the radioactive progenitor **Ti in the very
bottom-most layers to be ejected. It is also made in helium detonation.

Nuclei of the iron group are well reproduced save for the neutron-rich
isotopes °Ti, *Cr, 38Fe, and ®Ni. These might owe their origin to electron
capture in Type Ia supernovae, as discussed in section 3. One may wonder,
since the relative proportions of iron and intermediate mass elements are
so well represented here whether one really wants to invoke an alternate
synthesis site for iron, namely Type Ia supernovae. If the Type Ia rate is to
be as low as Tammann and Van den Bergh suggest, the Type II contribution
to present day iron becomes very important. Still we note that, even though
solar in isotopic composition, the total yield of iron in Type 1I’s is very
sensitive to where one draws the mass cut, how the explosion is simulated,
and how much iron falls back in the reverse shock.

In figs. 17 and 18 isotopic nucleosynthesis from entire 18 My and 20 M
explosions are given for certain choices of 2C(a, ¥)'%0 and semiconvection.
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Fig. 17. Final isotopic nucleosynthesis from an 18 M star with restricted semi-
convection (F = 10™4), a small value for 12C(a, )10, and an explosion energy of
1.3 x 10%! erg (Woosley et al. 1988b).

Overall there is considerable similarity to the parameterized results. The a-
rich freeze-out was very strong in these models with a consequent increase in
Ca and heavy nickel isotope production and a decrease in *Fe production
(table 14).

4.2. The neutrino-nucleosynthesis process

The neutrino burst generated by core collapse has a typical duration of
roughly three seconds (although substantial flux may continue for 10 sec-
onds as in the case of SN 1987A), a time short compared to that required
for the overlaying mantle of heavy elements to be ejec'ted. It takes the shock
wave a minute or so to reach the edge of the helium core. Thus during its
ejection, both before and, in the deeper layers, after shock passage, material
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Fig. 18. Final isotopic nucleosynthesis from a 20 M star with substantial semi-
convection (F = 0.1), a large value for '2C(a, ¥)'0, and an explosion energy of
1.3 x 10°" erg (Woosley et al. 1988).

will be subject to an intense irradiation of neutrinos. Although the interaction
cross section is obviously small, a sufficient number of nuclei will interact to
be of importance to the nucleosynthesis, especially of rare nuclei too fragile
to be made other ways.

The idea of neutrino nucleosynthesis was first discussed in detail by Do-
mogatskii, Nadyozhin, and colleagues (Nadyozhin and Otroschenko 1980;
Domogatskii et al. 1977, 1978; Domogatskii and Nadyozhin 1977, 1978,
1980a,b; Domogatskii and Imshennik 1982), but both the stellar models and
cross sections employed in these early studies were very approximate. In gen-
eral, more consequences were suggested than actually occur in the modern
models. More recently neutrino-nucleosynthesis has been studied in detail
by Woosley et al., (1990) using a large reaction network and with specific
attention to the nuclear processing both before and after shock passage in
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the hydrogen, helium carbon, neon, oxygen, and silicon shells. The required
cross sections were calculated by Haxton and are partly tabulated in that
paper.

Although a very large number of weak interactions were included in the
network study: (ve, €7y), (Ve, €7p), (Ve, €71), (v, e~ ), (Ve, 7y), (Ve, €T ),
Ve, €7D), (Be, 1), (v, V'y), (v, v'n), (v, V'p), (v, V'), and several spallation
channels of neutrinos interacting with '2C, the most important reactions were
those involving the neutral current excitation of the compound nucleus and
with a subsequent emission of a neutron or proton. Because of their greater
number, higher temperature, and the quadratic dependence of cross section
on the energy (minus the threshold Q-value for particle separation), ©- and
T-neutrinos are most important. Supernova models suggest temperatures of
6 to 8 MeV for these neutrinos (although the high energy tail is somewhat
depleted compared to a thermal distribution), and an average energy around
20 to 25 MeV. Those states most populated are in the giant electric dipole
resonance of the compound nucleus. A representative example are the re-
actions 2°Ne(v, v'p)!°F and 2°Ne(v, v'n)!°Ne(e*v,)'°F both of which make
fluorine in the neon shell. At a distance of ~10° cm, the neutrino flux (u-
and t-neutrinos) would be about 10°® ¢cm=2 s~! for 3 seconds. The cross
section for neutrino ejection of a neutron or proton is (averaged over flavor
and antiparticle and assuming equal amounts of each), at 8 MeV, 8.3 x 10742
cm? (Woosley et al. 1990). The product of flux, time, and cross section is
then ~0.002. Only 0.2% of the neon nuclei in the neon shell will interact.
However, in the sun the abundance ratio of neon to fluorine (**Ne/*F) is
3000. Thus one will make more than enough °F to satisfy the solar require-
ments. Actually the calculation is more complicated because some °F gets
destroyed in shock passage, not all the neon is at the same radius, etc., but the
example shows that the process might be important. Detailed calculations by
Woosley et al., (1990) show that the abundances of roughly a dozen isotopes
may be substantially altered by the neutrino process.

However, those calculations were carried out in a parameterized fashion
using conditions from a few select zones in a particular presupernova model
(20 M ). Adiabatic expansion on a hydrodynamic time scale was assumed.
More recently Woosley et al., (1990b) have considered neutrino nucleosyn-
thesis coupled to a complete stellar model of a 25 M, supernova explosion.
The star (Pop I) was evolved from the main sequence to core collapse and
the composition in each zone was followed using a network of 150 isotopes
from carbon through zinc. The large network was not used to provide en-
ergy generation rates; that came from a smaller network. However, the large
network was updated (in each of roughly 400 zones) each time substantial
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burning occurred and convective mixing was included for all zones every
cycle. At the end of the evolution, the iron core was removed and an ex-
plosion simulated using a piston. The explosion energy (kinetic energy of
the ejecta at infinity) was 7 x 10°° erg, perhaps a little on the low side. As
the shock passed through the star explosive nucleosynthesis was calculated
using the large network which also included all appropriate neutrino inter-
actions (see above). The neutrino source was simulated as a black body of
total energy 3 x 10°® erg and duration of 3 seconds (e-folding time). The
M- and - neutrinos were assumed to constitute 2/3 of this burst, and the
electron neutrinos constitute the rest. The electron neutrino temperature was
4 MeV (or zero for the calibration case); the u- and t-neutrino temperature
was varied. Results are given in tables 15 and 16. Comparison here is to
the solar abundances tabulated by Anders and Grevesse (1989) which, in the
case of boron especially, differs substantially from Cameron (1982).

Several important results emerge. First, we note that the element lithium
is substantially produced. This occurs in the helium shell by the reac-
tion sequence “He(v, v'n)*He(a, y)"Be(e~, v)’Li as discussed by Woosley
et al. (1990a,b). Production in the silicon shell is much less than estimated
in the earlier work, because the inner zones expanded at a slower rate after

Table 15
Neutrino nucleosynthesis summary; 25 Mo~ 7.0 x 10% erg

Species No v T, =4 T, =6 T, =8 Es3=6.,T, =4

H 8.1(—6) 8.8(—6) 88(—6)  8.8(—6) 9.1(—6)
TLi 27(=8)  20(=7) 47(-7) 12(-6) 2.0(=6)
] 5.6(=9)  9.6(-7) 1.8(—=6)  4.0(—6) 6.3(—6)
Vg 2.3(-5)  1.7(=5) 1.4(-4)  2.3(—4) 3.7(—4)
2Na 53(—6) 6.3(=6)  7.1(—6)  8.4(—6) 1.1(=5)
2671 48(=5) 5.5(-5) 6.0(-5  6.8(-=5) 8.1(-5)
3¢l 2.8(—4) 32(-4) 3.7(—4) 4.4(-4) 5.4(—4)
Table 16

Normalized to 6O In the Sun*
Species Nov T, =4 T,=6 T, =8 Es34+6.,T, =4

i 0.01 0.08 0.19 0.5 08
g 0.004 0.8 14 32 5.1
19g 0.2 0.7 1.3 22 35
31 0.4 0.5 0.6 0.7 0.8

*Anders and Grevesse (1989); compared to 2.5 M of 180 ejected.
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the density had declined (eq. (4.3)) and the "Be was burned up. The solar
abundance of lithium is very uncertain since it has been depleted in the sun’s
outer layers by nuclear reactions, but it is possible that all the lithium in
Pop I stars has been made by the v-process. There may be a supernova
contribution to Pop II as well which complicates the use of lithium as a
big-bang nucleosynthesis diagnostic. Boron is produced in the carbon shell
in considerable abundance although only the more abundant isotope, !!B,
is given a solar abundance. In the past a special low-energy component
of cosmic rays was invoked to synthesize !'B by spallation of carbon in
the interstellar medium. This is no longer necessary. Fluorine, which has
traditionally been difficult to produce anywhere, is now made adequately by
neutrino interactions in the neon shell. The important radioactive tracers of
nucleosynthesis, 2>Na and 2°Al, also are substantially enhanced. There are
also minor contributions to many other isotopes lighter than nickel. Heavier
nuclei have not been included in the calculation, but they too may be affected.

It is also gratifying to see that the best agreement with solar values is
achieved for - and t-neutrino temperatures in the range 6 to 8 MeV, just
the range that those who model the core physics say is realized. While
much more work is needed to determine the sensitivity of these results to
variations in the stellar mass, explosion energy, neutrino energy spectrum,
and rate for 2C(a, y)'%, it is encouraging that we may someday be able to
read the temperature of the neutrinos emitted in the collapse of a massive
stellar core from the present abundances of the elements. In particular pi-
and t-neutrino temperatures cooler than about 5 MeV already seem to be
excluded.

4.3. Nucleosynthesis of *°Al

The current situation with regard to 2°Al synthesis must be regarded as very
uncertain, but in our opinion, it remains possible, even likely that Type II and
Ib supernovae are the major source of the ~2 Mg of Al inferred for the
present abundance in the Milky Way Galaxy (see also Signore and Dupraz
1990). I say 2 My and not 3 M because the distance to the center of the
Galaxy may be more like 8 kpc than 10 kpc which was assumed in deriving
the traditional mass of 2°Al implied by the observations. The mass of 26Al
might be reduced even more, although not by much, if the 26Al were not
concentrated in the center of the Galaxy, but in a ring farther out.

Al (11 = 7.3 x 10° years) is produced by a number of processes in
massive stars: hydrogen burning in the envelope (where the 2°Al can be
ejected either in the supernova itself or in the wind preceding the formation
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of a Wolf—Rayet star); explosive neon burning between temperatures of about
2 x 10° and 3 x 10° K; and by the neutrino process (Woosley et al. 1990a,b).
In all cases, however, production occurs by the 2Mg(p,y)?9Al reaction and
26 Al will be sensitive to, although not necessarily linear in changes in this
reaction rate. The recent downward revision of the rate (Iliadis et al. 1990)
at temperatures appropriate to hydrogen shell burning is therefore highly
relevant. At a temperature of 30 to 50 million K, for example, the rate has
declined from the value tabulated by Caughlan and Fowler (1988) by a factor
of 4.5. On the other hand, at higher temperatures appropriate to neon burning
and the v-process the rate has not decreased. Thus only production in the
hydrogen shell is changed.

The numbers given in table 17 for °Al synthesis in 15, 20, 25, and 35
M stars (Woosley and Weaver 1991, see also tables 2—7) include the hy-
drogen shell component and may now be altered, especially in the lower
mass stars, but in cases where substantial 26Al is produced, most of it comes
from the heavy element core. The naming of models in the table follows the
convention of section 1, giving first the stellar mass in solar masses, then
an indication of convective algorithm with “S” meaning a large amount of
semiconvection and “N” meaning very little, and finally a number indicating
the factor by which the >C(a, y)'60 reaction rate (as tabulated by Caughlan
and Fowler 1988) was multiplied.

The first striking thing about the 26Al synthesis reported in table 17 is
that it is highly variable, not even monotonic with stellar mass. Model
20S2 produces a lot more 26Al than either 15S2 or 25S2. The production
has a lot to do with the amount of magnesium in the star and this depends
on, in addition to the carbon abundance that comes out of helium burning
(and thus '2C(a, )'0), the location of various convective carbon, neon, and
oxygen burning shells (see also Barkat and Marom (1990) for a discussion of
nonmonotonic behavior in massive star evolution). There are general trends
however. More massive stars, especially 35 M stars make more 26AL. The
production does not appear to be too sensitive to the 2C(e, y)'®O reaction
rate itself, but this can be deceiving. Less carbon (from a larger rate for this
reaction) means less magnesium and therefore less aluminum synthesis. But
a large value for this rate also implies higher entropy in the stellar core and
more extensive convective shells — a larger region where 26Al is produced.
Extra semiconvection, which means larger carbon—oxygen cores for a given
helium core mass, also favors 26Al synthesis.

In two of the models, 25N2 and 35N2, explosion was simulated. A piston
was situated at 2500 km in the presupernova model, well outside the iron core,
and at a typical distance for which delayed explosions develop (Wilson, 1985;
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Table 17
%6 Al nucleosynthesis (M) in massive stars
Model 1581 1582 1583 15N2 2082 20N2
Mass 15 15 15 15 20 20
2¢(a, y)'%0 1 2 3 2 2 2
Semiconv. high high high low high low
10° * M(%Al 1.2 1.2 1.1 1.0 13.3 2.0
Model 2581 2582 2583 25N1 25N2 25N3
Mass 25 25 25 25 25 25
2C(a, y)'%0 1 2 3 1 2 3
Semiconv. high high high low low low
10° * M(6Al 4.6 46 3.8 0.68 2.1 26
Model 3582 35N2 25N2X 25N2Xv 35N2X 35N2Xv
Mass 35 35 25 25 35 35
2C(a, y)'%0 2 2 2 2 2 2
Semiconv. high low
KE/10%! o 1.5 1.5 1.5 1.5
10° * M(?6A1) 34 17 2.4 4.4 13 18
M(®Ni) s - 0.08 0.08 0.31 0.31

Mayle 1985, 1990; Wilson et al. 1986; Mayle and Wilson 1991), and given
a trajectory such as to produce the ejection of all exterior mass and a total
kinetic energy at infinity of 1.5 x 10°! erg. The shock wave was followed
through the star and explosive nucleosynthesis determined in each of the
stellar zones. An identical calculation was :hen carried out that included
the nucleosynthesis induced by irradiation from neutrinos from the forming
neutron star (Woosley et al. 1990a,b). A total neutrino energy (all flavors) of
4 x 10°® erg was assumed. The baryon masses interior to the mass cuts in
the 25 M and 35 M models were 1.72 and 1.86 M. The neutrino burst
was assumed to e-fold with a 2-second characteristic time scale, the electron
neutrino temperature was 4 MeV and the - and t-neutrino temperatures were
8 MeV. The high-energy tails of the neutrino distribution function, to which
the neutrino process is sensitive, may not be well represented by a thermal
distribution. The parameters adopted here tend to maximize the effect and
neutrino-induced nucleosynthesis could, in general, be about a factor of two
less efficient than reported. However, the neutrino spectrum tends to get
harder at late times. For now we retain the specified parameterization.

It is interesting that the explosion does not always enhance Al synthesis.
In Model 35N2X, for example, an explosion without neutrino irradiation, the
total 26Al production declined from its presupernova value. The shock heated
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some portion of the Al containing material to such high temperature that it
was destroyed. In Model 25N2X, on the other hand, the explosion enhanced
the 2°Al production. In both the 25 and 35 M, models, even those including
neutrino irradiation, most of the final abundance of 2°Al was created before
the explosion in a superheated oxygen—neon shell during the last hour of
the star’s life. As the iron core begins to contract, even as silicon shell
burning is still in progress, this region of the star also contracts to higher
temperature and becomes vigorously convective. In a phase that is almost
“implosive neon burning” copious 2°Al is produced. Obviously the details
are sensitive to how time dependent convection is handled and all the other
factors affecting the late stages of stellar evolution and the (carbon and) neon
abundances. A factor of two error bar on all the numbers in table 17, either
up or down, would not be overly generous.

Figure 19 shows the final 2°Al distribution in Models 25N2Xv and
35N2Xv. The production in the hydrogen envelope is obviously negligi-
ble compared to that made in the core. With the new rate for 2>Mg(p,y)?°Al,
it may be even smaller. We expect this to be a general characteristic of
very massive stars (M 2 20 M) and, unless such stars fail to explode,
the 26Al ejected in the supernova event should greatly predominate over any
component ejected in the stellar wind, say while the star was becoming a
Wolf-Rayet star. The 26Al distribution in the 25 and 35 M supernova cores
largely parallels the distribution of magnesium in these objects. In the 35
M model (fig. 19), the sharp peak at 3.2 M, is a result of explosive neon
burning and the tail from 4 to 6 Mg is a mixture of Al made before the
explosion and by the neutrino process in comparable amounts.

Many more models remain to be done, including stars of 20, 30, 40, and
60 M, but the following preliminary conclusions are offered. A reasonable
prescription for 2Al synthesis in Type Il supernovae might be, in units of
1073 Mg: 05, 1, 4, 5, and 15 for stars of 12, 15, 20, 25, and 35 Mo,
respectively (although again note the nonmonotonic behavior in table 17).
For stars bigger than 35 M, including the Ib progenitors that may result
from such stars, also use 1.5 x 10™* M. Note that the Type Ib, if they come
from massive stellar cores (section 5), will be very important and might
contribute, per event, substantially more 2°Al than the Type II. As remarked
previously, all these numbers have an error bar of at least a factor of two.

Next the rates for Type II and Ib supernovae are critical. Van den Bergh
and Tammann (1990) have discussed the Galactic supernova rate concluding
that a likely value for core collapse events is two per century. However,
as they point out, this is very much less than inferred from the 6 historical
supernovae in the last 1000 years (all within 3 or 4 kpc of the Earth and
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within a 50 degree pie slice of the Galactic disk) from which they infer the
rate could be as frequent as one every 10 years (this will shortly be limited by
neutrino and y-ray detectors, the 7 year lifetime of SMM already placing an
interesting upper bound). Perhaps our Galaxy, or our region of the Galaxy,
is uridergoing a burst of star formation. Let us adopt a rate of 4 core collapse
supernovae per century as a reasonable compromise between the arguments
of Tammann and Van den Bergh and the observed local Galactic rate. One
Type Ib (derived from a massive Wolf-Rayet star) once a century (or any
other 35 + M, supernova) plus two or three explosions per century around
15-25 M, could provide all the 2°Al necessary to explain the observations.
On the other hand, the present error bars are large enough that some other
source could dominate.

If the 2°Al does come from supernovae (rather than novae or AGB stars),
then these calculations suggest that the most massive stars will predominate.
One then expects the Al to have a distribution in the Galaxy that resembles
not only Pop I, but extreme Pop I, i.c., like the O-stars in HII regions and
molecular cloud complexes.

4.4. The a-rich freeze-out and the r-process

Continuing our discussion of explosive nucleosynthesis and moving deeper
within the star, we consider a mixture of iron group nuclei and a-particles
cooling from a temperature substantially in excess of 5 x 10° K. If the ex-
pansion is quick enough, a portion of the a-particles will persist at low
temperature owing to the relative inefficiency of the critical reactions that
convert helium into carbon. For temperatures hotter than 10° K the triple-
alpha reaction rate declines slowly with increasing temperature, remaining
roughly constant at a few times 107'° (cm® mole™')* s™! (Caughlan and
Fowler 1988). If the available time is that for hydrodynamic expansion,
eq. (4.3), then for densities lower than about 10® g cm™>, the a-particles in
nse will not all have time to reassemble. As the material continues to cool,
it will do so in the presence of an anomalously large flux of light particles
(the a-particles will also generate neutrons and protons by their interactions
with bound nuclei) and the final composition will differ from what would
be calculated in nse. This is the a-rich freeze-out (Woosley et al. 1973;
table 14).

Previous calculations have shown, for small values of the neutron excess,
that the modification to the most abundant isotope in nse is not very great. A
composition that is predominantly Ni stays **Ni although the abundances
of trace constituents such as >*Fe and *®Ni change by orders of magnitude. It
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has long been a curiosity what keeps the process from going farther. At most
one finds (see, e.g. Woosley 1986) a trace of zinc and germanium isotopes
produced (which later become isotopes of nickel and zinc, respectively), but
essentially the nuclear flows stop one or two «-particles beyond °Ni, even
if the a-particle abundance is very large.

We now understand that this happens, not because of the Coulomb barrier,
in which case one would expect quite different results for various temperature
histories and a-particle mass fractions, but because of photodisintegration.
Just above the iron group the valley of beta stability (location of stable
isotopes) deviates sharply to the neutron-rich side of the Z = N line as a
consequence of passing the magic proton shell at Z = 28 and the maximum
packing fraction in the iron group. Thus protons and a-particles are easily
removed for nuclei A 2 60 having small neutron excesses. The small particle
separation energies translate into large reaction rates for (y, p), (n, p), (p, @),
(y, ), and (n, @) reactions which impede the buildup of heavier elements
until such low temperatures that the Coulomb barrier does stop the build up
of heavy nuclei.

This nuclear systematic suggests that heavier nuclei could be assembled in
an a-rich freeze-out if the neutron excess were larger. Recently Woosley and
Hoffman (1991) have begun to explore the «-rich freeze-out for values of
neutron excesses, 7, in the range 0.03 to 0.23 and have found the creation of
heavier elements all the way up to A 2 110, even when most of the ejecta is
in the form of heavy elements. In the limit of an extremely large fraction of
unassembled «-particles, they have found that the «-rich freeze-out merges
smoothly into the classical r-process.

A promising site for this occurrence is the low-density, high-entropy bubble
that forms in the “delayed mechanism” model for the explosion of Type
II supernovae (section 2). Material in this bubble has previously been at
high density and experienced electron capture (Mayle and Wilson 1988b; see
especially their fig. 2). The neutron excess may be quite large; values of 7
of 0.2 and even more are typical (Mayle and Wilson 1988a).

From the study of Woosley and Hoffman (1991), a number of interest-
ing conclusions has already emerged. First, in material that experiences a
high-n, a-rich freeze-out but which has too low an entropy to produce a r-
process, they find production of a number of isotopes from the iron group up
through a ~ 100, whose synthesis has previously been attributed to the r-,
s-, and p-processes. Some of these nuclei are summarized in table 18 and in-
clude 66687 70.72Ge 74.76ge T8.80.86K ;. 8TRY, 88 89y 9091929497, 9INp
95,97.98.100\ [ 101,102,104Ry, 103Rp 105,106,108,110p4 and 197 Ag  For lower val-
ues of neutron excess, Woosley and Hoffman confirm the production by the
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Table 18
Sample «-process production factors*
m o 8.00(=2) 9.00(-=2) 1.00(-1) LI0(-1) 1.20(=1) 130(=1) 140(—1) 1.50(—1)
nf 5.95(=2) 6.89(-2) 7.82(-2) 876(-2) 9.69(-2) 107(-1) L16(-1) 125(-1)
Xp()  3.57(=1) 3.26(—1) 3.01(=1) 283(=1) 2.66(~1) 2.63(—1) 272(-1) 2.68(~1)

66zn  2.6(5) 2.3(5) e

OGe  7.3(5) 5.3(5) 2.7(5) .
2Ge ... 2.2(5) 2.8(5) 2.1(5)
74Se  1.0(6) 43(5) . ..
76Se  5.4(5) 5.3(5) 3.8(5) 1.7(5)

0kr  2.7(5)
By ... 7.6(6) 2.1(7) 1.2(7)
85Rb T.1(5) 2.1(6)

8Rp ... e ves “e Iy L4T) 1.3(7) 2.2(6)
88gr  1.6(5) 1.0(6) 3.7(6) 8.1(6) 147 1.0(7) 7.6(5) 1.6(6)
8y 84(5 2.9(6) 5.5(6) 6.7(6) 5.3(6) 3.2(6) 1.6(6) 5.0(6)
N7zr 147 2.0(7) 1.9(7) 1.4(7) 4.7(6) 4.4(6) 1.6(7) 3.1(6)
zr  4.8(5) 5.6(5) 5.6(5) 5.2(5) 4.3(5) 1.6(6) 1.9(6) 4.1(6)

27y .. 1.5(5) 2.1(6) 5.5(7)
Y%z ... 3.1(5) 1.1(6)
%7y ... 4.9(5) 9.2(6) 2.7
BNb .. 2.5(5) 2.5(6) 2.9(6)
2Mo 2.9(5) e s .
BMo .- 1.7(5) 3.7(5) 8.2(6)
Mo --- 7.4(5)
104py ... 5.4(5)

* Ratio of final mass fraction to solar mass fraction where greater than 1% of the maximum production.
Top =10, pp =5 x 108 g cm™3,

a-rich freeze-out of *“Ca, S'Fe, ¥Co, 38:60.6L62Nj 63Cy, and %#Zn. These
species are all primary in the sense that they will be produced in the same
quantities by a star of either Population I or II. Neutron excesses this large
are the result of electron capture and are independent of the initial metallicity
of the star.

All of these species have very low abundances in nature and their synthe-
sis imposes severe constraints upon the frequency with which the conditions
for this sort of freeze-out can be realized. In particular the amount of mass
ejected, the neutron-excess, and the existence of the a-rich freeze-out in the
9 M model studied by Mayle and Wilson (1988a) are inconsistent with the
requirements of Galactic chemical evolution unless such supernovae happen
only once every 10000 years. We believe it more likely that the thermody-
namic or electron-capture history of the ejecta in that particular model is in
error or at least does not reflect the typical event. Alternatively these deep
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layers might reimplode after hydrodynamic interaction with the overlaying
mantle and envelope, the so-called “reverse shock” (see, e.g. Weaver and
Woosley 1980). More careful modeling of the complete explosion is nec-
essary, but the nucleosynthesis will clearly be a powerful constraint on the
supernova explosion mechanism.

Nevertheless, we envision the most likely natural circumstances for the
a-process and the r-process to be provided by the high entropy bubble that
forms at late times in the delayed neutrino transport model for Type II and
Ib supernovae. The most recent model for a delayed explosion of a 20 M
star (Mayle and Wilson 1991) provides a tantalizing example. At late times
the neutron-rich (Y. < 0.45) ejecta have entropies near 100 in a few times
1073 Mg of ejecta with ¥, ~ 0.40 to 0.45 (fig. 19). The value of Y, is
not so critical as the entropy. At higher entropy the «-particle abundance
in nse is larger and, at the lower density, is less efficient at assembling
into heavy elements. Since the number of neutrons per heavy seed is about
100 (1 — 2Y.)/ Xy, where Xy is the mass-fraction of heavies (for which an
average mass of 100 is assumed), decreasing the amount of «-particles that
reassemble strengthens the r-process.

The freeze-out of material followed along this path (Woosley and Hoff-
man, 1991) and having an initial value of Y. = 0.45 (n = 0.10) shows first
the photodisintegration of any initial composition into a nuclear statistical
equilibrium comprised almost entirely of free nucleons. Thus all memory of
the initial composition, save Y., is lost. As expansion and cooling occurs, the
nucleons assemble to ¢-particles and then about 10% of the «-particles into
heavy nuclei. After a few tenths of a second material has reached the end of
the network at A & 110, being carried there mostly by («, n) reactions. The
neutron mass fraction at this point is still 8% or about 100 neutrons for each
heavy nucleus.

Table 19
Temperature-density trajectory for material expanding in
the wind of a delayed 20 M explosion.

t(s) Ty P4 t(s) Ty P4

0 10. 254 0.20 2.87 5.93
0.01 9.36 200 0.40 2.37 4.15
0.02 7.42 88.8 0.60 2.20 2.66
0.03 6.59 62.9 0.80 2.13 1.89
0.04 5.94 44.5 1.0 2.09 1.69
0.05 5.41 32.1 2.0 2.01 1.46
0.075 4.36 16.2 3.0 1.97 1.77

0.10 3.76 11.4
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Table 20
Key evolutionary quantities 20 M, explosion.

t(sec) Ty 05 Xp Xp X Az X(Az)y Az x(42)
1.0(-18) 1000 2536 1.00(=1) --- 9.00(—1)

8.0(=10) 1000 2536 1.04(—1) 3.68(=3) 8.93(=1) 2¢  g40(—6) SN 1.22(-6)
325(=7) 1000 2536 5.03(-1) 4.03(=1) 9.38(=1) 2H 9.13(-5) 3H 5.66(-7)
0.0157 800 11.83 273(-=1) 176(-1) 5.51(=1) 2H  267(=5) 3H  3.05(-7)
0.0381 607 480 9.85(—2) 2.09(-3) 899(-1) OTi 744(-5) 4Cr  5.85(-5)
0.0447 569 386 9.58(—2) 4.23(-4) 896(-1) Cr 127(=3) OFe  7.80(—4)
0.0566 514 266 9.20(-2) 4.14(=5) 8.82(=D)  6Ni 4.79(~3) B36Kr 4.21(-3)
0.0613 495 230 9.04(-2) 151(-5) 875(-1) %Kr 1.02(-2) ¥Se 6.79(-3)
0.0667 472 196 894(=2) 253(—6) 8.72(-1) Se 1.50(-2) 85Br 7.11(=3)
0.0764 434 159 B881(=2) LII(-7) 8.68(—1) %4Se 1.50(=2) BKr 5.60(-3)
0.0925 400 121  8.62(—=2) 8.90(-9) 862(-1)  *Sr 1.02(-2) 34Se  7.95(-3)
0.1071 370 101 844(-2) 223(-9) 8.58(—1)  MSr 1.13(=2) %OKr 9.99(-3)
0.1257 344 084 8252 .- 8.54(—1)  %sr  1.00(-=2) 90§y 6.22(-3)

0.1412 325 070 8.08(-2) - 8.52(-1) 190sr  181(-2) 92Kr  1.00(-2)
0.1747 305 054 791(-2) - 8.50(—1) 102§  1.07(-2) 90§ 1.02(-2)
0.2421 272 055 749(=2) --- 845(-1) 105y 953(=3) %Kr 9.32(-3)
0.2923 256 048 7.21(=2) --- 841(-1) 107y 884(-3) 1045 §.78(-3)
0.3585 243 044 682(-2) --- 837-1) Mo 1.07(=2) 07y 7.20(-3)
0.8317 212 019 535(=2) .- 827(-1) %Mo  7.89(=2) "2Ni  7.68(-3)
2.1798 200 0.6 4.63(=2) --- 8.19(-1) Mo 9.36(-2) >Ni 1.18(-2)
3.4243 195 040 3.82(=2) --- 805(-1) Mo 9.92(-2) 6Cr 1.69(-2)

Further evolution, had the network been adequate to contain it, would
definitely have seen the production of the r-process nuclei. The conditions,
pNaX, ~ 10" cm™ at 2 x 10° K are precisely those determined by Kratz et
al. (1988) as appropriate for the r-process. The time scale, a second or two,
is also what they determine from an analysis of waiting points. However,
the actual time scale may be a little shorter because («, n) reactions now
carry the flow beyond the N = 50 closed shell, one of the principal waiting
points, and at two billion degrees, the beta-decay rates may be quicker than
Kratz et al. estimated. Finally the amount of mass ejected is appropriate.
The mass loss rate in the wind here is about 10™* M s~!, but 80 to 90%
of that is a-particles. The duration of the event is a few seconds. Hence the
production of r-process nuclei is ~ 107> to perhaps as much as 107* Mg
per event. This is much smaller than some previous estimates of r-process
yield in supernovae (see, e.g., Hillebrandt 1978), chiefly because the ejection
is not hydrodynamic but a wind.

Given that the r-process occurs in the fashion we have described, some
major alterations to traditional thinking may be in order. First charged par-
ticles, not neutrons may carry the flow to mass 100. The r-process does



Massive Stars, Supernovae, and Nucleosynthesis 149
not commence with iron, but at heavier nuclei possibly in the vicinity of
strontium. In any case the closed neutron shell at N = 50 is bypassed and
the required time for the r-process to occur is shortened. Given the natural
spread in Y., entropy, and expansion rate that will exist in the various ejected
strata of one (and many) supernovae, there will be a continuum of exposure
strengths. The r-process abundances will not reflect any one particular set
of physical conditions but a combination. Whether good agreement with the
solar abundance set can be achieved remains to be seen. We believe that the
major abundance peaks reflecting closed neutron shells (N = 82 and 126)
will persist in the final solution. The good agreement of conditions depicted
in figs. 19 and 20 with those derived by Kratz et al. (1988) as appropriate
for the r-process is encouraging.

Obviously the r-process in this model will be primary, consistent with
recent analysis of metal-deficient stars (see review by Cowan et al. 1991).
Although one can think of physical reasons for variations (efficiency of the
reverse shock, importance of ram pressure during the explosion), until demon-
strated otherwise there is no reason to presume that different masses of su-
pernovae will give different masses of r-process nucleosynthesis. In order to
get a dip in Eu/Fe vs. Fe/H at very early times, Mathews and Cowan (1990)
conclude that the data can be best fit in a model where the r-process is pref-
erentially made in lower mass supernovae — ~10 M. We feel that the data
could also be consistent with a model in which every Type II and Ib super-
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. 3
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Fig. 20. Conditions at late times in the wind being driven from the surface of the
protoneutron star in a delayed supernova explosion of a 20 M, star (adapted from
Mayle and Wilson 1991).
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Fig. 21. Evolution of the mean atomic mass number, neutron mass fraction, temper-
ature, and density with time for material in the wind depicted in the previous figure
(from Woosley and Hoffman 1991). Once the average mass number approaches 100
the network becomes inadequate to contain the nuclear flows. Thus lines are dashed
for times later than 0.3 s.

nova made about the same amount of r-process, but the more massive stars
made more iron (a 25 M, supernova might make 0.2 M, of *°Fe (Weaver
and Woosley 1980) whereas a 10 M supernova makes less than 0.01 Mo
(Mayle and Wilson, 1988a). The more massive stars would explode first and
temporarily make a reduced amount of r-process elements, like europium,
compared to iron. Mathews (private communication) has studied models of
this sort and finds them compatible with observations for certain choices of
model parameters.

Since the r-process and «-process occur in the deepest layers to be ejected,
they will be subject to an intense irradiation of neutrinos from the cooling
neutron star. The effect of the neutrinos on the final composition is likely to
be important. During the first second or two, conditions for the r-process are
generated — the high-entropy bubble. As the r-process assembles and moves
outwards from the neutron star, however, a substantial flux of neutrinos con-
tinues. At a distance of ~ 1000 km where the ejecta might stay for 0.1 s, the
neutrino flux will be ~ 10** ¢cm~2 s~!. The cross section for the evaporation
by neutral current scattering will be ~ 1070 cm? (Woosley et al. 1990a,b).
Thus roughly 10% of the nuclei will lose a neutron at late times (at early
times the (v, v’ n) reaction only contributes negligibly to the (y, n) reaction).
The effect of this will be to smooth out some of the pairing effects in the
r-process. In the past, B-delayed neutron ejection has been assigned this role.
It may be that the neutrino-induced reaction is more important. Calculations
that include all this in a realistic dynamical model are obviously needed.
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1. Introduction

In these three lectures we mainly deal with two problems: Type la supernovae
and the possible formation of neutron stars by gravitational collapse of white
awarfs. Both kinds of events are currently thought to take place in close
binary systems where a white dwarf has previously formed, and, after a
period of essentially undisturbed cooling, the neutron stars are grown in
mass by accreting matter from its companion. Thus, white dwarf physics
and close binary evolution are at the core of the two problems. We focus
upon the former, since white dwarf physics sets the basis on which different
scenarios for the two processes can be developed. As we see in chap. 2, no
scenario for bringing a white dwarf to an explosive condition that fulfills all
the constraints derived from observations of SN Ia has yet been devised. The
same is true for the (more hypothetical) accretion-induced collapse (AIC) of
white dwarfs.

SN Ia outbursts and AIC into a neutron star appear as opposite outcomes of
the growth of the a white dwarf up to the Chandrasekhar limit (or very close
to it). What determines whether the white dwarf collapses or explodes? One
possible answer might be chemical composition: C+O white dwarfs explode,
whereas O+Ne+Mg white dwarfs collapse. We see however, in sec. 3.6 that
for the last composition explosive burning starts at densities too low for
collapse to begin. Thus, the answer should instead be sought in the detailed
evolution of the white dwarf: its initial mass, cooling, and mass-accretion
history.

One salient feature of SN Ia outbursts is their overall homogeneity. This
is in accordance with their being produced by the explosions of white dwarfs
with very similar masses. They seem nonetheless to show some range of
variation in their light curves and expansion velocities, and that might well
reflect differences in the physical state of the interiors when explosion is
initiated. Precise knowledge of the physics of white dwarf cores at the start
of explosive burning is also required to solve problems posed by the dynamics
of burning and the associated nucleosynthesis (see lectures by Barkat, Miiller,
Nomoto, and Woosley, in this volume, and sec. 3.5 below). The effects of
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previous cooling (as modified by the heating due to mass accretion) determine
the physical state of the core (whether it is fluid or solid, and possibly its
chemical composition profile as well), and this in turn determines the rates
of nuclear fusion reactions, and the mode and speed of burning propagation.
Little can be said as to the particular history of the progenitor of any given
SN Ia, but we do know that those of the SN Ia observed in elliptical galaxies
must have been cooling for several Gyr and thus that their cores should have
experienced a phase transition from fluid to solid state. Accordingly, such
initially cold, partially solid white dwarfs should be regarded as prototypes
for the objects giving rise to SN Ia outburts. The same objects appear to be
the most promising candidates for AIC. Thus we devote most of chap. 3 to
the study of the physics associated with cooling and reheating of white dwarf
cores.

The presence of neutron stars in close binary systems (and also the possible
origin of some isolated neutron stars in such systems) can give extra insights
regarding the evolution leading both to SN Ia explosions and to AIC. We
discuss in chap. 4 the problem of the origin of neutron stars in binaries, with
the primary aim of showing whether the AIC mechanism is ever required to
account for neutron star formation. The answer is rather in the affirmative,
but the question can not yet be regarded as settled.

2. The progenitors of Type Ia supernovae

2.1. Observational constraints

The progenitors of Type Ia (or “classical Type I”) supernovae must satisfy a

number of constraints:

(1) Their surfaces must be devoid of H at the time of explosion. The upper
limit to the H content is about one percent by mass (see Branch, this
volume).

(2) They must be long-lived (ages up to several Gyr), to account for the
occurrence of SN Ia in elliptical galaxies, and also to account for the lack
of association of the events with HII regions in spiral galaxies (Maza
and van den Bergh 1976).

(3) Their explosion has to produce a Ni mass My; > 0.5M, to account for
both the light curves (Amett 1982; Arnett, Branch, and Wheeler 1985)
and late-time spectra (Woosley, Axelrod, and Weaver 1984).
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(4) As deduced from the spectra at maximum light, intermediate-mass ele-
ments (O, Mg, Si, S, Ca) must be present in their outer layers, (Branch
et al. 1982; Wheeler and Harkness 1990).

(5) The explosions must produce events that are very homogeneous in their
peak magnitudes (o0 < 0.4 mag: Miller and Branch 1990, and Branch,
this volume) whereas the light curve shapes and the photospheric ex-
pansion velocities may show some range of variability (Phillips et al.
1987; Branch 1987).

(6) The death rates of the progenitors must agree with the observational
estimates of the frequency of SN Ia events (see Tammann, this volume,
and the discussion below).

(7) Abundance ratios of Fe and Ni isotopes (of which SN Ia appear to be
the main producers) must agree with solar system values (see Woosley,
this volume).

2.2. SN Ia rates and progenitor population

The rate of occurrence of SN Ia events in our galaxy should give some
insight as to the nature of their progenitors. This rate is mostly inferred from
the observation of external galaxies of various morphological types. The
extragalactic rates are usually normalized to B-luminosity (which involves
dependence on A2, h being the value of the Hubble constant Hy in units
of 100 km s~! Mpc™!) on basis of a small sample of face-on Sc spirals.
After that, the galactic rate is obtained by interpolation to the assumed type
of our galaxy (with an extra uncertainty as to its B-luminosity). There has
been discussion as to whether far-infrared (FIR) luminosity could be more
directly related to star formation rate (SFR) than B-luminosity, but on the
other hand, it is unclear that SN Ia frequency should reflect at all current SFR
(Wheeler 1990). As for the data from historical galactic supernovae, they
are ambiguous at best. Out of about 7 events, 2 or 3 might have been SN Ia:
SN 1006, SN 1572 (Tycho), and SN 1604 (Kepler). But this is disputable
for every one of them: SN 1006 might have been a SN II-L (Wheeler and
Harkness 1990), while Tycho and Kepler arguably might not be SN Ia (Strom
1988; Bandiera 1987). Thus, the locally determined local SN Ia rate may be
consistent with zero!

Let us now outline the problem of converting local rates, surface, and
volume densities of potential progenitors into global SN Ia rates and vice
versa (see Wheeler 1990). We must first adopt an “effective area” Aeg for
the galaxy, as required to convert global rates into rates per unit area. A
is the area that the galaxy would have if the total number of stars in the disk
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were spread out uniformly at the surface density of the solar neighbourhood
(note that this already involves an assumption as to the radial distribution
of SN Ia events). The standard exponential model of the galactic disk gives
Aegr ~ 10° pc? (Ratnatunga and van den Bergh 1989 obtain A >~ 850 kpc?).
The effects of the radial distribution could show up as an inclination effect
in the frequency of detected events: Tammann (1982) finds it and concludes
that SN Ia progenitors do not belong to the extreme halo population; whereas
van den Bergh, McClure, and Evans (1987), and Maza and van den Bergh
(1976) do not find such an effect. A compromise has thus been reached that
the progenitors are part of the old disk population. To further illustrate the
problem, let us assume that SN Ia progenitors were novae. We know that
in M31 novae are bulge rather than disk populations (Ciardullo et al. 1987).
This is indicated by the fact that within 30’ of the galactic center, where
the bulge contributes with 60% of the light, more than 96% of the novae
are found. In that case, the assumption of a thin exponential disk would
overestimate the local space density of SN Ia events for a given global rate.
Thus, while working with local surface density rates avoids the problem of
choosing a scale height for SN Ia, the local rate will be overestimated if the
population resembles a bulge population. According to the latest estimates
(van den Bergh and Tammann 1991; see also Tammann, this volume), we
have:

rsN 2 x 1072A4, pe? yr! 2.2.1)

This rate is compared in the following to the death rates of possible progen-
itors.

2.3. Progenitor evolution: mass-accreting C+Q white dwarfs

Mainly from observational constraints (1) and (2), it is generally thought that
SN Ia events are due to the explosion of white dwarfs (WDs). An early
scenario (Finzi and Wolf 1967) involved single WDs. Two possible kinds
of WDs were suggested: either WDs of masses M =~ 1.40M, with contents
of ~ 10% 2*Mg, or WDs of masses M =~ 1.20M, consisting of Fe cores
and intermediate shells with small concentrations of “°Ca. Such WDs should
live for ~ 10'° yr before becoming SN Ia to comply with constraint (2),
and this would correspond to the half-lives of 2*Mg and “°Ca against 3rd
and 4th forbidden inverse B transitions (electron captures). Such captures
would progressively lower the Chandrasekar mass (proportional to Y2, Y,
being the mass-averaged electron mole number). On its mass becoming
lower than the actual mass of the WD, the object should start collapsing
due to gravitation, but the initial stages of compression and heating would
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already induce explosive ignition at the center in the first case, and in the
intermediate shells in the second case. WDs of the first kind would previously
have undergone carbon burning as red-giant cores, while those of the second
kind would come from stars that had experienced large mass loss after the
start of silicon burning. Both types of evolution seem now very unlikely.
Current scenarios are no longer based on single WDs but on mass-accreting
WDs in close binary systems (CBSs).

The mass-accreting WD scenario looks very promising at first. There are
large numbers of WDs: their birthrate is estimated to be ~ 1 yr~! in the
whole galaxy. More than 50% of all stars are in binary systems, and in
about half of these systems, the separation between components is of the '
same order of magnitude as their radii (they are CBSs). It must be noted,
however, that most of these are low-mass systems (M;+M, ~ 0.8 to 1.5M,)
where mass transfer cannot make either of the two components grow up to
the Chandrasekhar mass after becoming a WD.

According to current ideas, three different chemical compositions are pos-
sible for WDs in CBSs: He, C+0, and O+Ne+Mg. Since the most successful
models up to now (mainly due to observational constraint 4) are based on
explosive thermonuclear ignition of C+O WDs, we first consider CBSs con-
taining WDs with this composition (although, as we have already mentioned
in the introduction, no satisfactory evolutionary path to bring a C+O WD to
explosive carbon ignition has yet been found!).

C+0O WDs can be members both of initially close binaries or of initially
wide binaries. In the first case, the WD can form by Roche lobe overflow
either just before or just after central helium ignition. In the second case,
a WD can form by Roche lobe overflow also, but either in the asymptotic
giant branch (AGB) phase or in the thermally pulsing AGB phase (see fig. 5
in Iben 1974). Roche lobe overflow in initially wide binaries should lead to
formation of a common envelope engulfing the two components of the system.
Friction with the envelope would induce its ejection, and also loss of angular
momentum by the system. The latter would change the wide binary into a
close binary.

An important question is that of the typical mass range and the upper mass
limit for C+O WDs formed in any of the preceding scenarios. Well known
CBSs containing white dwarfs are novae and cataclysmic variables (CVs).
Mean masses of CVs are: (Mcy) =~ 0.79M;. Those of classical novae:
{(Muova) =~ 1.23M, (Ritter 1989, private communication). A recent model
for the recurrent nova U Sco gives M ~ 1.38M, (Starrfield, Sparks, and
Shaviv 1989). In this last case, however, the WD might have a O+Ne+Mg
composition instead of a C+O one.
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Once a C+O WD with a given mass is formed in a CBS, it must ac-
crete material from its companion to grow close to the Chandrasekhar mass
and explosively ignite carbon at its center. Depending on the nature of its
companion, this material can be either hydrogen-rich, helium-rich, or even a
carbon-oxygen mixture. There are problems with all three possibilities; we
will examine them in turn.

2.3.1. H-accreting white dwarfs

(i) Theoretical constraints on My. There are, in fact, objections to any rate
from zero to infinity! A very general argument has been given by Paczyniski
(1985). It starts from the known mean mass of single WDs:

(Mwp) ~ 0.7Mq, (2.3.1.1)

From this it follows that, to bring a star to the Chandrasekhar mass, >~ 0.7M
of H must first be accreted and burnt per SN Ia event, which means a release
of ~ 10°? erg per event. For a rate (in the whole galaxy):

rin =2 x 1070 yr !, (2.3.1.2)
a global luminosity
L~6x10* erg s! (2.3.1.3)
is obtained. Then, since
L* < Lggg ~ 2 x 10%® erg s, (2.3.1.4)

(where Lgyq is the Eddington luminosity), the total number of active progen-
itors at any time (in steady state) should be:

N* > 3000. (2.3.1.5)
Thus, with an effective area of the galactic disk:
Aeir = 10° pe 2 = 10°kpc? (2.3.1.6)

there should be n > 9 such objects emitting at L < Lgy4g within 1 kpc from
the Sun. Their effective temperatures being T ~ 106K, they should appear
as strong EUV sources. No obvious candidates are seen. It is nonetheless
possible that they are “hidden” in some way (as symbiotic stars or emission-
line variables). In the case they were long-period variables, selection effects
would work against their detection. Another way to explain observed data
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could be to have more numerous and less conspicuous progenitors, accreting
mass at rates well below the Eddington limit. There are other difficulties
associated with this.

Starting from the lowest accretion rates, we have that accretion at My <
107°M, yr~! is mostly thought to induce nova explosions (Fujimoto and
Taam 1982). This would, in general, reduce rather than increase the mass of
the WD. At best, it should make effective accretion marginal: M < 0.1My
(Truran 1989, private communication). A case that seems to contradict this
hypothesis is SS Cyg. The WD in this system has a mass Mwp =~ 1.2M,.
This might be an indication that massive WDs do effectively grow in mass
instead of losing it.

It must be noted, however, that the calculations predicting nova explosions
for those rates are based on the assumption of radially-symmetric and “soft”
accretion (the last means that the material is deposited at zero velocity on
the star surface and that it has the same specific entropy as the layers into
which it is incorporated). In fact, observed typical accretion rates in novae
are ~ 1078M, yr~! (Patterson 1984; Warner 1987). For such rates, theory
predicts that H does not become degenerate enough to produce explosion,
even if the accreted matter were substantially enriched in C and O by mixing
with deeper layers (Starrfield, Truran, and Sparks 1978; Prialnik, Shara, and
Shaviv 1978; Kutter and Sparks 1980; MacDonald 1983). Also, in theoretical
models, when the “soft” accretion hypothesis is relaxed (with inclusion of
angular momentum and/or with kinetic energy dissipation in the accretion
process) it becomes hard to obtain nova explosions (Shaviv and Starrfield
1987; Sparks and Kutter 1987). This is due to boundary-layer heating in the
first case, and to partial support from centrifugal force in the second case.

Radial, “soft” accretion at rates 10~ Mgyr~! < My < 10-Myyr~! would
burn H steadily or in weak flashes, but this again raises the problem of
where the luminous progenitors are that should result from it. Besides, either
steady or flashing burning of H into He at My would be equivalent to “soft”
accretion of He at My, = My, and this should lead to helium detonation
for 107°Mg yr~! < My < 5 x 1078M¢, yr~! (however, this holds only for
M < 1.13Mg). Inclusion of the interaction between the H and He-burning
layers might nonetheless change this picture.

(ii) Cataclysmic variables and SN Ia. Keeping all those uncertainties in mind,
let us now consider the possible relationship between SN Ia and cataclysmic
variables (CVs). An argument against such a relationship comes from the
fact that in M31 the galactic bulge is ~ 20 times more efficient than the disk
in producing novae, whereas galactic disks in general seem more efficient
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than bulges in producing SN Ia (Renzini 1989, private communication). But
radial selection effects might account for the apparent deficiency of SN Ia
in the bulges. Another argument concems the birthrate of CVs in the solar
neighbourhood, which would be ~ 1 order of magnitude lower than the local
SN Ia rate (Ritter 1989, private communication). “Hibernation” of novae
(Shara et al. 1986) might nonetheless mean that large numbers of CVs go
undetected (see also Wheeler 1990); this would lead to an underestimate
of their birthrates. On this topic, Shara (1990) has recently reported the
existence of large numbers of dim stars resembling CVs in their spectral
properties, which might be such “hibemating” novae. Their local density
would be N ~ 107* pc~3. Estimates of the birthrate of CVs by various
authors significantly differ from each other. Bath and Shaviv (1978) adopt a
local density of 2 to 7 x 10~!! pc™3 leading to:

rev=3—10x 10719 Teng) ™! pe2 yrt, (23.1.7)
where Tcy is the lifetime of classical novae (all CVs are here assumed to
become novae). Patterson (1984), from a local density of 6 x 107 pc~>
derives instead:

rev =9 x 1072 (Teng) ™' pe 2 yrl, (2.3.1.8)

(in both cases, surface densities are calculated assuming a scale height of
~ 150 pc). Including the effects of “hibernation”, Wheeler (1990) proposes:

9 x 1072py pc2 yr!

rev , (2.3.1.9)

Tevs

ny being the “hibernation factor” (ny > 1). If all CVs become novae,
Tev = Ten ~ 108 yr. This would make CV birthrates and SN Ia rates
comparable, but does not yet solve the problem, since only a fraction of CVs
could evolve into a catastrophic endpoint (a minimal necessary condition is
that M,,; > Mcy).

(iii) Symbiotic stars and SN Ia. Considering now higher mass-accretion rates,
we have that steady hydrogen burning should produce a luminosity:

L =24x10% erg s (Mcore/Mg — 0.52), (2.3.1.10)

(Paczyriski 1971). This would give a few bright progenitors within 1 kpc
of the Sun (that are not observed). One possibility, as has been pointed out
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above, is that the progenitors were symbiotic variables. Symbiotics made of
WD-red giant pairs should have a death rate of ~ 0.002yr~! in the galaxy
(Iben and Tutukov 1984a). According to Allen (1980), 27 such systems are
known within 3.5 kpc of the Sun. This would correspond to a surface density
o =7 x 1077 pc2. A typical liftime would be: fym = 10° yr. From that:

Foym =T % 1073 (tyme) ™ pc™2 yr L. (2.3.1.11)

There is always the question, however, of which fraction of the symbiotics
is recognizable (they can be enshrouded in a thick H blanket).

Accretion of H at rates of 107%Mg < My < Mpgg4q should lead to formation
of a red-giant envelope on top of a H-burning shell that, in expanding, fills
the Roche lobe of the WD and inhibits further mass accretion. Nonetheless,
Hachisu, Kato, and Saio (1989) present a model in which the back pressure
from a filled Roche lobe allows accretion at the rate:

My=75x10"7"Mg yr™', (2.3.1.12)

The object would appear to be a B star and there should be several of
them within ~ 1 kpc from the Sun. None are seen. Finally, accretion at
My ~ Mgga ~ 1075Mg yr~! would directly produce a common envelope
and suppress accretion.

2.3.2. He-accreting white dwarfs

(i) Theoretical constraints on Mye. We have already indicated that accretion
of He by a WD at rates 10°Mg yr~' < My < 5 x 1078Mg yr™'. (for
Mywp < 1.13M) would give rise to He detonation. But in the case of direct
accretion from a companion (either a nondegenerate or a degenerate He star)
this would again correspond to “soft” accretion only. However, it must be
noted that while He detonation inhibits growth of the C+O WD towards the
Chandrasekhar mass, it might itself provide a viable model of SN Ia outburst
(see Livne and Glassner, this volume).

(ii) Possible companions. Concerning possible candidates, three or four sys-
tems made of a WD plus a nondegenerate He star are known, but the mass
of the later component seems to be exceedingly low in all of them. Systems
consisting of a C+O WD plus a He WD would have very short lifetimes, and
this could hardly fit SN Ia statistics.

2.3.3. C+0-accreting white dwarfs
Accretion of material made of a C+O mixture by a C+O WD is possible
if it has another C+O WD as its companion in a CBS. Mass transfer would
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happen through Roche lobe overflow due to decrease in the orbital separation
resulting from gravitational wave radiation (Webbink 1984).

(i) Theoretical constraints on Mc0. The only constraint for this composition
is that accretion at Mc,o > 5 x 107°Mg yr™! induces C ignition close to
the surface which leads to quasi-hydrostatic burning of the whole WD into
O+Ne+Mg (Nomoto and Iben 1985). According to these authors, the WD
should later collapse into a neutron star rather than explode. We see in the
next chapter that thermonuclear explosion would appear to be a more likely
result.

(ii) Evolution of double degenerate systems. Out of the six possible combi-
nations of He, C+0, and O+Ne+Mg WDs in double degenerate systems, the
most probable are CO+CO and He+He. Evolutionary scenarios leading to
the formation of such binaries are extensively discussed by Iben and Tutukov
(1984a) (see also Webbink 1984).

(iii) Mass-transfer dynamics. Since the radius of a WD increases when its
mass decreases, it is the component with lower mass that starts filling its
Roche lobe; mass loss self-accelerates and should, in general, have a runaway
character. Formation of a massive disk (or torus) around the mass-accreting
WD is likely. The effective Mc,o then depends on viscous dissipation in
the disk, and rather fine tuning is required to avoid nonexplosive off-center
carbon ignition (Mochkovitch and Livio 1989). Another possibility is the
formation of a common envelope from which roughly radially-symmetric
accretion of matter results. It has been speculated that very fast infall of this
material might generate a shock wave that would explosively ignite carbon
at the center of the WD, but numerical simulations by Benz et al. (1990) do
not support this.

(iv) The population of double degenerates. Robinson and Shafter (1989)
found no double degenerate systems with P < 3" among 44 WDs, and
concluded at the 90% confidence level that the space density of such systems
is lower than that required to account for the SN Ia rate in the galaxy.
Foss, Wade, and Green (1990) examined 26 hot WDs with 3" < P < 10"
and found, also at the 90% confidence level, that the fraction of double
degenerates was < 0.18. If we assume that the initial period distribution is
more strongly weighted towards long periods, we can derive:

rop < 6.3 x 10712(h /250 pc) pc=? yr !, (2.3.3.1)
where h is the scale height of the population. This could still be consistent

with the SN Ia rate eq. (2.2.1), but only if the actual fraction were close to
the upper limit and most double degenerates had enough mass to explode
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(Wheeler 1990). Iben (1990), and Iben and Tutukov (1990) have recently
reanalyzed their predicted rate of formation of double degenerates and con-
clude that an appreciable fraction of systems should be born with P > 30,
and that only 1/240 to 1/280 of all systems would be in the period range
searched by Robinson and Shafter (1989). The survey of Foss, Wade, and
Green (1990), however, gives an upper limit that is already close to the value
expected for more slowly evolving systems, with longer periods.

Bragaglia et al. (1989, 1991) have found one double degenerate in their
own survey. It is most likely made of two He WDs, and it would need more
than a Hubble time to merge. Taking their survey and that of Robinson and
Shafter (1989) together (thus making a total of 90 WDs), they conclude at
the 99% confidence level that the space density of double degenerates with
P < 3" is lower than the minimum required to account for SN Ia. However,
they note that non-DA (H-poor) WDs remain essentially unsurveyed (86
out of 90 were DAs), and that evolutionary arguments favour C+O WDs
formed in close binaries being totally deprived of their H-rich envelopes,
thus showing a non-DA spectral type.

2.4. Galactic evolution of SN la progenitors

Since SN Ia should be the primary producers of Fe through most of
the history of the galaxy while other elements such as O come mainly
from the explosion of massive stars (Type II and probably also Type
Ib/c supernovae), the [O/Fe] versus [Fe/H] relationship can provide a clue
to the nature of SN Ia progenitors. Results on O abundance in ex-
tremely metal-poor dwarfs belonging to old disk and halo populations
have recently become available (Abia and Rebolo 1989). They show
that the [O/Fe] ratio grows monotonically for decreasing metallicity, from
{O/Fe] 2 0.0 at [Fe/H] 2~ 0.0 until [O/Fe] >~ 1.1 at [Fe/H] ~ —2.0. The re-
sults are compatible with a constant value of [O/Fe] ~ 1.1 for [Fe/H] < —2.0.
This can be interpreted in the framework of a fairly standard galactic evo-
lution model (Abia, Canal, and Isern 1991). Best fit to the observed [O/Fe]
versus [Fe/H] relationship is obtained when adopting the double degenerate
scenario for progenitors of SN Ia.
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3. White dwarf physics and Type Ia supernovae

3.1. The cooling of white dwarfs

The theory of WD cooling started with the works of Mestel (1952) and
Schatzman (1953). Later contributions include those of Van Horn (1968),
Koester (1972), Lamb and Van Horn (1975), Shaviv and Kovetz (1976),
Kovetz and Shaviv (1976), Sweeney (1976), D’ Antona and Mazzitelli (1978),
Mochkovitch (1983), Iben and Tutukov (1984b), Garcia-Berro et al. (1988),
and Mochkovitch et al. (1990).

In a WD, the total (photon plus neutrino) luminosity is the sum of different
contributions from the release of thermal, gravitational, and nuclear energies
respectively:

L+Lv=Lth+Lgrav+Lnuc, 3.1.1)

(where L stands for the photon luminosity). For L < 107! Ly, we have that
Lowe =~ L, >~ 0 (the former if the WD has a He-rich envelope—see Iben and
Tutukov 1984). The internal temperature of the WD is closely approximated
as uniform and we can derive a relationship:

L/Lo = L(T)YMwp/ Mg, (3.1.2)

where £(T) is mainly determined by the physics of the envelope (Van Horn
1968). A “classical” expression for £(T) is given by Schwarzschild (1965):

L(T) =46 x 107 (%) [Tli-—)(_)] T3S, (3.1.3)

where u; and p, are the mean masses per ion and electron, respectively, and
X and Z stand for the hydrogen and metal mass fractions.

For the thermal luminosity we have:

dEg Mwp dT  dmgy
Lp=— =- dM| — I, 1.4
th |:/0 Cy dt + dt (3 )

where Ey, is the thermal energy contents, cy the specific heat at constant
volume, and the last term corresponds to the release of latent heat at crystal-
lization (I is the specific latent heat and ms the solid mass).
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3.2. The physics of phase transition in white dwarf interiors

Crystallization of a Coulomb plasma is a first-order phase transition predicted
by Kirzhnits (1960), Abrikosov (1960), and Salpeter (1961). It was first in-
cluded in the study of the cooling process of WDs by Mestel and Ruderman
(1967). The crystallization process in the one-component plasma (OCP) has
been studied by Monte Carlo simulations, starting with the work of Brush,
Sahlin, and Teller (1966). Further simulations have been performed by Pol-
lock and Hansen (1973); Slattery, Doolen, and DeWitt (1980); and Ogata
and Ichimaru (1987). The basic parameter is the plasma coupling constant,
I”, representing the ratio of Coulomb to thermal energy:

Z2%e?

=_— 3.2.1
kTa ( )

where a = [3/(dnn)]"/ 3 is the ion-sphere radius: the radius of a sphere
containing, on average, one ion. Phase transition takes place when I > I'.j.
Values for the latter range from Iy >~ 171+5 (Slattery, Doolen, and DeWitt
1980) to Iy >~ 180 + 1 (Ogata and Ichimaru 1987). For the former value
and a pure '2C plasma, we have:

T = 2.3 x 10%p'/3, (3.2.2)

The crystal structure is a body-centered cubic lattice (bce), and the latent heat
released is g >~ kT per ion. Thus

I ~RT/w, (3.2.3)

R being the gas constant. For cy, the Debye expression (Landau and Lifshitz
1958) must be used in solid phase. In the “Coulomb liquid” phase, the
expression given by Hansen, Torrie, and Vieillefosse (1977) can be adopted.
Cooling times until the start of crystallization are a function of stellar mass.
This can be seen in table 1.

Table 1
Myp /Mg 0.6 1.0 1.2
teryst (Gyr) 1.9 1.3 1.1

The numbers in table 1 show that most WDs with ages above ~ 2 Gyr
should be at least partially solid. In particular, this is always the case for
the WD progenitors of SN la in elliptical galaxies. This indicates the need
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to include the effects of crystallization in dealing with explosive ignition of
C+O WDs, but also poses a further problem since the interiors of such stars
are not OCPs but binary ion mixtures (BIMs).

We already see, from the expression for I', that in a C+O plasma cooling
at constant density iy is reached first for O (Ter(1%0) > Tere(**C)). This
raises the question of the miscibility of C/O mixtures. The two ions are
completely miscible in the fluid phase (Stevenson 1976); what occurs in the
solid phase is still a matter of debate. A direct Monte Carlo simulation
(Loumos and Hubbard 1973) seemed to indicate that C and O were miscible
in any proportion in solid phase. The critical point would be given by:

Z5Pl = Ty (3.2.4)

where I is the value found for the OCP and

5 =Y x,z}, (3.2.5)
i
and
e 2.6
ro=—, 32.
¢ = kT (3.2.6)

where a, = [3/ (47tne)]1/ 3 is the electron-sphere radius (n., the number den-
sity of the electrons, replaces n;, the number density of the ions). Thus, we
have for Xc = Xo = 0.50, that T, = 1.26 Ty ¢, the latter being the critical
temperature for a pure '2C plasma at the same density.

In contrast with the previous result, Stevenson (1980) proposed a model
(based on the random mixing hypothesis for calculating free energy in the
solid phase) which predicts an eutectic phase diagram. C and O would be
inmiscible in solid phase and the phase diagram would show a temperature
minimum for the eutectic composition, X{ ~ 0.6. This diagram can be
approximated by:

T/T. = 0.925XL +0.075 (XL > X&)

) ) o 3.2.7
T/Tc =1.615 - 1.642X (X < X¢)
where X‘C is the C mass fraction in the “liquid” phase (Mochkovitch 1983).
Thus, for a composition X¢ = X = 0.50, oxygen “snowflakes” would form
first. Being denser than the surrounding fluid, they should fall to the center,
and a central solid core of pure O would start to grow. Carbon concentration
would steadily increase in the fluid, and for Xé > X§, C crystals would
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also form. Being lighter than the still-mixed fluid, they should towards the
surface to melt again at lower densities. “Salt-finger”-like instabilities would
rehomogenize the fluid (Stevenson 1980; Mochkovitch 1983). There should
be a contribution from phase separation to Lgeav:

Lgray = egmvdTmtol (3.2.8)
where the specific energy release has been evaluated by Mochkovitch (1983)
and by Garcia-Berro et al. (1988) as being: ey ~ 10" erg g~!. The delay
in the cooling process (as compared with the case of complete miscibility)
amounts to Ar > 1 Gyr per 0.1M of deposited O. The total amount that
could be deposited depends on the chemical composition profile resulting
from previous evolution (Mazzitelli and D’ Antona 1986, 1987).

The problem has been more recently reconsidered by Barrat, Hansen, and
Mochkovitch (1988) and by Ichimaru, Iyetomi, and Ogata (1988). The first
group, adopting a density function approach to calculate the free energy, finds
a phase diagram of the spindle form: there is only partial depletion of carbon
in the solid phase. The gravitational energy release is reduced by ~ 1/3 as
compared with the eutectic case (the delay in the cooling process is further
reduced by the release taking place at higher temperature and thus at higher
luminosity). The solid that crystallizes is a random alloy (C and O sites
are distributed at random in the lattice), but transition to an ordered alloy
(a bee lattice with C and O forming simple cubic sublattices, the structure
of the crystals of CICs) is predicted for lower temperatures. The second
group concludes from Monte Carlo simulations that linear mixing formulae
are more accurate for calculating the free energies of solid alloys than the
random mixing hypothesis adopted by Stevenson (1980). They deduce an
azeotropic phase diagram for the C/O mixture. This also means that carbon
will be partially depleted in the solid phase. Crystallization takes place (for
a given composition) at lower temperatures than for the spindle diagram,
and thus the delay in the cooling process is somewhat longer. Unpublished
calculations of Hansen’s group now give a very deep azeotrope instead of the
spindle diagram previously found. On the other hand, Godon et al. (1989)
have also recently approached the problem using solid state techniques (linear
Muffin-Tin orbitals) and they conclude that, within ~ 1% accuracy, chemical
separation involves no change in energy, and thus that the question can not
be reliably answered.

An additional problem is posed by the presence of other nuclear species
besides C and O, such as ?Ne (Isern et al. 1991). The phase diagrams for
the 2?Ne/!2C and #?Ne/'%0 BIMs indicate that there is very little miscibility
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in solid phase. This is important not only from the point of view of the
delay in the cooling process (depending on the mass of the progenitor, 22Ne
can amount up to 1 to 2% of the stellar mass and to this could introduce an
extra delay At ~ 2 Gyr), but it would also concentrate the most abundanat
neutron-rich species at the center of the star. The difference between this and
having a uniformly spread 2Ne would help to solve the problem of the *Fe
and 3Ni overabundances predicted by current models of the thermonuclear
explosion of WDs (in contrast with the observational constraint 7 above; see
also Woosley, this volume).

Summarizing the current situation concerning crystallization in C+O WDs:
(1) Formation of a central solid pure O core seems unlikely.
(2) Most probably, a central C-poor core forms. It is still unclear whether

the C/O alloy is a random or an ordered alloy.

(3) A %Ne-rich central region very likely forms inside a C-poor core.

3.3. Nuclear reaction rates

In WD interiors, the nuclear fusion rates are enhanced by screening effects.
Electron screening was first considered by Schatzman (1948) and later by
Salpeter (1954). At comparatively low densities, the screening effect of
electrons on fields produced by the ions can be treated in the Debye-Hiickel
approximation: this is the weak screening regime. At higher densities, one
has to take into account the screening effect of degenerate electrons plus
the effects of ion correlations. The latter affect both the pair-distribution
function (distribution of turning radii) and the evaluation of effective potential
in classically forbidden regions (WKB integrals): this is the strong screening
regime. The enhancement factors in this last regime are very large. For
instance, the rate of the '2C +'? C reaction in a pure C plasma at density
p = 10° g cm™3 is enhanced by a factor of 3 x 10% at T = 107K, and by
a factor of 3 x 10'6 at T = 108K, in comparison with the unscreened rate.
We have, for the one-component plasma:

r*t = r" x exp[t — Q(po)], (3.3.1)
where X
r
T—Q(p) =125 —0.11¢ (%) , 3.3.2)

I" being the plasma coupling constant and

2 411/3
r= [27” M(ze) ] , (3.3.3)

4  kTH?
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(Itoh et al. 1979). This can be generalized to binary ion mixtures.

For values I" > Iy, this is the pycnonuclear regime. The nuclei form
a lattice and only reactions between neighboring nuclei are possible (see
Salpeter and Van Horn 1969). In the “zero-temperature regime”, even the two
reacting nuclei are in the lattice ground state. In calculating 3-dimensional
WKB integrals, two different approximations can be introduced. In the “fully
static” approximation, the nonreacting nuclei are “frozen” at their equilibrium
positions (“static lattice”). In contrast, in the “fully relaxed” approximation,
the radius 7 of the classical turning point is fixed and the remaining lattice
points are allowed to polarize into fully relaxed positions appropriate to it.
In the zero-temperature regime,

- (* 274 3.90 164 7/4
ro_(A)Azs(4_76)10 AT/ x

_12 (2638 Y
512 3.1
exp [ A (2.516)] reacts cm’™ s

(334

where S is the cross-section factor in MeV barns, A is a characteristic length
that depends on p, A, and Z, and the upper and lower figures within parenthe-
ses correspond to the static and relaxed approximations, respectively. In the
nonzero-temperature regime, there is a contribution from nuclei in excited
states of the lattice to the pycnonuclear rates:

~1/2
0.0430 , _ 1.2624\ _ 3
r(T)/ro =1+ (0.0485) A2 [1 (2.9314) o~ 878336 /2}

1.2231\ _ 32
_ 3/2 —1i2 L 8.78338
exp{ 7272877 4+ A ( 1.4331 ) e X

1— 0.6310 6_8'7833ﬂ3/2 ,
1.4654

(3.3.5)
with 8 = 0.0322334 A72. The upper and lower figures within the parentheses
have the same meaning as in the zero-temperature expression. When g <1,
it is accurate enough to include only the first correction term to the zero-
temperature rates (Salpeter and Van Horn 1969). More recent investigations
of the zero-temperature regime, (Schramm and Koonin 1990) indicate that
the effects of lattice polarization on both adiabatic potential and effective
tunneling mass almost cancel, and therefore the static approximation should
give the most realistic results.
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3.4. Mass accretion and core heating

We have seen that if the detached phase following the formation of a C+O
WD in a CBS lasts for more than a couple of Gyr, the core will be partially
solid. At the end of the detached phase, however, when the companion starts
to transfer mass to the WD, compression of the core increases its tempera-
ture and may induce partial or even total melting before carbon ignition takes
place at the center of the WD. Besides homologous compression of the central
layers, both nonhomologous compression (Nomoto 1982) and possible burn-
ing shells additionally heat the core by conduction from the surface layers.
As discussed in Hernanz et al. (1988), the outcome depends on competition
between thermal conduction into the center of heat generated at the surface,
radiative and neutrino cooling, and density increase due to compression. The
time required for a thermal signal to travel over distance / is (Henyey and
L’Ecuyer 1969):

= [(Bkp’c,) (640 T)112, (34.1)

where «, p, T, o, and ¢, have their usual meanings. The time scale for
increase of the central density, when the mass approaches the Chandrasekhar
limit, can be expressed (Canal and Schatzman 1976) as:

7, = (M/M)(10.08/y3 — 8.3 x 10™*) yo/3, (3.4.2)

where M is the mass-accretion rate, and yy = (1 +x2)12, with xg = pp/m.c
representing the dimensionless Fermi momentum. The effects of compression
can be divided into two terms (Nomoto 1982). The first term is due to the
increase in density at a fixed mass-fraction as the star’s mass increases, and
its effects are quite uniform throughout the whole star. The second term
corresponds to compression as matter moves inward in mass-fraction space.
It is negligible in the innermost, strongly electron-degenerate layers of the
star, but it is large in the semidegenerate outer layers. Thus a thermal wave
is generated in these layers and diffuses inwards. Such a “compressional
luminosity” can be approximated by:

L} /Lo = 1.4 x 107°T; My, (3.4.3)

T; being the temperature in units of 107K and M, being the mass-accretion
rate in units of 10~1°M yr—!.

The effect of the thermal wave on the physical state of the WD interior at C
ignition depends on the time required for the wave to reach the center of the
star as compared to the time required for the WD to reach the Chandrasekhar
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mass. The latter depends on both its initial mass of the WD and on its mass-
accretion rate. As discussed in Hernanz et al. (1988), for every initial mass
there is a value of M above which the Chandrasekhar mass is attained before
the thermal wave has reached the center. This value decreases for increasing
masses. Thus, for sufficiently large accretion rates, a fraction of the initial
solid core (in case it had formed previously) remains when C ignition occurs.

On the other hand, for low enough accretion rates (10712My yr™! < M <

3 x 1079M yr1), radiative cooling dominates. For intermediate mass-

accretion rates (3 x 10710M yr! < M < 5 x 1073My, yr~!, if the initial

masses are in the range 1.2-1.4M), any initial solid core is completely
melted before C ignition. That remains valid if the accretion of C+O by
the core takes place through a He-burning shell, but it might be significantly
modified if activation of Urca shells (by oscillations induced in the accretion
process) produces localized heat sinks (or sources) in the corresponding layers
of the core (Isern et al. 1991, in preparation).

The implications of the preceding for ignition of ?C+!2C reactions depend
on the phase diagram adopted for C/O mixtures.

(1) For the phase diagram of Stevenson (1980), central pure 160 cores would
form. Later melting during the accretion process would not change the
composition stratification. Depending on the size of the O core (and
also on the mass-accretion rate), either central O ignition or off-center C
ignition would occur: the first, for large enough O cores plus moderate
or low accretion rates; the second, for smaller O cores and/or large
accretion rates (Hernanz et al. 1988). O ignition would be triggered
by the formation of '°C at p. ~ 2 x 10! cm™3 through a sequence of
electron captures:

180 4 ¢~ —>16 N4,

6N e —16 Cpu, (3.4.4)
Due to the very high density, subsequent electron captures on the in-
cinerated material should then lead to gravitational collapse of the WD
(Canal, Isern, and Labay 1980). On the other hand, the off-center C ig-
nitions would produce a range of peak luminosities and rates of postpeak
decline in the light curves, plus differences in the expansion velocities
(Canal, Isern, and Lopez 1988). However, from the discussion above,
complete phase separation now appears unlikely. This would agree with
the fact that intrinsic differences in peak luminosity among SN Ia should
be minimal, which excludes off-center C ignitions covering a large range
in depth from one explosion to another.
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A possibility not discarded by the most recent results on the phase di-
agram of C/O mixtures is the formation of an ordered alloy. In that
case, 2C + !2C reactions would be inhibited in the solid phase. Pro-
gressive melting of the core by heat transport from the surface layers
would induce off-center ignitions (at the bottom of the fluid layers) at
different depths, depending on initial mass, initial solid core size, and
mass-accretion rate (Canal, Isern, and Labay 1987). Nonetheless, igni-
tion depth would cover a narrower range than in the case of complete
C/O separation and this might still be compatible with the homogeneity
in peak luminosity of the SN Ia.

Formation of a random alloy would always lead (as in cases where
the WD remains fluid all the time) to central C ignition (except for
very high accretion rates). Depending again on initial mass, initial
solid core size, and mass-accretion rate, ignition can take place ei-
ther in the solid or in the fluid phase (before or after complete melting
of the core, respectively). Central ignition densities cover the whole
range 2to 3 x 10° g cm™> < p# < 1.5 x 10'° g cm™3. The range
2t03 x 10° gem™ < p## < 9.5 x 10° g cm™ corresponds to ig-
nition in fluid phase, while the range 9.5 x 10° gem™ < pi&" <
1.5 x 10'° g cm™ corresponds to ignition in solid phase. The pos-
sibility of igniting C explosively at densities significantly larger than
plgn ~2 to 3 x 10° g cm™? (the value corresponding to a WD that had
remained fluid since its formation, through the detached phase and the
mass-accretion stage) could have important implications both for the
physics of SN Ia and for the formation of neutron stars by gravita-
tional collapse of WDs. Concerning the physics of SN Ia, for instance,
ignition at densities p" > 4 x 10°g cm~> would avoid the difficul-
ties that arise from convective Urca cooling (see Barkat, this volume),
since it eliminates the Urca shells corresponding to the >*Na —23 Ne
pair (Eg; = 4.4MeV, py ~ 1.7 x 10° g cm™) and to the 2!Ne —2! F
pair (Egr = 5.7MeV, ppr =~ 3.8 x 10° g cm™3). As for neutron star
formation, ignition at densities p > 101 g cm™ is likely to induce
collapse, rather than explosion, of the WD. This, as we will see later,
could explain the presence of neutron stars in several kinds of binary
systems (and also the formation of single millisecond pulsars). It may be
noted here that in some of those systems (the low-mass x-ray binaries,
LMXRBs), in contrast with the case of the SN Ia, we actually see com-
panions of the neutron stars (the mass-donors), and they are low-mass
stars with H-rich surfaces. This would be evidence (if neutron stars
actually form by accretion-induced collapse—see discussion in the next
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chapter) that WDs can grow up to the Chandrasekhar mass by accretion
of H from a close companion.

3.5. Core ignition and burning propagation

When thermonuclear fuel is explosively ignited (either centrally or off-center)
in a white dwarf core, the burning propagates into the surrounding material.
There are four possible mechanisms to propagate the burning.

(i) Spontaneous burning. In a contracting core, the condition for explosive
burning can be reached quasi-simultaneously in neighboring points. Burning
then spreads through a certain fraction of the core without an intervening
transport mechanism (ignition in successive points occurs within time inter-
vals shorter than those required by any physical process to propagate the
burning). The occurrence of spontaneous burning depends on the temper-
ature profile of the core at ignition, which also determines the size of the
spontaneously burned region. The role of this mechanism in determining the
ulterior mode of burning propagation has been discussed by Wheeler et al.
(1986), Blinnikov and Khokhlov (1986), Barkat et al. (1990), and Woosley
(1990) (see also Woosley, this volume).

(ii) Conductive burning. In the absence of any faster mechanism, conduction
by degenerate electrons heats up the material surrounding any point where
explosive burning has started and bring it in turn to a condition of explosive
burning. Conductive burning front velocities for C+O mixtures at various
densities have been calculated by Woosley (1990) and by Garcia et al. (1990).
Typical values are of the order of a few thousandths of the local sound speed.
For a density p ~ 2 x 10° g cm™3, the width of the flame front is ~ 1073
cm and the speed of the conductive flame can be approximated by:

08
14 X1z -1
cond = 0| ——————— — | kms™’, 3.5.1
Peond <2x109gcm—3) (0.5) ° ( )

as deduced from numerical simulations of the conductive front done with
a zone width of ~ 107> cm (Woosley 1990). At higher densities, 8 x
10°gcm™ < p < 1.5 x 10% cm™3, the width of the front becomes
~ 8 x 1073cm and the conductive velocity is given by:

0.9
~ P -1
Ueond = 84 (W) km s , (352)

(Garcia et al 1990).
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(iii) Subsonic Hydrodynamic Burning. Heating and expansion of the material
as it explosively burns produces both convective and Rayleigh-Taylor insta-
bilities. In turn, these induce mixing of the high-temperature “ashes” with
the comparatively cool, unburned fuel, thus spreading burning. Woosley
(1990, and this volume) discusses how an initially laminar conductive flame
develops into a turbulent burning front. Hydrodynamic burning fronts accel-
erate while propagating outwards through the core (Miiller and Arnett 1982,
1986). Typical average velocities values are of the order of one tenth of
the local sound speed. Both conductive and subsonic hydrodynamic burning
are designated by the generic name of deflagrations. Deflagrations allow the
material in outer layers to expand before the arrival of the burning front.
This leads to partial burning beyond some (model-dependent) point and even
to complete extinction of burning before the outermost layers of the core
are reached (Nomoto, Thielemann, and Yokoi 1984; Sutherland and Wheeler
1984).

(iv) Detonation. When the shock waves generated by explosive burning are
strong enough to induce explosive ignition of the material they sweep, burn-
ing propagates supersonically as a defonation. This means that the material
in outer layers does not start expanding before arrival of the burning front.
Accordingly, there is no quenching of the burning by cooling due to expan-
sion. Partial burning occurs, however, at low densities (p < 3 x 107 g cm™3
in the case of a C+O WD), when the thickness of the wave becomes compa-
rable to the density-scale height (Khokhlov 1989). It is currently a matter of
debate as to whether spontaneous burning of a large enough fraction of the
core directly induces a detonation or, that the burning starts subsonically (in
a deflagration) and then later accelerates into a detonation (Khokhlov 1990;
see also Barkat and Woosley, both in this volume). The last possibility al-
lows preexpansion of the core during the phase of slow burning and in turn,
should alleviate the problem of excessive neutronization of the inner core.
This ensures that a sizeable fraction of the outer layers are at low enough
densities for the detonation to induce only partial burning when it reaches
them.

Crystallization of the (C+O) WD core during the detached phase of the
CBS, whether or not followed by partial or even total melting in the mass-
accretion stage, should have implications relevant to both the mode of igni-
tion and to the propagation of burning. We give a brief summary of these
implications.

(1) If the solid phase were a random C+0 alloy with the same composi-
tion as the fluid phase. Complete melting of the core prior to C igni-
tion would give a range of ignition densities: 2 to 3 x 10° g cm™3 <
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Pign < 9.5 x 10° g cm™. As pointed out above, ignition at densities
Pign > 4 x 10°g cm™3 avoids quenching the burning by convective Urca
cooling. The quoted range of ignition densities allows for variation
in both the photospheric expansion velocities, and in the rate of post-
peak decline of the light curves in the models for SN Ia outbursts, but
nonetheless produces unique peak luminosities (Bravo 1990; Canal et al.
1991). The implications for the problem of detonation induced by spon-
taneous burning and for the transition from detonation to deflagration,
are currently being explored.

When ignition takes place inside a residual solid core, ignition densities are
in the range: 9.5 x 10° g cm™ < pign < 1.5 x 10'° g cm~3. However, there
is the possibility that the presence of impurities and/or crystal defects might
induce ignition at lower densities (Hernanz et al. 1990). Ignition in solid
phase affects the problem of spontaneous burning, since the dependence of
the pycnonuclear reaction rates for weekly screened regimes on temperature
and density differs from that of the strongly screened regimes. Moreover,
propagation through solid layers should stabilize the conductive flame and
thus allow preexpansion before the deflagration can turn into a detonation.
This would mean more mass in layers with p < 107 g cm™3, where detona-
tion induces only partial burning. The extra mass, in turn, should show in
light curves and spectra of the corresponding SN Ia events.

Ignition at densities iz, > 10! g cm™3, for burning front velocities be-
low a few hundredths of the local sound speed, induces implosion of the
core due to very fast electron captures on the incinerated material (Canal and
Isern 1979; Canal et al. 1990; Canal, Isen, and Labay 1990). Accretion-
induced collapse (AIC) of the C+O WD into a neutron star would occur. As
stated above, propagation through solid layers should inhibit the growth of
hydrodynamic instabilities, and thus keep the burning front conductive, with
velocities below the limits just quoted. The neutrino flux produced by elec-
tron captures in the incinerated layers would, however, melt the solid ahead
of the front after ~ 1 s (Canal et al. 1990). The problem then becomes a
question of how fast hydrodynamic instabilities would grow. Woosley (1990,
private communication) suggests that at such high densities the width of the
unstable, low-density region behind the front is smaller than the minimum
wavelength instability that can grow before being consumed by the flame.
But the issue is very sensitive with respect to the values of the conductive
velocities. AIC of a WD into a neutron star has hardly been modeled. Baron
et al. (1987), on basis of a highly disputable initial model, predicted very
small mass ejection (~ 0.1Mg). This, nonetheless, resulted basically from
the high entropy of the initial model, a characteristic that more-realistic mod-
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els should share. Most likely, the outburst would not resemble a SN Ia (see,

however, Colgate 1990).

(2) If the solid phase were a C-poor random C+O alloy, crystallization, in
this case (most likely in view of current results), would enhance the
effects of previous stratification of the chemical composition (Mazzitelli
and D’Antona 1986, 1987). The stratification decreases with increasing
WD progenitor mass; it is unclear, however, that this “purification”
might ever lead to off-center C ignitions.

(3) If the solid phase were an ordered C+0 alloy (either from start or after
further cooling), depending on the size of the solid core initially formed,
either AIC (ignition at p;gn =~ 2 x 10'% cm=3), off-center, or central C
ignition would occur.

(4) If C and O would completely separate in the solid phase, in this case
(almost discarded by current calculations), AIC would ensue for initial
solid cores which were large enough (even with later melting), and off-
center ignition would occur for smaller ones. The appreciable range
of variation in peak luminosities that the last would produce gives an
additional argument against the occurrence of complete phase separation.

(5) If 2Ne is not miscible with C and O in the solid phase (or if there
is a very large enhancement of its abundance when crystallizing), the
main effect of the concentration at the center of a large fraction of the
22Ne initially present in the core would be to alleviate the problem of
overproduction of 3*Fe and *®Ni by the SN Ia (Bravo et al. 1991). This
appears most likely from recent calculations (Isern et at. 1991).

3.6. Electron captures and mixing

O+Ne+Mg cores form after nondegenerate C-burning in stars with masses
M > 8M. Those with masses M > 12M nondegenerately ignite Ne and
continue their thermonuclear evolution up to Si burning and the formation of
degenerate cores in nuclear statistical equilibrium (NSE). In the mass interval
10Mg < M < 12Mg, Ne burning proceeds through flashes, but the star
equally makes it all the way to grow a NSE core (Woosley and Weaver 1986).
In contrast, stars with masses 8My < M < 10M grow strongly degenerate
O+Ne+Mg cores during the C-shell burning phase (Miyaji et al. 1980). The
Fermi energy of the electrons at the center eventually becomes larger than
the thresholds for electron capture on 2*Mg, then shortly afterwards on 2*Na,
and later on 2°Ne (and thus also on 2°F). WDs formed in CBSs by loss of
the envelope of stars in the above mass range, will also have a 0+Ne+Mg
compostiion at some point during the C-shell burning stage. Later, mass
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transfer from the companion can make the WD grow up to the point where
electron captures start at the center.

The electron captures have a double effect. First, they heat up the plasma
through both distortion of the Fermi distribution and the y-rays produced
by decay of the daughter nuclei. Second, they lower the electron mole
number Y, and thus lower the Chandrasekhar mass (which is proportional to
Y2). The first effect promotes explosive thermonuclear ignition of Ne and
O. The second effect leads to gravitational collapse. Earliest calculations of
the mass growth of degenerate O+Ne+Mg cores (Miyaji et al. 1980) used
electron-capture rates derived from the gross theory of B-decay, and adopted
the Schwarzschild criterion for stability against convective motions. Central
explosive Ne-O ignition was delayed up to p, =~ 2x10'® g cm™. Subsequent
electron captures on the incinerated (NSE) material induced gravitational
collapse. Burning was propagated (in mass fraction) just by the density
increase due to accelerated contraction. Similar results were later obtained
by Nomoto (1987) using the same electron-capture rates and adopting the
same stability criterion.

Nonetheless, as pointed out by Mochkovitch (1984), the electron captures
not only produced a negative entropy gradient and the overall decrease of
Y,, but they also create a positive Y, gradient. The latter has a stabilizing
effect. In chemically inhomogeneous regions, the Ledoux criterion applies.
It gives, for the start of convective motions

Vr >V, (3.6.1)
where
Vi = Vea + (;’l’:;’ )T / (‘;Z;)Y] V., (62
with dint,
V= (3.6.3)

V.a being the adiabatic temperature gradient. When the Ledoux criterion is
adopted, convection is inhibited until explosive Ne-O ignition. As compared
with the case where convection develops as soon as the entropy gradient
becomes negative, this means less efficient transport (conduction) of heat
generated by the captures, slower decrease of Y., and captured electrons
with energies closer to the corresponding thresholds (there is no resupply
of “mother” nuclei in the higher density regions which would result from
mixing material from farther out in the core).
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There are two main heating episodes (Miyaji and Nomoto 1987; Canal et
al. 1991, in preparation). The first one is due to the sequence of capture

“Mg+e” —*Na+v,

, (3.6.4)
“Na+e —XNe+v,
which take place at p ~ 4 x 10° g cm™>. These reactions produce a temper-
ature peak that is too low to explosively ignite Ne and O (the temperature
decreases afterwards due to thermal neutrino emission).
The second heating episode is due to the sequence:

ONe+e™ —OF 4,

Ve 4 e 20+, (3.6)
and induces explosive Ne-O ignition. For electron-capture rates derived from
the gross theory of B-decay, this happens at p ~ 9.5 x 10°g cm™3. New
rates, based on shell-model calculations (Takahara et al. 1989), are now
available. With these rates, explosive ignition takes place at lower density,
o = 8.5 x 10% cm™3 (Canal et al. 1991, in preparation).

Central explosive Ne-O ignition at p. ~ 9.5 x 10°g cm™ was treated by
Miyaji and Nomoto (1987) by suppressing any mode of burning propagation.
Gravitational collapse began when electron captures made the Chandrasekhar
mass lower than the actual mass of the core. However, it is clear that
a conductive burning front should propagate from the center, and that the
development of hydrodynamic instabilities would accelerate it. This has
been studied by Isern, Canal, and Labay (1991), using the parameterization
of the velocity of a turbulent burning front proposed by Woosley (1986)
(more recently revised to a power law based on the fractal dimension of the
flame—see Woosley 1990, and in this volume)

v = Fe; (1 —e77%) (3.6.6)

where ¢; is the local sound speed, r is the distance to the center, and F and R,
are the adjustable parameters. The authors find that only a extremely slow
deflagration (F = 0.15 and Ry = 10® cm) would cause a neutron star to
collapse. Somewhat faster deflagrations would eject only a minor fraction of
the core and change its composition to the “Fe-peak™ type. Explosions seem
most likely: they would give rise to SN II outbursts if they took place in the
cores of stars which have retained a H-rich envelope. In the case of mass-
accreting O+Ne+Mg WDs (or of stars, either single or in binaries, which have
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lost their H envelopes), they would produce SN I outbursts (SN Ia or maybe
SN Ib/c). It must be noted, however, as has already been pointed out in the
case of explosive C ignition at similar densities (see the preceding subsection),
that it is not clear that a turbulent burning front should develop such high
densities (Woosley 1990, private communication). Nonetheless, explosion
will be the outcome if Ne and O are ignited at p ~ 8.5 x 10°%g cm™3, as
happens in the models with no mixing for the most recent electron-capture
rates (Canal et al. 1991, in preparation).

Thus, mixing during electron-captures plays a crucial role in determining
the fate of the O+Ne+Mg cores, both of single stars and of mass-accreting
WDs. A chemically nonhomogeneous region that is unstable according to the
Schwarzschild criterion and stable according to the Ledoux criterion is usually
called semiconvective. It has been claimed (Miyaji and Nomoto 1987) that
in such layers secular overstability should grow (see also Langer, Sugimoto,
and Fricke 1983). On the other hand, Mochkovitch (1984) suggests that a
double diffusive interface should form at the level where the electron Fermi
energy equals the threshold energy for the corresponding capture. It would
separate two thoroughly mixed regions with different values of Y,. The
degree to which extent electron degeneracy would inhibit mixing has not yet
been considered.

Mixing, on the other hand, might either increase or decrease the density
required for explosive ignition. It indeed has two opposite effects: mixing
of composition, by allowing electron captures far above threshold energy, in-
creases local heating, while entropy mixing counters it. Thus, the treatment
of Langer, Sugimoto, and Fricke (1983), which yields appreciable diffu-
sion of chemical composition with little heat diffusion (Langer 1991, private
communication), should lower the ignition density. On the contrary, the
treatments of convective mixing by Miyaji et al. (1980) and Nomoto (1987)
significantly increase ignition density. All this also depends on the electron
capture rates. For instance, those of Takahara et al. (1989) are significantly
higher than those of Miyaji et al. (1989) for captures on 24Na, at energies
well above threshold, which enhances the heating effect of mixing.
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4. Neutron stars in binary systems

Neutron stars form by gravitational collapse of the fuel-exhausted cores of
massive stars (see Hillebrandt, this volume), and perhaps also (as discussed
in the preceding chapter) by AIC of WDs. Single NS are detected by their
emission of radio pulses, following the discovery of Hewish et al. (1968).
It is also likely that single NS are involved in the emission of y-ray bursts,
but this still remains a matter of debate. A significant fraction of NS are
members of binary systems. They were first detected as emitters of high-
energy photons: binary x-ray pulsars (Giacconi et al. 1971) and x-ray burst
sources (Belian et al. 1976). Later, radio pulsars were also observed in
binaries. Binary evolution could also be the origin of some isolated pulsars
(as it is often claimed in the case of single millisecond pulsars).

The presence of NS in binary systems poses the problem of whether the
core collapse of massive stars (with its corresponding SN outburst) is always
compatible with observed characteristics of these systems; or, if on the con-
trary, another formation mechanism such as AIC of WDs is required in some
cases. Thus, we first briefly review the different types of binary systems
containing NS, as well as the kinds of single NS that are thought to have
originated in binary systems (see Canal, Isern, and Labay 1990, for a more
extensive review).

4.1. X-ray binaries

There are two major groups of binary systems containing x-ray emitting NS:
the high-mass x-ray binaries (HMXRBs) and the low-mass x-ray binaries
(LMXRBs).

4.1.1. High-mass x-ray binaries

There are approximately 40 known objects in our galaxy belonging to this
group. They have normal early-type stars as their optical counterparts. This
group includes most of the x-ray pulsars. Among them, Cen X-3, by being an
eclipsing source, gave the first clue to the binary nature of XRBs. Nonethe-
less, about a half of the sources in this group do not show pulsations. The
periods of the pulsing sources range from fractions of a second up to almost
10° s. Strong magnetic fields (~ 10'? G) are inferred from cyclotron lines
in the hard x-ray spectra of some of them. The optical companions of the
NS are either of spectral type earlier than B2 (and luminosity classes I, II,
or III) or Be stars. In the last case, the x-ray sources are transient or at least
highly variable. This is is attributed to motion of the NS in an eccentric orbit
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through a circumstellar shell. HMXRBs are only found along the galactic
plane, in accordance with the rest of their Population I characteristics.

4.1.2. Low-mass x-ray binaries

There are approximatly 40 sources in this group. Their optical counterparts
are faint stars. They have softer x-ray spectra than the HMXRBs, and only
three of them show pulsations. Some emit X-ray bursts; no source shows both
pulsations and bursts. The absence of pulsations is interpreted as evidence
of comparatively weak magnetic fields. About 30 LMXRBs are located
within 30’ from the galactic center and they are referred to as “galactic bulge
sources.” Eight of them are strong sources (Ly ~ 10 erg s™!), while the
other 22 are weak sources (Ly ~ 10° to 107erg s~!). A large fraction of
the galactic bulge sources show quasi-periodic oscillations (QPO). Eleven
bright x-ray sources are in globular clusters, and ten of them produce bursts.
Optical identification is very difficult in globular cluster sources, but overall
similarity has led us to group them with the galactic bulge sources in a single
class, which encompasses Population II and the old disk population.

4.2. Binary and millisecond pulsars

Only a dozen out of the approximately 500 radio pulsars presently known
are in binaries. Four of these binaries are in globular clusters. Binary pulsars
can be divided into two groups (see van den Heuvel 1988).

The first group includes three systems, the prototype being PSR 1913+16.
They have relatively short orbital periods, and the companions of the pulsars
are relatively massive (M ~ 1.0 to 1.4My). Two of them have eccentric
orbits.

The second group includes nine systems, among them the four binary
millisecond pulsars. The prototype is PSR 1953+29. They have circular
orbits, relatively long orbital periods, and the companions of the pulsars
have low or even very-low masses (M ~ 0.02 to 0.4M).

Pulsars in the first group seem to be related to the HMXRBs, while those
in the second group would be related to the LMXRBs.

Single millisecond radio pulsars would be neutron stars that have been
spun up by mass accretion from a disk in a CBS, the companion being later
destroyed either by coalescence with the NS or by “evaporation” (see van
den Heuvel 1989).
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4.3. Formation mechanisms

4.3.1. Core collapse of massive stars

Core collapse in a massive star at the end of its thermonuclear evolution is the
“canonical” mechanism to form NS. A supernova explosion must simultane-
ously eject the mass above the stability limit for a NS (MAT ~ 2.0 to 2.5M).
Thus, most of the star’s mass must be ejected; a stellar black hole would oth-
erwise result. If NS in binaries have been formed by this mechanism in the
same binary where they are presently observed, the system must have man-
aged to survive the supernova explosion. It has long been known that the con-
dition for the system to remain bound after the explosion is Mej/ Mo < 1/2,
where M,; is the ejected mass and M, the total mass of the system (for
instance, see Shapiro and Teukolsky 1984). Therefore, if the exploding star
were the most massive component of the binary, the system would be dis-
rupted. However, in massive binaries the star that explodes may have become
the less massive component of the system, due to a previous large-scale mass
transfer (van den Heuvel and Heise 1972; Tutukov and Yungelson 1973; van
den Heuvel 1974). Mass transfer, with conservation of the total mass and
with conservation of the total angular momentum of the system, satisfacto-
rily explains the formation of HMXRBs (van den Heuvel 1989). Systems
containing two NS (such as PSR 1913+16 and PSR 2303+46) or a NS plus
a massive WD (such as PSR 0655+64) would result from further evolution
of the HMXRB with formation of a common envelope and mass loss by the
system.

Triple star evolution has been suggested as an explanation of NS formation
by core collapse of a massive star in systems where the companion is a low-
mass star (Eggleton and Verbunt 1986). A close pair of massive stars with
a distant low-mass companion would first evolve up to the HMXRB stage.
Further evolution (with formation of a common envelope) would then make
the NS spiral into the center of the companion (which by then would be a
red giant). Long-term expansion of the envelope would finally lead to a new
common-envelope phase, this time with the low-mass star. This last would
spiral in, the envelope would be lost, and a close binary consisting of a NS
plus a low-mass companion might finally result.

4.3.2. Capture mechanisms

A binary system containing a NS can also be formed by coupling a previously
formed single NS with a companion in a tidal capture process. In close
encounters between two stars, tidal forces produce deformations. The energy
required comes from the relative kinetic energy of the two stars, and if this



188 R. Canal

energy is rapidly dissipated, the stars can become bound. The condition for
tidal capture (Verbunt 1988) is that the distance of closest approach, d, be

16 L\ 13
dsBR( k ”””+M&) (M) , 43.2.1)

0.14M 2My R v

where m is the mass of the NS, M and R are the mass and radius, respectively,
of the colliding star, & is the apsidal motion constant, v is relative velocity,
and in this case, the normalization constants are typical for globular clusters
(where such a process has the best chance to work). Capture occurs if the
compact star approaches to within two to three times the radius of the other
star. The cross section for passage of the two stars within distance d is given
by

(4.3.2.2)

2Gm+ M) 2G(m + M)
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with the last approximation being valid for small relative velocities, which
are appropriate for globular clusters. Thus the capture rate per unit volume
is
ne n
102 pc—3 10* pc-3
L m+M3R 10kms™ |

I' =n.nvo ~6 x 107!
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4.3.2.3)
where n. and n are the number densities of compact stars and of target stars,

respectively.

A second capture mechanism involves exchange encounters of NS with
binaries. The interaction occurs primarily through formation of a temporary
triple system—a process known as resonance scattering. Its rate, for the case
of three equal point-masses, has been calculated by Hut and Bahcall (1983):

ne Ny m a 10kms™!
102 pc—3 10%pc—3 My 1 AU

yr'pe”?,
(4.3.2.4)
where n. and ny;, are the number densities of compact objects and of binaries,
respectively, and a is the binary separation. As before, values are normalized
to typical globular cluster values. For equal masses, the incoming neutron
star remains in the binary in two thirds of the encounters. By comparing
egs. (4.3.2.3) and (4.3.2.4) it can be seen that resonance scattering has a

Fbi,, ~5x 10_10
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larger cross section than tidal capture (a rather than 3R), but this is more
than compensated for by ny, being smaller than n (the density of single
stars).

4.3.3. Accretion-induced collapse of white dwarfs

We have already dealt with this mechanism in Sections 3.4 to 3.6. The
best candidates for AIC into NS are massive (M > 1.2Mg) C+O WDs
which, after partially crystallizing, undergo mass accretion at rather high
rates (M > 5 x 1078 M, yr!) and end up explosively igniting C at densities
p ~ 100 g cm™3. O+Ne+Mg WDs are much less likely candidates for AIC,
since they ignite Ne and O at lower density: p < 8.5 x 10° g cm™ (see
sec. 3.6 above, and also Canal et al. 1990; Canal, Isern, and Labay 1990;
Isern, Canal, and Labay 1991, and references therein).

4.4. The origin of neutron stars in binaries

We now discuss the possible relevance of these formation mechanisms to the
origin of different types of binaries containing NS considered in secs. 4.1
and 4.2.

4.4.1. High-mass x-ray binaries
As pointed out in sec. 4.3.1, the origin of the HMXRBs is satisfactorily
explained by core collapse in a massive star. Most frequently, mass transfer
from the initially more massive component of the binary system will start
after the end of core H-burning, and before He ignition. Mass transfer takes
place on a thermal time scale, and reduces the primary star to its He core
only (the whole H envelope is accreted by the secondary). A second stage
of mass transfer can take place if My, < 3.5M owing to expansion of the
star during shell C-burning. However, if My > 2.2M¢, core collapse to a
NS will eventually occur. This would correspond to initial masses M > 10—
12M, of the primary. If mass transfer starts only after core He burning, this
lower limit is decreased to M > 8-9M, (van den Heuvel 1983).

These evolutionary scenarios account for both early-type and Be-type
HMXRBs.

Given the number of HMXRBs known (~ 40) and if we assume that they
are the whole population in the galaxy, we can derive a birthrate

ramxre = 4 x 107" (tumxre,s) " Ao pc 2 yr L. 4.4.1.1

It can be interesting to compare this rate with the rate of SN of Types Ib and
Ic, since it has been suggested that these arise from the explosion of massive
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stars which have lost their H-rich envelopes (and in the case of the SN Ic,
also most of their He-rich layers) in the course of close binary evolution (see
Nomoto, this volume). For a global rate in the galaxy ~ 0.004 yr~! (see
Tammann, this volume), we have:

rSN 1b+e =4 x 1072 A4 o pe 2 yr L (4.4.12)

The lifetimes attributed to the HMXRBs (fumxrs,s ~ 0.1 to 1.0), would
yield good agreement between the two rates.

4.4.2. Low-mass x-ray binaries

We first consider the globular cluster sources and then the galactic bulge
sources, since in some of the scenarios that have been proposed, the latter
systems originate from the former.

(i) Globular cluster sources Globular clusters account for only approximately
107 of the mass of the galaxy, but they contain approximately 10! of
the galactic LMXRBs. Such high efficiency in producing these objects is
most likely due to the favorable conditions for tidal capture, that is the high
densities of stars and their comparatively low relative velocities. To evaluate
the total number of captures in a globular cluster, eq. (4.3.2.3) must be
integrated over the cluster volume. Most of the captures occur within a
few core radii, since both n. and n are much higher there than outside this
region. The number of x-ray sources in globular clusters is compatible (within
appreciable uncertainty) to the formation rate expected from eq. (4.3.2.3): in
the core of a globular cluster, 7 can be ~ 103 pc~>. Compact star density 7.
is poorly known. From the models of Verbunt and Meylan (1988), the total
number of NS in cluster cores is approximately 102, which would give a tidal
capture rate ~ 1 every 10° yr. To compare this with the observed numbers of
bright x-ray sources, the typical lifetime of LMXRBs must also be known.
There is a large uncertainty in this last value. If it were approximately
10° yr, the expected number would be about one bright x-ray source per
dense cluster, as is observed. But combining the two main uncertainties—the
uncertainty on n, and the uncertainty on the lifetime—the final uncertainty is
on the order of > 10? (Verbunt 1989).

Alternatively, NS in globular cluster x-ray sources could also be formed by
AIC of WDs (Grindlay 1987; van den Heuvel 1988). According to Lightman
and Grindlay (1982), the ratio of the number of WDs to the number of NS in
globular cluster cores should be > 100. Thus the rate of tidal captures of WDs
by main sequence stars should be high. Low-luminosity globular cluster x-ray
sources, which form a separate class from the high-luminosity ones, might be
mass-accreting WDs in the low accretion-rate regime (M < 10~°Mg yr™!)
(Hertz and Grindlay 1983). Arguments in favor of the AIC mechanism are
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based on the idea that most NS formed by core collapse of massive stars
would escape the cluster due to their high kick velocities, and thus the total
number of SN explosions required would be approximately 10° rather than
approximately 102. In turn, this might be in conflict with the observed central
condensation and metal enrichment of the clusters containing high-luminosity
x-ray sources (see, however, Verbunt, Lewin, and van Paradijs 1989).

(ii) Galactic bulge sources As we have already pointed out in sec. 4.3.1, given
the observed characteristics of galactic bulge sources, it seems unlikely that
most of them would have formed by core collapse of a massive star that was
a member of the present system. The triple-star scenario described at the end
of the sec. 4.3.1., although not completely excluded by its low probability
alone, would not explain the concentration of LMXRBs toward the galactic
bulge regions. Tidal capture is also unlikely since relative velocities of stars
in the bulge are > 100 km s‘l, which is more than one order of magnitude
higher than in globular clusters. According to eq. (4.3.2.3), this lowers the
capture rate by the same factor. Besides, n is much lower, and so n. should
be lower, which also decreases the rate. In addition, the kinetic energy to
be dissipated in forming a bound system is larger than the binding energy of
a dwarf star; thus the encounter would completely disrupt the noncompact
object (Finzi 1978).

Alternative nonlocal mechanisms assume the prior formation of the systems
in globular clusters, followed by either escape from the cluster or evaporation
or disruption of the cluster itself. Ejection seems unlikely. Evaporation of
globular clusters might be induced by formation of a single, strongly bound
central binary (Heggie 1977). Tidal interactions of the clusters with the
galactic field can lead to their disruption (Spitzer 1958). However, the radial
distribution of LMXRBs in the bulge does not seem compatible with the
cluster disruption hypothesis (Lewin 1977; Eggleton and Verbunt 1986), and
the luminosity distributions of LMXRBs in the galactic disk and in globular
clusters are different (Lewin and van Paradijs 1985). The evidence from the
radial distribution of LMXRBs and globular clusters in M31 would be com-
patible with a globular cluster origin for the sources located approximately
400 pc from the center of the galaxy (Long and van Speybroeck 1983). In
that region, the sources also resemble globular cluster sources, since they
are more than twice as bright as the rest of the bulge sources. But on the
contrary, beyond the approximately 400 pc radius hardly any globular clus-
ter seems to have merged with the bulge. Also, in M31 the distributions of
novae and of bulge x-ray sources are similar. All this points to AIC as the
most likely origin for the majority of the LMXRBs located in the bulge and
in the galactic disk.
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Evolutionary scenarios for the production of galactic bulge sources by AIC
collapse of WDs to NS have been proposed by van den Heuvel (1983, 1989),
and by Taam and van den Heuvel (1986). According to theory, a red main-
sequence star of >~ 1M would fill its Roche lobe and transfer mass to a ~
1.4Ms WD. A shell with mass ~ 0.2M, would be ejected after collapse and
bounce off the compact object with a velocity about 10* km s~!. This should
change the binary into a detached pair for a period of approximately 10°
yr, until angular momentum loss by gravitational radiation and/or magnetic
braking would again lead to Roche lobe overflow. Less mass ejection and
smaller companion mass might shorten the detached phase down to about
108 yr. Long detached phases would be consistent with a low magnetic field
in the NS and thus with production of x-ray bursts. Mass transfer driven by
gravitational radiation losses or magnetic braking should produce accretion
rates of 10710 to 10~° M, yr~! (Rappaport, Joss, and Webbink 1982). The
strong sources in the bulge require higher mass-transfer rates of ~ 1078M,
yr~!. In these cases, the companion would be an evolved, low-mass subgiant,
as in Sco X-1, Cyg X-2, or 28 0291-63 (van den Heuvel 1989).

The rate of formation of the LMXRBs, according to van den Heuvel (1983),
would be 107 to 1073 times that of the HMXRBs. From the number of
known LMXRBEs in the bulge (approximately 30), we would have

FLMXRB = 3 X 10_16(tLMXRB‘g)_1A;f{9 pC_ZyI‘—1 (4421)

By comparing this with eq. (4.4.1.1) we see that the above estimate is based
on a lifetime of 108 to 10°yr. If we now compare this rate with the SN Ia
rate of eq. (2.2.1), we can guess that as an outcome of the growth of a
WD towards the Chandrasekhar mass, an AIC should be much rarer than
thermonuclear explosion.

4.4.3. Binary and millisecond pulsars
Binary pulsars in the PSR 1913+16 group (see sec. 4.2) seem to be related to
the HMXRBs. After formation of such sources, Roche-lobe overflow by the
massive star should lead to a common-envelope phase, with a spiraling-in of
the NS and eventual loss of the envelope. Then, if the companion of the NS
has a mass > 8M,,, its core evolves up to collapse and supernova explosion.
This should produce either two NS in a very eccentric orbit (such as PSR
1913+16 and PSR 2303+46), or two runaway pulsars. For lower companion
masses 3Mg < M < 8My), the core evolves into a massive WD, and a
closed system with a circular orbit form (such as PSR 0655+64).

In contrast, the PSR 1953+29 group of binary pulsars appears to be related
to the LMXRBs. Systems like the strong bulge sources should be fed by
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mass-transfer driven by thermonuclear evolution of the companion star. At
the end, only the He core of the companion is left, and the NS has spiraled
out. Thus, systems like PSR 1953+29 would be the descendants of wide
LMXRBs. Their NS were likely formed by AIC of a WD. PSR 0820402, a
member of this group, provides strong evidence of the latter. Its magnetic
field implies an age < 107 to 10%yr, while the companion is a WD with mass
M = 0.2 to 0.4M,. Formation of such a star requires over 5 x 10°yr. The
paradox of an old binary that contains a young NS can be solved by assuming
that the latter was created in a recent episode of mass accretion, less than
about 107yr ago. That mass transfer terminated recently is also inferred from
the cooling age (< 107yr) of the companion, a still very hot white dwarf
(Kulkarni 1986). Nevertheless the number of recently discovered binary
pulsars with low-mass companions both in the galactic disk and in globular
clusters is so large that their birthrate is now estimated to be about 100 times
larger than the one given above for the LMXRBs (Kulkarni and Narayan
1988; Narayan et al. 1990; Kulkarni, Narayan, and Romani 1990; Romani
1990). Shortening of the LMXRB stage due to partial “evaporation” of the
companion of the NS has been proposed to solve this paradox (Tavani 1990).

PSR 1953+29 is a millisecond pulsar. The total number of currently active
binary millisecond pulsars in the galaxy would be about 10* if selection
effects are taken into account (Stokes, Taylor, and Dewey 1985). Spin up,
due to mass accretion from a disk, would allow them to reach those very
short periods when the magnetic field of the NS has reached its “bottom”
value of approximately 10°G (Alpar et al. 1982).

Single millisecond pulsars also seem to be NS previously spun up by ac-
cretion in a CBS (van den Heuvel 1989). They might result from coalescence
of the NS with a WD in short-period systems such as PSR 0655+64. Another
possible origin would be total “evaporation” of the companion by the large
energy flux from the millisecond pulsar itself. This seems to be happening in
PSR 1957420 (Fruchter, Stinebring, and Taylor 1989). Thus, in the galactic
disk, the NS would have been produced by AIC. In globular clusters, single
millisecond pulsars might also form either by direct collision of a NS with
a field star, or by a catastrophic encounter between a globular cluster x-ray
binary and a field star. In both cases, the result would be a single NS with
a disk around it. Accretion of the disk would spin up the NS to millisecond
periods. Alternatively, a binary millisecond pulsar could be disrupted by
interaction with other cluster stars.
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5. Summary

From the discussion in chap. 2, it is clear that the evolution leading to SN Ia
outbursts remains obscure. The double C+O WD scenario has no obser-
vational evidence to support it, but it cannot be excluded on the basis of
surveys which have been made up to now. If this scenario is adopted, the
dynamics of mass accretion must still be clarified. On the other hand, if
the x-ray sources in the galactic bulge have formed by AIC of a WD to a
NS, this would prove that accretion of H can make a WD grow to Chan-
drasekhar mass. But with the birthrate of LMXRBs (even revised in view of
the large numbers of binary radio pulsars with low-mass companions) being
much lower than the SN Ia rate, the preceding does not necessarily mean
that the SN Ia progenitors must have followed the same evolution.

The dynamics of the SN Ia explosions is still largely unknown. The ex-
plosions should burn a large fraction of a massive C+O WD, but such basic
points as whether the ignition is central or off-center, the ignition densities,
whether the burning propagates subsonically (deflagration) or supersonically
(detonation), and whether there is transition from the former mode to the
latter, remain unsettled. The physical state of the WD core enters in all these
issues, as we saw in sec. 3. Thus the effects of crystallization of the C+O
plasma must be taken into account when studying those problems (and might
even help to solve some of them), since at least initially, the progenitors of
SN Ia in elliptical galaxies should be very cold.

The AIC issue also remains open. Recent results rather exclude O+Ne+Mg
WDs as candidates for AIC. Therefore, cold, massive C+O WDs would be the
preferred candidates, but the range of initial conditions leading to collapse
currently appears to be very narrow. Astronomical evidence on the other
hand, as discussed in sec. 4, favors this mechanism as the possible origin of
the NS in objects such as the LMXRBs in the galactic bulge, the binary radio
pulsars with low-mass companions, and even the single millisecond pulsars.
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1. Type I supernovae and related events

Supernovae have been spectroscopically classified into Type I and Type II
according to the absence and presence of hydrogen in their optical spectra.
Type I supernovae (SNe I) are further subclassified into Ia, Ib, and Ic. As
shown in fig. 1 (Branch et al. 1991), the early-time (+ ~ 1 month past
maximum) photospheric spectra of SNe I define such subtypes. SNe Ia
are characterized by the presence of a deep absorption trough near 6150 A,
produced by blueshifted Si I A6355. SNe Ib and Ic, by contrast, do not show
this line. Moderately strong He I lines, especially He 1 15876, distinguish
SNe Ib from SNe Ic at early times; i.e., SNe Ib exhibit absorption lines of
[He I}, whereas these lines are absent in SNe Ic (see Harkness and Wheeler
1990 for a review). Type II supernovae (SNe II) are subclassified into SNe II-
P (plateau), SNe 1I-L (linear), and SNe II-BL (bright linear) according to
the light curve shape (Branch et al. 1991).

The late-time (r ~ 5-10 months) optical spectra of SNe provide addi-
tional constraints on the classification scheme (fig. 2, Branch et al. 1991).
SNe Ia show strong blends of Fe emission lines. SNe Ib and Ic, on the other
hand, are dominated by emission lines of intermediate-mass elements such
as [O 1], [Ca II], and Ca IL. SNe II are dominated by the strong Ho emission
line.

Supernova classification has become more complicated since the discov-
ery of SN 1987K, whose spectral classification changed from Type II to
Type Ib/Ic as it aged; it has since been referred to as SN IIb (Filippenko
1988). Hydrogen feature has also been identified in the early time spectrum
of SNe Ic 1987M (fig. 3, Jeffery et al. 1991) and 1991A (Filippenko 1991).
Interestingly, the early time spectra of SN 1987K are very similar to SNe Ic
(1983V and 87M) (fig. 4, Filippenko et al. 1990; Wheeler and Harkness
1990).

The lack of strong hydrogen lines implies that the progenitors of SNe I
have lost most of their hydrogen-rich envelope at the time of explosion. Two
cases are possible: (1) mass lost to the companion star during the evolution
of a close binary system, and (2) stellar-wind type mass loss from a single
star. For these cases, we basically have three candidates for the progenitors

202
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Fig. 1. Spectra of supernovae, showing the early-time distinctions between the four
major types and subtypes (Branch et al. 1991). The variable ¢ is taken to indicate
time after observed visual maximum, whereas t represents time after core collapse.
AB magnitude = —2.5log f, —48.6, where the units of f, are ergs s~ em™2 Hz ™!

of SNe I: (1) white dwarfs, (2) helium stars in binaries, and (3) single Wolf-
Rayet stars. Because of complicated mass-loss processes, it has not been
easy to identify the exact evolutionary origin of SNe I.

For SNe Ia, accreting white dwarfs have been considered promising can-
didates of their progenitors. The explosion mechanism originally suggested
by Hoyle and Fowler (1960), that is, thermonuclear explosion of electron-
degenerate cores, has been basically confirmed by extensive numerical mod-
eling, and by comparison with observations (Nomoto 1986a; Woosley and
Weaver 1986b). However, the exact evolution that leads to SNe Ia and the
detailed process of thermonuclear explosion need further studies as discussed
in sections 2 and 3.

In some binary systems, the white dwarf may undergo accretion-induced
collapse (AIC) rather than explosion. The conditions for AIC are examined
in section 4 in relation to the origin of binary millisecond pulsars.

For SNe Ib/Ic, models of low-mass helium star explosion in close binaries
are presented in section 5. As a related topic, the formation of double neutron
star systems is discussed in section 6.
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Fig. 2. Spectra of supernovae, showing late time distinctions between different types
and subtypes (Branch et al. 1991). Notation is the same as in fig. 1. The SN Ia
1987N (fig. 1) was spectroscopically similar to SN 1987L, shown above. At even
later phases, SN 1987A was dominated by strong emission lines of Ha, [O I, [Ca
II], and the Ca II near-infrared triplet, with only a weak continuum.

2. Evolution of accreting white dwarfs

Isolated white dwarfs are simply cooling stars that eventually end up as
invisible frigid stars. The white dwarf in a close binary system evolves
differently because the companion star expands and transfers matter over
to the white dwarf at a certain stage of its evolution. Mass accretion can
rejuvenate the cold white dwarf (e.g., Nomoto and Sugimoto 1977), which
in some cases could lead to a SNe Ia or AIC.

The scenario that possibly brings a close binary system to a SN Ia or
AIC is as follows (although the exact evolutionary origin is not understood).
Initially, the close binary system consists of two intermediate mass stars (M
< 8 Mp). As a result of Roche lobe overflow, the primary star of this system
becomes a white dwarf composed of carbon and oxygen (C+O). When the
secondary star evolves, it begins to transfer hydrogen-rich matter over to the
white dwarf.

Mass accretion onto the white dwarf releases gravitational energy at the
white dwarf surface. Most of the released energy is radiated away from
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Fig. 3. The observed spectrum of SN Ic 1987M compared to a synthetic spectrum
(Jeffery et al. 1991).

the shocked region as UV, and does not contribute much to heating the
white dwarf interior. Continuing accretion compresses the previously ac-
creted matter and releases gravitational energy in the interior. A part of this
energy is transported to the surface and radiated away from the surface (ra-
diative cooling), but the rest goes into thermal energy of the interior matter
(compressional heating). Thus, the interior temperature of the white dwarf
is determined by competition between compressional heating and radiative
cooling; i.e., the white dwarf is hotter if the mass accretion rate M is larger,
and vice versa (e.g., Nomoto and Hashimoto 1987).

2.1. Hydrogen shell flashes

When a certain amount of hydrogen AMy accumulates at the white dwarf
surface, hydrogen shell burning is ignited. Figure 5 shows AMy at ignition
as a function of M and M ; AMy is smaller for larger M and larger M due
to higher temperatures and higher pressures (eq. 2) in the accreted envelope.
Here, compressional heating due to accretion is just balanced with cooling
due to heat conduction (Nariai and Nomoto 1979; Nomoto 1982a). The type
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Fig. 4. Comparison of the observed spectra of SN Ic 1987M, SN IIb 1987K, and SN
II 1985L (Filippenko et al. 1990; Jeffery et al. 1991).

and strength of hydrogen shell burning depends sensitively on M as follows.

(1) Rapid accretion forming a red-giant-like envelope. When accretion
is rapid, and Mz MRH, the accreted matter is too hot to be swallowed
by the white dwarf, and forms a red-giant-like envelope (fig. 6, Nomoto et
al. 1979b). The critical rate, Mgy, corresponds to the growth rate of a de-
generate core in red giant stars, due to hydrogen shell burning. Paczynski’s
(1970) relation of core mass to luminosity, assuming hydrogen abundance of
X =0.7, gives

(M)gy = 8.5 x 1077 (M/Mg —0.52) Mgoyr™' (1)

for 0.60 < M/My < 1.39, where the core mass is replaced by the white
dwarf mass M.

The matter would form a common envelope, which is eventually lost from
the system. As a result of mass and angular momentum losses from the
system, some binaries would form a pair of white dwarfs. Further evolution
of such a double white dwarf system is driven by gravitational wave radiation,
and leads to a Roche lobe overflow of the smaller mass white dwarf (Iben
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and Tutukov 1984; Webbink 1984). Subsequent merging of the white dwarfs
is discussed in section 2.3.

(2) Steady burning. For accretion rates in the range of 0.4 Mgy ~ M
< Mgy, hydrogen shell burning is stable (e.g., Sienkiewicz 1980). The radius
depends very sensitively on M, ranging from red-supergiant size to white
dwarf size. Such hydrogen burning processes accreted matter into helium at
a rate of M.

(3) Recurrence of flashes. When the accretion rate is lower than 0.4 Mgy,
hydrogen shell burning becomes unstable and flashes. The progress and the
strength of the flashes is determined by two parameters (P*, Q*),

_ GMAMy _GM

P* — *
4 r4 r

@
iLe., by pressure and potential at the burning shell corresponding to a
completely flat configuration (Sugimoto and Fujimoto 1978; Sugimoto et
al. 1979). A set of (P*, Q*) can be transformed into (M, AMy) since the
radius r at the burning shell is well approximated by the radius of the white
dwarf, which is determined only by M.
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Fig. 6. Increase in the radius of an accreting white dwarf upon rapid accretion
(Nomoto et al. 1979a).

Progress of the shell flash can be treated semi-analytically. Initially, the
temperature at the burning shell increases along P = P*. As nuclear energy
is released, the pressure decreases as a result of expansion described by P =
f P*. Here, the flatness parameter f is unity for plane-parallel configuration,
and f < 1 for more spherical configurations. This is expressed as

1 ad k+3 N+1
=t k=1 b=bog————— (3
fV.N) & k 0 AL VAN RV @)

V=r/Hp

where N and H, denote the polytropic index for the convective envelope and
the scale height of pressure, respectively (Sugimoto and Fujimoto 1978). As
specific entropy s in the hydrogen-burning shell increases, f decreases due to
increasing Hj, that is, expansion of the accreted envelope. (This corresponds
to the change in configuration of the burning shell from plane-parallel to
spherical.) Then the temperature reaches its maximum T;7**, which is higher
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for higher P* and thus for higher M (smaller r) and larger AMy (eq. 2).
Such a relation between T, and AMy for several M obtained from eq. (3)
is shown in fig. 7 (Sugimoto et al. 1979). Results of hydrodynamical calcula-
tions (X-mark) are in excellent agreement with the corresponding analytical
predictions (filled circles). (Some discrepancies are likely to be caused by a
coarse zoning in numerical calculations).
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Fig. 7. Maximum temperature attained during the hydrogen shell flash as a function
of accreted mass AMy and white dwarf mass M. Analytical values (solid curves)
are compared with values obtained by hydrodynamical calculations (X-mark) (see
Sugimoto et al. 1979 for details).

The results in figs. 5 and 7 show that generally smaller M and higher M
lead to a weaker flash, because of the lower pressure at the flashing shell.
The flash would induce little mass ejection so a large portion of the accreted
matter could be processed into helium for M ~ 2 x 10~7 - 1078 Mg
yrl.

For slow accretion (M <1 x 107° Mg yr™Y), hydrogen shell flash is
strong enough to grow into a nova explosion, which leads to ejection of
most of the accreted matter from the white dwarf (e.g, Nariai et al. 1980
and references therein). For these cases, the white dwarf does not become a
supernova, since its mass hardly grows. However, if white dwarfs are close
to the Chandrasekhar mass, novae could grow into AIC of SN Ia because the
ejected mass from nova explosions is found to be significantly smaller than
the accreted mass (Starrfield et al. 1991).
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Fig. 8. The mass of accreted helium envelope, AMye, at the helium ignition as a
function of M and the mass of underlying C+O core, Mco (Kawai et al. 1987).

2.2. Helium shell flashes

Suppose that a helium layer grows on the white dwarf as a result of hydrogen
shell burning or (if the companion is a helium star) by direct transfer of helium
(e.g., Iben et al. 1987). When a certain mass AMy, is accumulated, helium
shell burning is ignited; the solid lines in fig. 8 show AMy, as a function
of M and the white dwarf masses M (Kawai et al. 1987). The maximum
temperature attained during the helium shell flash depends on AMy. and M
(fig. 9; Fujimoto and Sugimoto 1982) as discussed for hydrogen in section 2.1.
The strength of the helium flash depends mainly on M as follows.

If the accretion of helium is as slow as M <1 x 107° Mg yr~!, the
material is too cold to ignite helium burning, so the white dwarf mass is
increased. Cases where Mco < 1.1 Mg are an exception if pycnonuclear
helium bummg is ignited (Nomoto 1982a,b).

For Meee 2 M 2107 Mg yr~!, helium shell flash is strong enough to
initiate an off-center helium detonation, which prevents the white dwarf mass
from growing (e.g., Nomoto 1982b; Woosley et al. 1986; Iben and Tutukov
1991). Here we adopt Mgy ~ 1 x 107% Mg yr~!, since the “N(e™,
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Fig. 9. Maximum temperature log T (K) attained during the helium shell flash as
a function of the accreted mass AM, and the white dwarf mass M (Fujimoto and
Sugimoto 1982).

C(a, )0 (NCO) reaction ignites weak helium flashes (Hashimoto et
al. 1986; Limongi and Tornambe 1991) if the mass fraction of CNO elements
in the accreting material exceeds 0.005. For smaller CNO abundances, the
NCO reaction is not effective and thus Mg, ~ 4 x 1078 Mg yr~! (Nomoto
1982a). Two dimensional hydrodynamical simulations after the initiation of
helium detonation have recently been performed by Dgani and Livio (1990)
and Livne and Glasner (1991).

For intermediate accretion rates (3 x 107 Mg yr™' 2 M 21 x 1078
Mg yr'), helium flashes are of moderate strength, thereby recurring many
times increasing the white dwarf mass (Taam 1980; Fujimoto and Sugimoto
1982). When the white dwarf mass becomes close to the Chandrasekhar
mass, either collapse or thermonuclear explosion would occur.

For C+0O white dwarfs, whether they explode or collapse depends not only
on M but also on the initial mass Mco. For Mco < 1.2 Mg, substantial
heat inflow from the surface layer into the central region ignites carbon at
relatively low central density (p. ~ 3 x 10° g cm~3), which make SNe Ia,
as will be discussed in section 3 (Nomoto et al. 1984). On the other hand,
if the white dwarf is sufficiently massive and cold at the onset of accretion,
the central region is compressed only adiabatically, thereby being cold (and
solid) when carbon is ignited in the center of density, which can be as high
as 10! g cm=3. The fate of the white dwarf after ignition at high densities
is discussed in section 4.
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2.3. Merging C+0O white dwarfs

Merging of double C+O white dwarfs is estimated to take place as frequently
as SNe Ia (Iben and Tutukov 1984; Webbink 1984). After the smaller mass
white dwarf fills its Roche lobe, mass transfer of carbon onto the more
massive white dwarf would be very rapid (Iben 1988). This ignites off-
center carbon burning if M 2 2.7 x 10°% Mg yr~! in spherical accretion
models (Nomoto and Iben 1985). In a steady accretion approximation (Kawai
et al. 1987), the mass of the C+O white dwarf M, and the mass overlying
carbon-burning shell AM, are determined by M, as seen in fig. 10. For M
~ Mgqq, that is, carbon ignition takes place for the white dwarf with M ~
1.06 M.

18}
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Fig. 10. The white dwarf mass (M), the location of the carbon ig.nition shell (M;,i¢),
and AM. = M — M, ;, at the carbon ignition as a function of M (1075 Mg yr™!)
(Kawai et al. 1987).

The actual merging process would be more complicated and its fate is not
clear yet. For the possible models of SNe Ia see section 3.3, and for AIC
see section 4.4.
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3. Type l1a supernovae
3.1. Carbon deflagration model

When carbon is ignited at the center of a white dwarf whose mass is close to
the Chandrasekhar mass, carbon burning is so explosive as to incinerate the
material into iron-peak elements and the central temperature reaches ~ 10'°
K. At a high central density such as X 10° g cm™3, nuclear energy release
is only ~ 20 % of the Fermi energy of degenerate electrons. Therefore,
the resulting shock wave is not strong enough to directly ignite carbon in
the adjacent layer. In other words, a detonation wave that propagates at
supersonic speed does not form.

Instead, the interface between the burned and unburned layers becomes
convectively unstable. As a result of mixing with the hot material, fresh
carbon is ignited. In this way, a carbon-burning front propagates outward
on the time scale for convective heat transport (Nomoto et al. 1976, 1984;
Woosley and Weaver 1986a, 1986b). This kind of explosive burning front
that propagates at a subsonic speed is called a convective deflagration wave.
In the model W7 (Nomoto et al. 1984), propagation speed of the convective
deflagration wave is on the average about one-fifth of the sound speed. It
takes about one second for the front to reach the surface region, significantly
slower than the supersonic detonation wave. Hence, the white dwarf expands
during the propagation of the deflagration wave (fig. 11).

Behind the deflagration wave, the material undergoes the explosive burning
of silicon, oxygen, neon, and carbon, depending on the peak temperatures
(fig. 12). In the inner layer, nuclear reactions are rapid enough to incinerate
the material into iron-peak elements, mostly *Ni. When the deflagration
wave arrives at the outer layers, the density it encounters has already de-
creased due to expansion of the white dwarf. At such low densities, the
peak temperature is too low to complete silicon burning, and thus only Ca,
Ar, S, and Si are produced from oxygen burning. In the intermediate layers,
explosive burning of carbon and neon synthesizes S, Si, and Mg. In the
outermost layers, the deflagration wave dies and C+O remain unburned. The
composition structure after freeze-out is shown as a function of M, and the
expansion velocity vexp in figs. 13 (Thielemann et al. 1986) and 14 (Wheeler
and Harkness 1990).

In the carbon deflagration model W7, the amount of *Ni produced is My;
=0.58 M, and the explosion energy is E = 1.3 x 10°! erg. (Nuclear energy
release — Binding energy of the white dwarf). The nuclear energy release is
large enough to disrupt the white dwarf completely, and no compact star is
left behind.
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Fig. 11. Propagation of the carbon deflagration wave (dashed line) and associated
expansion of the white dwarf (model W7) (Nomoto et al. 1984). The solid lines
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Fig. 14. Same as Fig. 13 but with respect to the expansion velocity (Wheeler and
Harkness 1990).

3.2. Deflagration/detonation hybrid models

The outcome of carbon deflagration depends on its propagation speed, which
is highly uncertain and involves parameters such as the mixing length of
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convection (see Miiller and Armett 1986 for 2D simulation). The preced-
ing standard model W7 has been chosen because it accounts well for the
observed light curve and spectra at both early and late times in SN Ia. In
view of uncertainties involved in presupernova evolution, initiation of carbon
detonation/deflagration (Barkat 1991), and propagation of the burning front,
it would be necessary to explore other possible models of thermonuclear
explosion to compare with the observed spectra and light curves of SNe Ia
(sections 3.4-3.5).

If the propagation speed of the deflagration wave is much slower than in
W7, the hydrodynamical behavior is very different. Figures 15 and 16 show
the expansion and oscillation of the white dwarf for propagation speeds 20
times smaller than in W7, that is, about 1/100 of the sound speed, on the
average (Nomoto et al. 1976). The white dwarf expands to quench nuclear
burning at stage 6, where the total energy is still negative. Then the star
contracts to burn more material, although the densities in fig. 16 are too low
to produce additional 3Ni. This makes the total energy positive (~ 5 x 10%°
erg s~1). Eventually the white dwarf is completely disrupted with Mg, ~
0.15 Mg.

log (r/Rg)

-4 ,/L——— Deflagration Wave
/
20 0 80 80
t (sec.)

Fig. 15. Expansion and oscillation of the white dwarf induced by a slow carbon
deflagration (Nomoto et al. 1976); the deflagration speed is about 1/20 of W7 in
figs. 11-14. Eventually it is disrupted completely with no compact star remnant.
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Fig. 16. Changes in the structure line in a density—temperature diagram for the
same model shown in fig. 15. The dash-dotted curve shows the propagation of the
deflagration wave.

Such a slow propagation model with oscillation produces too little kinetic
energy of explosion to account for SN Ja. However, the deflagration wave
might be changed into a detonation at low density layers during expansion
or contraction (delayed detonation model; Khokhlov 1991a, 1991b; Woosley
and Weaver 1991). Figure 17 shows a composition structure of such a de-
layed detonation model as a function of expansion velocity and M,; here,
the transition from deflagration to detonation is assumed to occur when the
density at M, = 0.6 M, decreases to 3 x 10’ g cm™ (Shigeyama et al.
1991b; Nomoto et al. 1991). The composition structure with respect to M,
is not so different from W7 (including some unburned C and O), but Si and
Ca layers extend to expansion velocities higher than 15,000 km s~!.

Note, however, that this hybrid model introduces an additional parameter,
the deflagration/detonation transition, and has a rather strong constraint on
the initial central density of the white dwarf (<2 x 10° g cm™3) to avoid
overproduction of %Cr (Khokhlov 1991b).
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Fig. 17. Composition of a delayed detonation model as functions of the expansion
velocity, M,, and the initial density (Shigeyama et al. 1991b).

3.3. Carbon detonation in smaller mass white dwarfs

The above models assume that white dwarf mass increases to ~ 1.4 M
when carbon ignites at the center. There is a possibility that an explosive
carbon ignition occurs in smaller mass C+O white dwarfs. In the merg-
ing scenario, the initial mass of the white dwarf is likely to be around 1.0
Mg if it is formed from BB binary evolution. In this case, a star with an
initial mass of 5 to 8 My becomes a helium star of 1.5 to 2 My, which
greatly expands to undergo the Roche lobe overflow when its degenerate
C+0 core grows to ~ 1 Mg (see Sugimoto and Nomoto 1980; Nomoto
1982c; and references therein). Suppose that a merging of double white
dwarfs ignites an off-center carbon flash which produces a shock wave.
(This could happen if convective energy transport during the carbon flash
is much less efficient than in the previous calculations, or if dynamic effects
during merging are rather large (see Iben 1988, and Wheeler and Harkness



Type I Supernovae 219

1990). The shock wave might propagate toward the central region and in-
crease its strength because of decreasing area at the shock front. Then in
the central region it might become strong enough to ignite explosive car-
bon burning, which would form either a deflagration or detonation. For
stronger shock and lower central density, a detonation would be more likely
the case.

This scenario, although highly hypothetical, could lead to the formation of
a carbon detonation wave for white dwarfs of masses as small as ~ 1 to 1.2
M, with the central densities as low as 2 to 6 x 10’ g cm~>. For example,
white dwarf with M = 1.03, 1.05, and 1.07 M have central densities of 2.5,
3,and 4 x 10’ g cm™>, respectively. For these white dwarfs, carbon deto-
nation produces 0.49, 0.56, and 0.68 M *Ni, and kinetic energies of 1.22,
1.26, and 1.33 x 10°! ergs, respectively (Shigeyama et al.1991a). Because
of low central densities, nucleosynthesis in the detonation wave should pro-
duce a significant quantity of intermediate mass elements. Figure 18 shows
composition distribution as a function of M, and the expansion velocity for
carbon detonation in the 1.05 M white dwarf (see Shigeyama et al.1991a
for M = 1.03 M). The outer layers are Si-rich, which is similar to W7, but
Si and Ca layers extend to expansion velocities higher than 15,000 km s~ !,
which are common to the delayed detonation models (fig. 17).

The above nucleosynthesis is different from almost complete incineration
by carbon detonation in a white dwarf near the Chandrasekhar limit (Arnett
1969), and helium detonation in helium white dwarfs (Nomoto and Sugimoto
1977; Woosley et al. 1986). The absence of an outer helium layer leads to
a Si-rich surface layer; this is different from the carbon detonation induced
by off-center helium detonation, which produces °Ni at velocities which are
too high to be compatible with observations (Livne 1990; Livne and Glasner
1991).

The isotopic ratios of integrated abundances of ejecta after decay of un-
stable nuclei are shown with respect to solar abundances in fig. 19 for M
= 1.05 My (Shigeyama et al.1991b). Because of low neutron excess in the
central region, overproductions of **Fe, *®Ni, and *Cr are not observed, and
the isotopic ratios of iron peak elements are within a factor of 2 relative to
the solar ratios. This is an important difference from the carbon deflagra-
tion/detonation models with M ~ 1.4 M.

3.4. Light curves

In the exploding white dwarf, released nuclear energy (minus initial binding
energy of the white dwarf) is transformed into kinetic energy of expansion,
and without a late-time energy source the star could not be as bright as a
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Fig. 18. Composition of a carbon detonation model of the 1.05 Mg white dwarf as
functions of the expansion velocity, M,, and the initial density of the white dwarf.

supernova. However, during the expansion phase, *Ni decays into Co
with a half-life of 6.6 days, and *°Co decays into °Fe with a half-life of 77
days. These radioactive decays produce y-rays and positrons whose energies
power the light curve as follows.

Gamma-rays originating from radioactive decays are degraded into X-rays
by multiple Compton scatterings. Photoelectric absorption of x-rays and
collisional ionization due to energetic electrons eventually heats up the ex-
panding materials and produce optical light as clearly observed in SN 1987A
(e.g., Kumagai et al. 1989; Shigeyama et al. 1988; Shigeyama and Nomoto
1990).

The calculated bolometric light curves for W7 and the carbon detonation
model M = 1.03 M (CDT3) are shown in figs. 20a and 20b, respectively,
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Fig. 19. The ratios of integrated abundances of the carbon detonation model with
M = 105 Mg, after decay of unstable nuclei, normalized to ®Fe, relative to solar
abundances.

by the solid curves for three cases of optical opacity (x = 0.1, 0.2, and 0.3
cm? g!). Maximum brightness is reached when the expansion time scale
becomes comparable to that of heat diffusion from the radioactive source. The
light curve shape thus depends on the effective diffusion time (k M /vexpc)'/?
(Amett 1982). Therefore, the date of the maximum 7, is earlier, and thus
the maximum luminosity L. is higher for smaller ¥ and higher veyp.

The calculated curves are compared with observed visual light curves of
SN 1972E, SN 1981B, and SN 1990N in figs. 20a and 20b (Leibundgut et
al. 1991a, 1991b; IAU Circ. 5039, 5040), where the observed maximum
brightness is arbitrarily shifted to the calculated Lp.c. It is seen that the
light curves of CDT3 and W7 with « = 0.3 cm? g™! are both in reasonable
agreement with the slow rise of SN 1990N. Since the bolometric light curve is
regarded as close to the visual one, this agreement is encouraging for further
study, whether the explosion model has actually an expansion opacity as
large as ¥ = 0.3 cm? g~! on the average (Harkness 1991; Hoflich et al.1991;
Khokhlov et al.1991).

After the peak, the bolometric luminosity gets closer to the energy depo-
sition rate, which decreases because of the increasing transparency of the
ejecta to y-rays as well as the decreasing number of radioactive elements
(dashed lines in fig. 20). The calculated curve of the decline phase for W7
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Fig. 20. The calculated bolometric light curve for the carbon deflagration model
W7 (a) and the carbon detonation model CDT3 (b) for « = 0.1, 0.2, and 0.3 cm?
g~1, as compared with the observed visual light curves of SN 1972E, SN 1981B,
and SN 1990N (Leibundgut et al. 1991a, 1991b). Dashed lines refer to a decreasing
number of radioactive elements.
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and CDT3 are in reasonable agreement with observed visual light curves of
SN 1972E, SN 1981B, and SN 1990N (fig. 20).

The maximum brightness L.« of SNe Ia when explained with radioactive
decay models has been used to estimate the Hubble constant Hy (in units of
km s~! Mpc~! hereafter). From the well-observed six SNe Ia, Arnett et
al.(1985) derived Ly ~ 1.9 £ 0.3 x 102 (Hy/50) % erg s~1.

As seen from figs. 20a and 20b, the maximum brightness obtained from
radioactive decay models depends on the date of maximum light fmax. If tpax
~ 20 d is common to most of SNe Ia, the theoretical L.« is lower than
previous estimates, which would give a larger Hy. For ¥ = 0.1, 0.2, and 0.3
cm? g1, respectively, max = 13, 16, and 20 d and Lma = 1.4, 1.1, and 0.93
x 10 erg s™! for W7; and tpax = 12, 16, and 19 d and Ly = 1.2, 0.93,
and 0.79 x 10** erg s™! for CDT3. These values, respectively, give Hy (£
6) = 58, 66, and 72 for W7, and Hy (£ 6) = 63, 71, and 77 for CDT3.

The mass of *Ni may be constrained from the minimum expansion veloc-
ities of Ca and Si, which is estimated to be ~ 8000 km s~! for SN 1981B
(Branch et al. 1983; Harkness 1991). This velocity in model CDT3 is ~
7500 km s~!, so that My; ~ 0.5 My would be the minimum among the
carbon detonation models.

If tmax ~ 20 d would be common to most of SNe Ia, Hy ~ 60 to 83 is
inferred from the models, with My; = 0.49 to 0.68 M, considered here. For
larger M models with larger My;, Ho may be roughly scaled as Mgil/ 2. Note,
however, that the above estimate of Hy is subject to uncertainties involved
in (1) the expansion opacity, which needs to be used in future SN Ia models,
and (2) the determination of My; , which needs detailed comparisons between
the calculated and observed spectra and light curves.

3.5. Spectra

Because SNe Ia do not have a thick hydrogen-rich envelope, elements newly
synthesized during the explosion can be observed in the spectra, which
enables us to diagnose the internal hydrodynamics and nucleosynthesis in
SNe Ia.

Synthetic spectra are calculated based on the abundance distribution and
expansion velocities of the carbon deflagration model W7, and are found to
be in excellent agreement with the observed optical spectra of SN 1981B
(Branch et al. 1985) and SN 1989B (fig. 21; Harkness 1991). In fig. 21, the
calculated spectrum for stratified composition is in better agreement than for
mixed composition. The material velocity at the photosphere near maximum
light is ~ 10,000 km s~!, and the spectral features are identified as P-Cygni
profiles of Fe, Ca, S, Si, Mg, and O.
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Fig. 21. The maximum light spectrum of SN Ia 1989B (bottom) is compared to a
synthetic spectrum for the carbon deflagration model W7, with no mixing (top), and
mixing for v > 11,000 km s~! (middle) (Harkness 1991).

At late times, the spectra are dominated by emission lines of Fe and Co.
The outer layers are transparent, and the inner Ni-Co-Fe core is exposed.
Synthetic spectra of emission lines of [Fe II] and [Co I] for the carbon
deflagration model agree quite well with the spectra observed at such a phase
(Axelrod 1980; Woosley and Weaver 1986b).

Good agreement between the calculated and observed spectra (especially
near maximum light) implies that the composition structure as a function of
velocity for SNe Ia must be similar to W7 in spite of serious remaining uncer-
tainties associated with presupernova evolution of binary systems, initiation
of deflagration rather than detonation, and propagation of the burning front.
To discriminate between the deflagration, detonation, and hybrid models,
comparison between the synthetic spectra and the pre-maximum spectra of
SN Ia would be important. Recent examples include SN 1990N (Leibundgut
et al. 1991) and SN 1991T (Hamuy and Phillips 1991).
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The new spectral features of SN 1990N are that the expansion velocities
of Si and Ca extend t0 vex, ~ 20,000 km s~!, and that the Fe and Co lines
are present two weeks before the maximum. Possible explanations of these
features with the deflagration model are:

(1) The observed lines of Si, Ca, Fe, and Co originate from the unpro-
cessed materials at the outermost layers of the white dwarf.

(2) The high velocity heavy elements are synthesized by a deflagra-
tion in the inner layers and mixed with outer layers (Branch et al.
1985).

Other possibilities are that those high velocity heavy elements are produced

by:
(3) a detonation in the hybrid model (Khokhlov et al. 1991), or
(4) the carbon detonation in low mass white dwarfs (Shigeyama et
al. 1991a).

4. Accretion—induced collapse of white dwarfs

4.1. Low mass x-ray binaries and binary pulsars

An unexpectedly large number of low mass binary pulsars (LMBPs) have
recently been discovered. The birth rate of LMBPs is now estimated to be
about 100 times higher than that of low mass x-ray binaries (LMXBs) in both
the Galactic disk (Kulkarni and Narayan 1988; Narayan et al. 1990) and the
globular clusters (Kulkarni et al. 1990; Romani 1990). Since LMXBs have
been thought to be the progenitors of LMBPs, this birth rate discrepancy
has raised a serious question about the evolutionary origin of LMBPs. Two
scenarios have been proposed to resolve this problem: (1) accretion-induced
collapse (AIC) of white dwarfs in close binaries (Michel 1987; Chanmugam
and Brecher 1987; Bailyn and Grindlay 1990; Romani 1990; Ray and Kluz-
niak 1990), and (2) shortening of the LMXB phase due to evaporation of
the companion star (e.g., Tavani 1991 and references therein). Further, com-
binations of AIC and tidal capture of neutron stars have been suggested as
an explanation for the very high incidence of LMBPs in globular clusters
(Romani 1990; Ray and Kluzniak 1990).

Possible models for AIC advanced previously include solid C+O white
dwarfs (Canal et al. 1980; Isern et al. 1983) and O+Ne+Mg white dwarfs
(Nomoto et al. 1979a), whose masses could grow to the Chandrasekhar mass
limit for a white dwarf. In the AIC models, collapse of a white dwarf is
induced by electron capture that effectively reduces the Chandrasekhar mass
limit (Fig. 22)
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Fig. 22. Collapse of an O+Ne+Mg core is induced by electron capture (H. Nomoto
1989).

However, since the white dwarf contains nuclear fuel, whether the white
dwarf undergoes collapse or explosion depends on whether nuclear energy
release or electron capture is faster behind the deflagration wave. The en-
ergy generation rate is determined mainly by the propagation velocity of the
deflagration wave, vq, while the electron capture rate depends on the den-
sity. If vger is lower than a certain critical speed, electron capture induces
collapse. If, on the other hand, vger is sufficiently high, complete disruption
results. It is important to determine the critical velocity that divides collapse
and explosion.

4.2. Solid C+0 white dwarfs

It is possible that accreting C+O white dwarfs could collapse rather than
explode, depending on conditions in the white dwarfs. As described above,
compression of a white dwarf by accreted matter first heats up a surface layer
because of the small pressure scale height there. Later, heat diffuses inward
(Nomoto et al. 1984). The diffusion timescale depends on M, and is short
for larger M because of the large heat flux and steep temperature gradient
generated by rapid accretion. For example, the time it takes for the heat
wave to reach the central region is ~ 2 x 10° yr for M ~ 107 M, yr~!
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(Nomoto and Iben 1985) and 5 x 10° yr for M ~ 4 x 1078 Mg yr}
(Nomoto et al. 1984). If the initial mass of the white dwarf, Mg, is smaller
than 1.2 M, entropy in the center increases substantially due to heat inflow
and thus carbon ignites at relatively low central density (o, ~ 3 x 10° g
cm™3). On the other hand, if the white dwarf is initially more massive than
1.2 My and cold at the onset of accretion, the central region is compressed
only adiabatically, and thus is cold when carbon is ignited in the center. In
the latter case, ignition density is as high as 10'° g cm™ (e.g., Isern et al.
1983), and the white dwarf may well have a solid core. For such a case, it is
necessary to determine the critical condition for which a carbon deflagration
induces collapse rather than explosion.

For solid C+O white dwarfs, recent work finds that no significant separa-
tion of carbon and oxygen occurs during solidification (Barrata et al. 1988;
Ichimaru et al. 1988). This, in turn, leads to the ignition of explosive carbon
burning at much lower densities than the densities specified in models which
postulate chemical separation (Isern et al. 1983).

In solid cores, carbon ignition takes place in the pycnonuclear reaction
regime (Ogata et al. 1991) and develops into explosive burning at p. ~ 1 x
101 g cm™3. After a thermal runaway of carbon burning, it is likely that
a conductive deflagration wave propagates in the solid core. A detonation
wave would not form due to the steep temperature gradient in the central solid
region. Convection would not be effective unless the solid core is melted by
heating from nuclear burning or neutrinos (Canal et al. 1990a).

The conductive deflagration in a solid C+O white dwarf is calculated
assuming a constant ratio of vgee/vs for the conductive deflagration wave
(Nomoto 1986b, 1987b; Nomoto and Kondo 1991; Canal et al. 1990b).

Figure 23 shows the change in central density associated with propagation
of the deflagration wave. Three cases with vge/vs = 0.05, 0.03, and 0.01 are
calculated, and the latter two slow cases undergo collapse. This implies that
the critical velocity, vy, dividing collapse and explosion is ver ~ 0.04 v
for p. ~ 10'° g cm™3. Since the realistic value of conductive deflagration
speed is vger ~ 0.01 v; (Woosley and Weaver 1986a), the collapse is the most
likely outcome for the solid white dwarf.

4.3. O+Ne+Mg white dwarfs

O+Ne+Mg white dwarfs are formed from stars of main-sequence masses of
8 to 12 Mg, in close binaries with initial masses as large as 1.1 to 1.37
Mg (Nomoto et al. 1979a; Nomoto 1984a, 1987a). After mass accretion
from the companion star, the mass of the white dwarf increases toward the
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Fig. 23. Change in the central density of C+O white dwarfs following propagation
of a conductive carbon deflagration wave in the initially solid core. Three cases with
vgef/vs = 0.05, 0.03, and 0.01 are shown and the latter two undergo collapse (Nomoto
and Kondo 1991).

Chandrasekhar mass for a certain range of accretion rate (section 4.4). When
pe exceeds 4 x 10° g cm™3, the O+Ne+Mg white dwarf undergoes electron
captures: 2*Mg (e~, v) %Na (e~, v) 2Ne and ®Ne (e~, v) 2F (e, v) 20
(fig. 22; H. Nomoto 1989). Electron capture not only reduces the effective
Chandrasekhar mass but also releases heat due to y-ray emission, which
eventually ignites oxygen deflagration at a certain central density.

In previous AIC models (Nomoto et al. 1979a), oxygen is ignited at pj,
~ 2.5 x 10" g cm™3 after the initiation of collapse (Miyaji et al. 1980).
At such central densities, electron capture is much faster than burning, thus
promoting further collapse. However, p;, has been found to depend on the
timescale of semiconvective mixing in the electron capture region (Nomoto
1984b; Mochkovitch 1984; Miyaji and Nomoto 1987). If semiconvective
mixing is negligible and heating due to y-ray emission is confined to the
very center, oxygen burning is ignited at p;; ~ 9.5 x 10° g cm™3 before
collapse occurs (Miyaji and Nomoto 1987). Hydrodynamic calculations are
carried out to see whether this model leads to collapse or explosion (Nomoto
and Kondo 1991).
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The heat released by electron capture on Mg results in the formation of
a liquid core even if the white dwarf initially had a solid core (Mochkovitch
1984; Miyaji and Nomoto 1987; Canal ef al. 1990a). When y-rays resulting
from electron capture on 2°Ne ignite explosive oxygen buming, there are
several possible modes of subsequent propagation of the explosive burning
front. In the present case the formation of a detonation wave is very unlikely
because negligible semiconvective mixing forms a very steep temperature
gradient when explosive oxygen burning starts.

Therefore, it is likely that an oxygen deflagration wave forms and prop-
agates at a subsonic velocity. The propagation velocity, Uger, depends on
which mode of heat transport is faster, conductive or convective. For con-
ductive deflagration, we apply vger = 0.01 v ~ 100 km s~1, where v, denotes
the local sound velocity, which is a good approximation of vger obtained by
numerical calculations (Woosley and Weaver 1986a). For the convective de-
flagration wave, we apply a time dependent mixing length prescription, using
the ratio between the mixing length and the pressure scale height (or radial
distance) = £/min (H,, r) = 0.7, 1.4, and 2 (Nomoto et al. 1984). For small
«, the deflagration speed in the very central region is slower than the con-
ductive deflagration, because of a small buoyancy force across the burning
front. The minimum vgs is then set to be 0.01 v,.

Whether this leads to collapse or explosion depends on which is faster
behind the deflagration wave, nuclear energy release or electron capture. The
energy generation rate is determined mainly by the propagation velocity of
the deflagration wave, vq.r, while the electron capture rate depends on density.
If vges is lower than a certain critical speed, electron capture induces collapse.
If, on the other hand, vgs is sufficiently high, complete disruption results.

Figure 24 shows changes in central density associated with the propagating
deflagration front for three cases. It is seen that the slowest case of ¢ = 0.7
leads to increasing p., that is, collapse, while the propagation with o = 2
results in explosion. The intermediate case with @ = 1.4 is marginal. The
fate of the convective deflagration wave depends mainly on whether vgef
exceeds ~ 0.03 v, in the central region at M, < 0.1 to 0.2 Mg.

Though determination of vg.s may require multi-dimensional calculations,
the carbon deflagration model for Type Ia supernovae favors a = 0.7. The
model with @ = 0.7 can nicely account for many of the observed features of
Type Ia supernovae, while the propagation with o = 0.8 is a little too fast to be
consistent with spectral features of SN Ia (Nomoto et al. 1984). For oxygen
deflagration, @ < 1 may also be the case for the same prescription of defla-
gration. Then, the collapse of O+Ne+Mg white dwarfs would be the most
likely outcome since « ~ 1.4 is marginal between collapse and explosion.
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Fig. 24. Same as fig. 23 but for the O+Ne+Mg white dwarfs following the propagation
of the oxygen deflagration wave for three cases with £/min (Hp,r) = 1.4, 1.0, and
0.7. For the slowest case of £/Hp = 0.7, the central density increases, that is, white
dwarf undergoes collapse. Faster propagation induces an explosion of the white dwarf
(Nomoto and Kondo 1991).

If total disruption results from the white dwarf with a central density of ~
10 g cm™ (Isern et al.1991), such an explosion should be extremely rare
since the ejection of too much neutron-rich iron-peak elements would not be
compatible with solar isotopic ratios. In addition, explosions with such low
energy as approximately a few times 10°° ergs, due to large neutrino losses
does not match any frequently observed subclass of SN 1,

4.4. Conditions for accretion-induced collapse

With results from sections 2—4, we draw boundaries for SNe Ia and AIC in a
diagram showing mass accretion rate (M) versus mass of the white dwarf at
the onset of accretion (Mco and Monemg) in figs. 25 and 26 (Nomoto 1986b;
Nomoto and Kondo 1991). We note that boundaries for the growth of white
dwarfs must be regarded as relatively optimistic since wind-type mass loss
associated with shell flashes of hydrogen and helium are not fully taken into
account (see Kato and Hachisu 1989).
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Fig. 26. Same as fig. 25 but for O+Ne+Mg white dwarfs. Collapse is triggered by
electron capture on 2*Mg and 2’Ne (Nomoto and Kondo 1991).
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For M 23 x 1075 Mg yr!, we adopt the following scenario as an
optimistic view for AIC. First, merging of double C+O white dwarfs forms
a thick disk around more massive component (Benz et al. 1990). Then,
subsequent heat generation at the boundary layer ignites off-center carbon
burning (Mochkovitch and Livio 1990), which quietly burns the entire C+O
white dwarf into O+Ne+Mg (Nomoto and Iben 1985; Saio and Nomoto 1985).
Eventually the O+Ne+Mg white dwarf collapses.

Figure 26 shows that for a relatively wide parameter range, the O+Ne+Mg
white dwarf can increase its mass. Since Monm can be very close to the
Chandrasekhar mass, only a small increase in mass is enough to trigger a
collapse. Such very massive O+Ne+Mg white dwarfs would give rise to
recurrent novae (Nariai and Nomoto 1979).

Figures 25 and 26 clearly show that close binaries with relatively high
M and high initial white dwarf mass are favored for AIC. This leads to
the possibility that LMBPs with relatively long orbital periods may origi-
nate from AIC (Nomoto 1987b; Romani 1990; Ray and Kluzniak 1990),
since the mass transfer rate from giant stars may be relatively high. On
the other hand, Wheeler (1990) suggested that many of the white dwarfs in
cataclysmic variables could possibly increase their masses toward the Chan-
drasekhar mass, ending up with M ~ 1079 Mo yr~! at the lower-right
hand corners of Figures 25 and 26. Resultant systems could be short orbital
period LMBPs. Also, if we consider various types of helium star compan-
ions (helium main-sequence, helium subgiants, helium white dwarfs, etc.;
Iben et al. 1987) as well as companions surrounded by a common envelope
(Hachisu et al. 1989), LMBPs with relatively short orbital periods could be
formed from AIC.

5. Type Ib/Ic supernovae

Wolf-Rayet stars with a wide range of masses have been proposed for the
progenitors of SNe Ib and Ic, since most SNe Ib/Ic are associated with star-
forming regions (see Wheeler and Harkness 1990 for a review). Recently
Shigeyama et al. (1990), Hachisu et al. (1991), Nomoto et al. (1990), and
Yamaoka and Nomoto (1991) have calculated the evolution, nucleosynthesis,
Rayleigh-Taylor instabilities, and optical light curves of the progenitors of
exploding helium stars. They have suggested that the helium stars of 3 to
5 Mg (which form from stars with initial masses M; ~ 12 to 18 Mg in
binary systems) are the most likely progenitors of typical SNe Ib/Ic, and that
SNe Ic progenitors may be slightly less massive than those of SNe Ib. Such
low-mass helium star models can account for the observations that: (1) the
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light curves of SNe Ic decline faster than SNe Ib, and (2) the early time
spectra of SNe Ic show the presence of hydrogen (Jeffery et al. 1991), while
hydrogen is absent in SNe Ib. It remains an open question as to how the
presence of hydrogen causes the difference between SNe Ib and Ic in their
early time spectra (Lucy 1991).

5.1. Evolution of interacting binaries

The difference in spectral features between SNe Ic and Ib may be due to the
presence of a thin envelope of hydrogen in SNe Ic immediately prior to the
explosion. By modeling evolving massive stars in close binary systems, we
examine whether hydrogen can be left on helium stars after mass exchange
and wind-type mass loss. Following are some preliminary results for two
cases, 13A and 18A, where the initial masses of the primary stars are M;
= 13 My (13A) and 18 My (18A), and their Roche lobe radii are SO0 Ry
(Yamaoka and Nomoto 1991).

After hydrogen exhaustion, the star undergoes Roche lobe overflows form-
ing a helium star of ~ 3.4 My (13A) and ~ 5 M, (18A). Figure 27 (upper),
shows the composition structure at the onset of mass transfer during core
helium burning (upper), and after the Roche lobe overflow (lower). It is seen
that significant amounts of hydrogen remain in a relatively thick layer below
the surface (0.5 M, for 13A, and 1 M, for 18A).

Whether such a hydrogen layer will be further lost from the helium-rich
star depends on the Roche lobe radius and wind mass loss rate. If the helium
star is detached from its Roche lobe during helium burning, the star loses
its masses in a wind. If the mass loss rate depends on mass such as M
M?25 (Langer 1989), it may lead to different surface abundances between
13A and 18A. For case 13A, hydrogen still may remain in the layer down
to ~ 0.2 Mg, below the surface, whereas for case 18A, all hydrogen may be
lost in a wind (Yamaoka and Nomoto 1991). If a common envelope forms
or the Roche lobe radius has become small enough for mass and angular
momentum to be lost from the system, then all hydrogen will be lost from
the star.

Although more parameter study is needed, the present results suggest that
more hydrogen may remain on the stellar surface if the helium star has an
initially smaller main-sequence mass. Also, more compact binary systems
may lose more hydrogen through common envelope evolution.
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Fig. 27. Change in the composition structure during the binary evolution for the star
with M; =13 M (Yamaoka and Nomoto 1991).

5.2. Nucleosynthesis

Assuming that the helium star progenitors of SNe Ib/Ic are formed in close
binary systems as described above, Shigeyama et al. (1990) performed hy-
drodynamic calculations of the explosion of helium stars with masses M, =
3.3, 4,6, and 8 M. These are presumed to form from the main-sequence
stars of masses M; ~ 13, 15, 20, and 25 M, respectively. These stars
eventually undergo iron core collapse, as in SNe II. A shock wave is then
formed at the mass cut which divides the neutron star and the ejecta.
Behind the outward propagating shock wave, materials are processed into
nuclear statistical equilibrium (NSE) composition, mostly *°Ni, if the maxi-
mum temperature exceeds 5 x 10° K (Hashimoto et al. 1989; Thielemann et
al. 1990). As derived from the approximate relation E = 47r3/3 aT* with
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E being the final kinetic energy of explosion (Thielemann et al. 1991), such
a high temperature is realized in a sphere of radius ~ 3700 (E/10°' erg)!/?
km. With E = 1 x10°! erg, this region contains a mass Mnsg (~ 1.44 --
1.46 M, for M, = 3.3 and 4 My,). Then the mass of “°Ni plus neutron-rich
iron peak elements is given by Mnsg — Mns.

The adopted presupernova models (Nomoto and Hashimoto 1988) have
iron core masses as small as 1.18 M and 1.28 M, for M, = 3.3 M and
M, =4 M, respectively, the mass being significantly smaller than 1.4 M
in the 6 M, star due to the larger effect of Coulomb interactions during the
progenitor’s evolution. If Mys is approximately equal to the iron core mass,
the upper limit to the possible °Ni masses are obtained as 0.26 and 0.15
Mo, for M, = 3.3 and 4 M, respectively.

Figure 28 shows the abundance distribution after explosive burning for M,
= 4 M, (Shigeyama et al. 1990). The masses of oxygen produced in the
outer layers are 0.21 and 0.43 Mg, for M, = 3.3 and M, 4 M, respectively.
These masses could be consistent with those inferred from the late time
spectra of SNe Ib/Ic in view of the strong dependence of oxygen mass on
the temperature of the ejecta (Uomoto 1986).

5.3. Rayleigh-Taylor instabilities and mixing

As will be shown in section 5.4, helium star models are in good agreement
with the observed SNe Ib light curves only if extensive mixing of *Ni takes
place. Mixing and clumpiness in SNe Ib are also inferred from late time
emission line features (Fransson and Chevalier 1989; Filippenko and Sargent
1989).

Rayleigh-Taylor instabilities in helium stars develop as follows. When the
shock wave hits the helium envelope, expansion of the inner core is largely
decelerated, which forms a reverse shock. Then a pressure inversion appears
(i.e., the pressure increases outward) in the layer between the forward shock
and the reverse shock. The interface between the core and the helium en-
velope becomes most strongly Rayleigh-Taylor unstable, because the density
decreases steeply outward and thus (dP/dr)(dp/dr) < 0. The instability
continues to grow until the forward shock reaches the low density surface;
then a rarefaction wave propagates inward from the surface to stabilize the
interior. Note that in the 20 M, model of SN 1987A by Hachisu et al. (1990),
the most unstable point is the hydrogen/helium interface, due to a massive
hydrogen-rich envelope.

For helium stars of M, = 3.3, 4, and 6 M, Hachisu et al. (1991) have
carried out 2D hydrodynamic calculations to follow the Rayleigh-Taylor in-
stability. As seen in fig. 29a-c, the instability leads only to limited mixing
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Fig. 28. Explosive nucleosynthesis in the 4 M helium star (Shigeyama et al. 1990).
Composition of the innermost 1 Mg, of the ejecta is shown. (The outermost 1.72 Mg
helium layer and the 1.28 Mg neutron star are not included in the figure.) About
0.15 Mo Ni and 0.43 Mg, oxygen are produced.

and clump formation for M, = 6 M, while it does induce a large scale mix-
ing for My = 3.3 and 4 M. For M, = 3.3 M, *Ni is mixed to the layer
0.4 M, beneath the surface (Fig. 30; Hachisu et al.1991), which is close to
the extent of mixing as required from the light curves.

Such mass dependence of the Rayleigh-Taylor instability can be understood
from differences in the stellar structure as follows.

(1) For smaller M, the mass ratio between the helium envelope and the
core (excluding the neutron star) is larger (i.e., 2.5, 2.7, 1.0, and 0.45
for M, = 3.3, 4, 6, and 8 M, respectively), so that the deceleration
of the core and the pressure inversion are larger.

(2) Smaller mass stars have a steeper density gradient near the composi-
tion interface.

(3) The stellar radius is larger for smaller M,, so that more time is re-
quired for the shock wave to reach the stellar surface; thus the insta-
bility grows for a longer time.



Type I Supernovae 237
L
x1010 ¢m
5.0 L
25 L
0.0 T T
x10llem 5.0 0.0 25 5.0x1010 e
1 1 1
15
)
?
PN
00 05 10 L5x10!! cm
1 I}
00 0.5 1.0 1.5x101! cm

Fig. 29. Rayleigh-Taylor instabilities in the exploding helium star of My =33 Mg
(t = 180 s). Shown are the density contour map (left) and the marker particles at the
composition interfaces, He/C+0, O/Si, and Ni/Si from the outer layer (right) (Hachisu

et al. 1991).



238 K. Nomoto, H. Yamaoka, T. Shigeyama

10000

+ 8000

T 6000

log(X)

T 4000

(-S/UD) ALID0T3A

{

“' 2000

Mr/MO

Fig. 30. Chemical composition for M, = 3.3 Mg at ¢t = 180 s is plotted against
the radial mass coordinate, M,. Mass fractions of He, C+O, and Si+Ni are shown
by thick, intermediate, and thin lines, respectively. The mean radial velocity is also
shown (thick solid line). *°Ni is mixed to the layer at M, = 1.7M¢, that is, 0.4 Mg
beneath the surface.

We should emphasize the importance of the density structure rather than
stellar mass. For example, a single Wolf-Rayet star which reduces its mass
down to 4 to 5 M, by wind could be a SNe Ib/Ic progenitor (Langer 1989).
However, such a star would not undergo extensive mixing despite the small
mass, because its helium envelope would be too small to decelerate the core
to any significant extent.

S4. Light curves

Figure 31 shows the observed bolometric light curves of SNe la 1972E and
1981B (Graham 1987), SN Ib 1983N (Panagia 1987), and the approximate
bolometric light curve of SN Ic 1987M constructed from flux-calibrated spec-
tra (Filippenko et al. 1990; Nomoto et al. 1990). In each case, the observed
light curve has been shifted along the abscissa to match the corresponding
theoretical curve. The peak bolometric luminosities assume Hy = 60 km s7!
Mpc~L.

The previous Wolf-Rayet star models have some difficulties (1) in repro-
ducing the light curves of typical SNe Ib, which decline as fast as SNe Ia
(Panagia 1987), and (2) in producing enough 56Ni to attain the maximum
luminosities of SNe Ib in relatively low mass helium star models (Ensman
and Woosley 1988). In particular, fig. 31 demonstrates an important feature
of SN Ic 1987M, that is, its brightness fell somewhat more rapidly than that
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Fig. 31. Approximate bolometric light curve of SN Ic 1987M, and the bolometric
light curves of SNe Ia 1972E and 1981B and of SN Ib 1983N. The predicted curves
of the 3.3 Mg model for SN 1987M, the 4 M model for SN Ib, and the W7 model
for SN Ia are indicated by solid and dotted lines. The error bar illustrates the 2o
photometric uncertainty in the SN 1987M points (Nomoto et al. 1990).

of SNe Ia and SN Ib 1983N (it also fell more rapidly than SN Ic 19831
reported by Tsvetkov 1985). Maximum brightness of 1987M is not signif-
icantly different from that of SNe Ib if we take the extinction estimated by
Jeffery et al. (1991).

Figure 31 also shows the calculated bolometric light curves of the explod-
ing helium star models with M, = 3.3 M, for SN Ic and M, = 4 Mg for
SN Ib, as well as the white dwarf model W7 for SNe Ia (Nomoto et al. 1984).
The amount of *Ni is 0.58 Mg, (W7), 0.15 Mg (SN Ic), and 0.15 M, (SN
Ib). The helium star models assume a uniformly mixed distribution of ele-
ments from the center through the layer at 0.2 M, beneath the surface for
both cases. Such mixing may be due to Rayleigh-Taylor instability during
the explosion (Fig. 29; Hachisu et al. 1991).

The calculated bolometric light curves of helium stars are powered by
radioactive decay of **Ni and *%Co. Maximum brightness is higher if the
8Ni mass is larger and the date of maximum is earlier. After the peak, the
light curve declines at a rate that depends on how fast y-rays from radioactive
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decay escape from the star without being thermalized; decline is faster if the
ejected mass is smaller and if Ni is mixed closer to the surface.

Significant effects of mixing on the light curve have been noted in
Shigeyama et al. (1990). Figures 32 and 33 compare light curves with and
without mixing by assuming 0.15 M, of Ni mass for all models to clarify
the stellar mass dependence. Figure 32 shows that the tails of the calculated
light curves for unmixed models decline much more slowly than those of SN
1983N and 83I after ~ day 40. For the mixed models shown in fig. 33, the
light curve shape is different from the unmixed cases as follows:

(1) Maximum luminosity is reached ~ 10 days earlier, and is thereby
higher than in the unmixed cases because of earlier radioactive heating
of the surface layers.

(2) Decline of the tail is much faster than the unmixed cases.
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Fig. 32. Calculated light curves of exploding helium stars of M, = 3.3, 4, and 6
Mg (Shigeyama et al.1990). All the models assume the production of 0.15 Mg
56Ni, kinetic energy of explosion E = 1 x10%! erg, and no mixing (i.e., stratified
composition structure). Filled and open circles are the observed light curves of SN
b 1984L (visual), 1983N (bolometric), and 19831 (visual). The dotted curve is the
energy generation rate of the 56Ni—6Co decays.

The resulting bolometric light curves of M, = 3.3 M, and 4 M, are in good
agreement with SN Ic 1987M and SN Ib 1983N, respectively. Compared with



Type I Supernovae 241

T 7
I\“lllllllllllllll

42

415~ @® SN 1983N

Log Luminosity(erg sec™)

- O SN 1983l :
- O SN 1984L Ma=33M, o
0 — 20 40 60 80 100

Days
Fig. 33. Same as fig. 32 but with mixed abundance distribution.

the 4 Mo model, the light curve of the 3.3 M model declines faster due to
less mass being ejected, just as observed in SN Ic 1987M.

It is interesting to compare SNe Ib/Ic with SN 1987K, whose spectral
classification changed from Type II to Type Ib/Ic as it aged, thereby being
called as SNe IIb (Filippenko 1988). The decline of the SN 1987K light
curve is as fast as that of a SNe Ia (and thus SNe Ic) (Turatto et al. 1990).
The early time spectra of SN 1987K are very similar to SNe Ic (1983V and
1987M) and, conversely, the hydrogen feature has been identified in the early
time spectrum of SN Ic 1987M (Jeffery et al. 1990). This strongly suggests
that the difference in spectral features between SNe Ic and Ib is due to the
presence of a thin envelope of hydrogen in SNe Ic immediately prior to the
explosion. More hydrogen can be left on the smaller mass helium stars after
mass exchange and wind-type mass loss (section 5.1).

6. Evolutionary origin of binary pulsars

The low mass helium stars considered for the progenitors of SNe Ib/Ic
would mostly occur in close binaries, because 12-18 M, stars would not
lose their entire hydrogen-rich envelope by wind mass loss. Meurs and
van den Heuvel (1989) predicted that more than 70 percent of massive star
explosions would occur in close binaries. This estimate predicts that the
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frequencies of occurrence of SNe Ib/Ic are higher than SN II, which might
be consistent with the increasing number of SNe Ic which have been recently
discovered.

The binary scenario suggests that SNe Ib/Ic might be closely related to
the formation of binary pulsars and x-ray binaries. If a binary system is not
disrupted by supernova mass ejection, a neutron star is left to orbit around
a companion star of various types (a main-sequence star or a helium star).
Many of them would become Be x-ray binaries.

Recently, the masses of the component stars in the binary pulsar system
1532+12 have been determined, which strongly suggests a neutron star com-
panion (Wolszczan 1991). Their masses, eccentricity, semi-major axis, and
orbital period are summarized in table 1, together with those of the first binary
pulsar 1913+16 (Taylor 1991). A possible evolutionary scenario for such sys-
tems is as follows (e.g., van den Heuvel 1991): (1) Two main-sequence stars
exist, 1 and 2; (2) Roche lobe overflow of star 1, which becomes a helium
star 1; (3) the first supernova explosion of the helium star 1 to form a neutron
star 1; (4) Roche lobe overflow of star 2, which leads to a spiral-in of the
neutron star 1 into star 2 and thus to considerable shrink of the system due
to losses of angular momentum and mass from the system. The system now
consists of the recycled neutron star 1 and a helium star 2; (5) the second
supernova explosion of the helium star 2. This forms a two neutron star
system in an eccentric orbit.

Given the observed orbital parameters in table 1 and the assumption of
a circular orbit for the pre-explosion helium star 2-neutron star 1 system,
the mass of the helium star 2 M, and the possible kick velocity wvgick at
the explosion can be calculated. If the explosion is spherical (i.e., Vijck
=0), M, ~ 2.1 Mgy (Wolszczan 1991). This is smaller than the mini-
mum mass of helium star that can form a neutron star [~ 2.5 M (Nomoto
1984a) ~ ~ 2.2 M (Habets 1986) depending on the treatment of over-
shooting and semi-convection]. This suggests that either the explosion is
not spherical or the exploding star had lost even its helium layer before the
explosion.

If we assume that the neutron star gets a finite kick velocity vex within
the orbital plane of the explosion of helium star 2, the kick velocity and its
direction can be calculated as functions of assumed M, and the initial orbital
radius ag before the explosion where af(1 — e) < ap < ar(1 + ¢) (fig. 34,
Yamaoka et al. 1991; Nomoto et al. 1991). For the kick in other directions,
the corresponding value of vy is larger. It should be noted that smaller
helium stars have larger radii at the collapse; ~ 3 Rg for M, ~ 3.3 Mg
(Nomoto and Hashimoto 1988). For the solid line in figs. 34 and 35, the
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Fig. 34. Kick velocity imparted to the neutron star at the explosion of helium star 2
of mass M, as a function of M, and the initial orbital radius ay before the explosion
(Yamaoka et al. 1991). Here as(1 —¢) < ag < as(1+¢). For the solid line, the radius
of the helium star is equal to its Roche lobe radius, so that only the upper-right part
of the parameter space is allowed. For PSR 1534+12, vk ~ 180 to 240 km s~ ! is
necessary to avoid disruption of the binary system.

radius of the helium star is equal to its Roche lobe radius. Since star 2 is a
helium star, M, should be larger than 5 M, to underfill the Roche lobe. If
this is the case, a kick velocity of vy« ~ 180 to 240 km s~! is necessary
to avoid disruption of the binary system. The same relation is obtained for
1913 + 16 in fig. 35, where vgiex ~ 340 to 420 km s™! is necessary (see
also Burrows and Woosley 1986).

Two possible extreme cases are: (1) star 2 is a helium star more massive
than ~ 5 Mg, for which the explosion produces a large kick velocity, and
(2) star 2, being initially a helium star of smaller than 5 M, loses its helium
envelope to become an almost bare C+O star. The masses of C+O stars are:
6.0, 3.8, 2.1, 1.8 My, for M, =8, 6, 4, 3.3 M, respectively (Nomoto and
Hashimoto 1988). For M, < 4 M, therefore, the explosion of star 2 could
be spherical with vyx = 0.
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Fig. 35. Same as fig. 34 but for PSR 1913 + 16, where viicx ~ 340 — 420 km g1
is necessary (Yamaoka et al. 1991).

Table 1. Binary Pulsars

PSR M, M. e as Py Py/Py
(Mo) (Mo) (Ro) (hours) (years)
1913+16 1.4421 13875 0617127 28 7752 3x 108
+0.0012  £0.0012
1532412 1.32 1.36 0.274 3.28 10.1 ~1x10°
+0.03 +0.03

If the main difference between SNe Ib and Ic are the absence and presence
of a hydrogen-rich envelope, the first explosion could be SN Ic because of
the possible presence of hydrogen, while the second explosion might be SN
Tb if star 2 loses even its helium envelope. These dual binary scenarios also
suggest that SNe Ic occur more frequently than SNe Ib.
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7. Concluding remarks

Figure 36 summarizes the initial masses M; of the progenitors for the vari-
ous types of supernovae currently proposed by several groups (e.g., Branch
et al. 1991). The upper and lower rows, respectively, show the cases of
single stars and helium stars of masses M, (or white dwarfs) in close binary
stars. Masses of Ni produced are inferred from light curves based on the
radioactive decay model.

M,/M, ~7.7 8 10 12 15 20 30

M(*Ni)/M{ 06 015 045  0.07 =R >

I-BL{I-L [~ I-P ——— Db

IIb
Ma/Mo 25—8 ——4—6 10
cOWD °W i .
Ia AIC

Fig. 36. Hypothetical connection between supernova types and their progenitors
for single stars (upper) and close binary stars (lower). M; and M, represent the
initial mass and the helium star mass, respectively. AIC stands for Accretion-Induced
Collapse of white dwarfs.

Single stars more massive than ~ 8 M would retain their hydrogen-rich
envelope, thereby ending their lives as SNe II. Among them, SNe II-BL
and SNe II-L are tentatively assumed to be explosions of AGB stars having
degenerate C+O cores (carbon deflagration) and O+Ne+Mg cores (electron
capture induced collapse), respectively (Swartz et al. 1991). Interacting bina-
ries are the likely progenitors of SNe I, as has been discussed in the preceding
sections. It must be emphasized that the supernova types versus progenitor’s
mass relation presented in fig. 36 is still highly hypothetical and will be
tested by future observations of light curve tails and good spectra (Branch et
al. 1991).
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1. Introduction and statement of the problem

Supernovae of Type II, that is, explosions of stars which show strong Balmer
lines (hydrogen) in their spectra, are now generally believed to originate
from massive stars (M 2 8 Mg, where My ~ 2 1033g is the mass of the
sun), at the end of their quiet hydrostatic evolution. If this interpretation
is correct, they cannot be powered directly by thermonuclear burning and
must get their energy, at least partially, from another source. It is therefore
intriguing to relate the Type II phenomenon to the formation of neutron stars,
an idea that goes back to Baade and Zwicky (1934) and is supported by the
fact that several supernova remnants, including the Crab Nebula, do indeed
contain neutron stars. In this picture the energy observed in the explosion
must ultimately come from a gain in gravitational binding of the core and/or
from the binding energy of the newly born neutron star.

Two mechanisms are presently discussed which are potentially able to
transform a small fraction of the gravitational energy into outward momen-
tum of the stellar envelope. Neither, however, so far gives a satisfactory
explanation of the entire phenomenon. In one class of models the stellar en-
velope is ejected by a hydrodynamic shock wave generated by a rebounding
core near nuclear matter density, but this mechanism seems to work only for
a very limited range of precollapse stellar models. Alternatively, neutrino
emission from a hot neutron star may heat some outer layers of the core
sufficiently to cause an explosion, but it has still not been confirmed that this
mechanism works at all.

The question therefore arises whether the apparent problems of various
supernova models are due to our incomplete knowledge of certain physical
input data, such as the equation of state for hot and dense matter, or whether
something fundamental is missing in the models. In the following sections
we will address both aspects in some detail. We will start with a brief
review of the observational facts relevant to our discussion; in particular,
the information available from Supernova 1987A in the Large Magellanic
Cloud will be discussed. We then will present an overview of the basic
physical input that is needed if supernova models are to be computed. This
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includes initial models, the equation of state, weak interaction rates, and
neutrino transport schemes. Section 4 is devoted to very simple ways to
solve the hydrodynamic equations for a spherically symmetric stellar core,
and in section 5 the results of several numerical studies will be discussed.
The course concludes with a section entitled “Summary, conclusions, and
outlook.”

2. Observations of Type II supernovae

According to Zwicky’s classification, supernovae are called Type II if they
show strong hydrogen emission lines in their spectra, and Type I otherwise.
Since, in particular, Type Ia events are thought to be caused by thermonuclear
disruptions of white dwarfs, we shall consider only Type II supernovae here,
although certain other classes of Type I supernovae may also be the result
of a core collapse (e.g., K. Nomoto, this volume). At maximum light their
luminosity is typically around 10% erg s™!; the total energy in the outburst
is found to be on the order of 10°! erg, but only a percent or less of this
energy is emitted in form of optical radiation. Most of the energy appears
to be in the kinetic energy of the ejected matter, which has velocities on the
order of 10* km s~!. From the spectra one obtains photospheric temperatures
near maximum light of about 15000K or larger. The light curves stay near
maximum for a few days, and in many cases a plateau is observed that
lasts for about 100 days. Besides showing strong Balmer lines, indicating
hydrogen, the overall abundances of elements seem to be approximately solar.

All these findings, together with the fact that Type II supernovae are only
found in spiral arms of galaxies with young populations of stars, indicate
that the progenitor stars are quite massive and have extended hydrogen-rich
envelopes. Similar conclusions are reached from x-ray observations of some
young supernova remnants, that is, CasA, and Puppis A. Also the observed
rate of about one per 50 to 100 years in giant spiral galaxies (Tammann 1982;
van den Bergh et al. 1987; see also G. Tammann, this volume) is consistent
with the assumption that all stars more massive than about 8 My explode
as Type II supernovae. Moreover, one can conclude that the progenitors of
most Type II supernovae will be in the mass range from 8 to 15 M, because
those are much more frequently born than more massive ones (Salpeter 1955;
Miller and Scalo 1979).

Next one can ask whether there is observational evidence that our basic
hypothesis — namely that Type II supernovae are directly related to the for-
mation of neutron stars — is indeed correct. In fact, several young supernova
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remnants (Crab, Vela, SNR 0540-693, and others) do contain pulsars or X-
ray point sources (RCW 103, 3C58, and others), but other remnants do not
(CasA, SN 1006, Tycho, and others), and in none of the positive detections is
it certain beyond doubt that the explosions were indeed of Type II. Moreover,
Manchester et al. (1983) have analyzed 85 supernova remnants in the galaxy,
the Large Magellanic Cloud (LMC) and the Small Magellanic Cloud (SMC),
and found only 5 radio pulsars nearby. Because the frequency of both types
of supernovae is approximately equal, this result is surprising if one believes
that all Type II events leave neutron stars behind. Furthermore, not all of
the identified pulsars are related to the nearby supernova remnants. On the
other hand, there is no obvious contradiction, since many neutron stars may
not possess strong magnetic fields or the radio radiation may not be beamed
towards us. In this respect only CasA presents a problem, because the neu-
tron star should manifest itself as a x-ray point source, but the upper limit
obtained for the x-ray flux is far below the values expected from standard
neutron star cooling (Tsuruta 1979).

One may also hope to obtain some information on the explosion mecha-
nism from observations of element abundances in supernova ejecta, because
they are sensitive to the strength of the shock wave and to the position of the
mass cut between the newly born neutron star and the ejected material; but
again only weak constraints can be obtained. The Crab nebula, for example,
has been observed at various wavelengths (Davidson et al. 1982; Henry and
McAlpine 1982; Henry et al. 1984), but with the exception of a large over-
abundance of helium relative to hydrogen, possible overabundance of nickel,
and a significant underabundance of oxygen, all other elements seem rather
normal. In CasA, on the other hand, optical data obtained from fast moving
knots (Chevalier and Kirshner 1979) show large abundance inhomogeneities,
but virtually no hydrogen, helium, carbon, or nitrogen.

The knots are also depleted in neon and magnesium, but relative to oxygen,
some are enriched in sulphur, argon, and calcium. These results have been
confirmed by X-ray observations (Pravdo and Smith 1979; Becker et al. 1979;
Holt 1983; Pravdo and Nugent 1983; Jansen et al. 1985). They indicate that
the exploding star has undergone at least oxygen burning, which means that
it was a massive star. Moreover, the abundances in the fast moving knots
closely match the products of explosive oxygen burning (El Eid and Langer
1986), indicating that at least part of the explosion energy came from nuclear
burning.

An object similar to CasA has recently been observed (SN 1985f in
NGC 4618 - Fillipenko and Sargent 1985). This supernova showed strong
oxygen emission lines, indicating more than 5 M of oxygen in the ejecta,
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very little hydrogen and apparently no helium. The most straightforward ex-
planation of this event is that we have seen the explosion of a very massive
star (M ~ 50 Mg, on the main sequence) which lost most of its hydrogen-rich
envelope prior to the explosion. An even stranger supernova (SN 1961v) has
been observed in NGC 1058. In this case the progenitor star was observed
for about 30 years before the outburst, the velocity of the ejected material
was very low, and the optical light curve declined very slowly on timescales
longer than about 6 years. The remnant is now a very strong radio source,
comparable to CasA (if the estimated distance of about 12 Mpc is correct).
By modelling the light curve, Utrobin (1984) has concluded that the explod-
ing star may have had a mass of about 2000 M.

Thus, it is obvious that Type II supernovae do not form a homogeneous
class of objects, and that observations alone do not give us a clear answer
as to what the mass of the progenitor stars was and what the right explosion
mechanism is. When on February 23, 1987, a supernova explosion was ob-
served in the LMC at a distance of only roughly 50 kpc, this event caused
a lot of excitement in the astronomical community, because never since Ke-
pler’s supernova in 1604 has a supernova been so close. There was some
hope, therefore, that most of the open questions in supernova theory could
now be answered. However, it soon became clear that this was not the case.
Moreover, SN 1987A raised new problems, which we will discuss in some
detail now.

Spectra taken during the second night showed Balmer lines (hydrogen),
indicating that the supernova was of Type II (Catchpole et al. 1987; Fos-
bury et al. 1987; Tyson and Boeshaar 1987). Its position coincided with that
of a blue supergiant, Sanduleak (Sk)-69°202 (Walborn et al. 1987; West et
al. 1987). When the UV-radiation from the supernova weakened a few weeks
after the explosion it became obvious that this star had indeed disappeared
(Gilmozzi et al. 1987; Walborn et al 1987). From its spectral class (B3)
and its luminosity class (Ia) (Rousseau et al. 1978; Isserstedt 1975; West et
al. 1987) one could conclude that the main sequence mass of the progenitor
had been close to 20 Mg (Amett 1987; Hillebrandt et al. 1987; Nomoto et
al. 1987; Truran and Weiss 1987).

The first big surprise was that, in contrast to theoretical expectations, the
progenitor was a blue rather than a red supergiant. Moreover, the presence
of low-velocity circumstellar material indicates that the progenitor was a red
supergiant some 7000 years ago (Fransson et al. 1989; Wampler and Richichi
1989). One possible way to explain this rather complicated evolution is to
assume that helium has been mixed more or less homogeneously through-
out most of the hydrogen-rich envelope (Nomoto and Hashimoto 1988; Saio
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et al. 1988). Additional evidence for strong mixing prior to the explosion
comes from the interpretation of the optical spectra (Cassatella 1987; Blades
et al. 1987, Williams 1987, Hoflich 1988). The reason for these mixing
processes is simply not known but may indicate that Sk-69°202 has been a
rapidly rotating star (Weiss et al. 1988). In any case, the first nearby super-
nova has demonstrated that stellar evolution models are still rather uncertain,
and one has to keep these uncertainties in mind if attempts are made to model
the final explosions.

The light curve of SN 1987A was significantly different from “standard”
Type II supernovae (fig. 1). While, however, the very rapid decline during
the first few days as well as the slow increase to maximum light can easily
be explained from the rather compact structure of the progenitor star (Arnett
1988a; Shigeyama et al. 1988; Utrobin 1988; Woosley et al. 1988), if an ex-
plosion energy of (1.5+0.5) 103! erg is assumed, the flat maximum requires
mixing of processed material into hydrogen-rich layers during the explosion
(Arnett 1988b; Woosley 1988; Fu 1988; Nomoto et al. 1989). In fact, this
conclusion is not only based on the interpretation of the light curve but also
on direct observations. Already in August 1987, y-ray lines from the radioac-
tive decay of Co were discovered (Matz et al. 1988) and at about the same
time hard x-rays were detected. The hard x-ray flux remained nearly constant
for over one year and then dropped below the detection limit of existing x-ray
satellites (Dotani et al. 1987; Sunyaev et al. 1987; Tanaka 1988). Moreover,
strong IR-lines of Ni, Co, and Fe were seen from November 1987 on with
velocities up to 3000 km s~!, corresponding to the matter velocity at the pho-
tosphere in April 1987 (Rank et al. 1988; Erickson et al. 1988; Witteborn et
al. 1988). However, no evidence for Fe or Co enhancements was found in the
early optical spectra. The only reasonable explanation for all these findings is
that radioactive Co has been mixed inhomogeneously, far out into the H-rich
envelope, and formed clumps there. On the other hand, this is difficult to
explain within the framework of spherically symmetric supernova models.

The total amount of radioactive Co produced in SN 1987A can be estimated
in two independent ways. First, from fig. 1 it is obvious that the late light
curve decays on a timescale identical to the lifetime of *%Co. It is therefore
reasonable to assume that the late light curve is powered by radioactive
decay energy. The initial amount of *Ni necessary to fit the observations is
then about 0.07 My (Woosley 1988; Amett 1988b; Shigeyama et al. 1988).
Second, the strength of the IR Coll line at 10.53 u gives 0.0044 M, at day
280, and 0.0023 M, at day 400, in excellent agreement with the estimate
obtained from the light curve (Danziger et al. 1989). Moreover, the estimated
amount of iron observed at day 280 (~ 0.06 My; Danziger et al. 1989)
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strengthens the conclusion that the late light curve was indeed powered by
radioactive decay. This information sets important constraints on the mass
of the neutron star which has presumably formed in SN 1987A. The fact that
about 0.1 M, of 3Co has been ejected limits the maximum mass to about 1.7
to 1.8 M, because °Co is synthesized in the Si-shell and at the inner edge of
the O-shell, if the explosion energy is around 10°'erg as indicated by the early
light curve (Nomoto et al. 1989). Moreover, the mass of the final neutron star
cannot be below 1.4 M because otherwise more iron-group elements than
observed would have been ejected. Of course, these conclusions rest on the
(reasonable) assumption that the main sequence mass of the progenitor star
was about 20 M, and that the iron-core masses predicted by stellar evolution
models are approximately correct.
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Fig. 1. Light curve of SN 1987A in comparison to a typical Type II light curve.
While the late light curves are similar, indicating roughly the same amount of 36Co
in both cases, for SN 1987A, lower peak luminosity and presence of a broad maximum
reflect the rather compact nature of the progenitor star.

As will be discussed later, the mass of the newly born neutron star is
crucial for the explosion mechanism. Therefore it is important to ask whether
there are additional observational constraints. Of course, the neutrino burst
associated with SN 1987A (Bionta et al. 1987; Hirata et al. 1987) has clearly
shown that a compact object, presumably a neutron star, formed during the
collapse of the central core of its progenitor star. Because the total energy
emitted in the form of neutrinos cannot exceed the binding energy of the final
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cold neutron star, a lower limit on its mass can be obtained. Unfortunately,
the total v,-energies estimated from the KAMIOKANDE and IMB data are
only weakly consistent, leaving uncertainties of about a factor of two (see
fig. 2). Moreover, we do not know whether some of the events were caused
by (v, e)-scattering rather than (v,, p)-reactions or whether some of the events
were due to noise in the detectors. Finally, if the progenitor of SN 1987A
was a rapidly spinning star, anisotropies of the neutrino emissions would add
further uncertainties (Janka and Ménchmeyer 1988). So in conclusion, we
can only state that the neutrino data are consistent with the assumption that
a neutron star of about 1.5 Mg was born in SN 1987A and radiated away
a significant fraction of its binding energy in the form of thermal neutrinos
during the first few seconds of its life, but neutrino observations do not prove
this assumption.
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Fig. 2. Maximum likelihood regions in temperature — total energy plane for neutri-
nos observed by KAMIOKANDE (K2) and IMB detectors for assumed Fermi-Dirac
distributions. The contours mark 68%, 95%, and 99% confidence levels (from Janka
and Hillebrandt 1989b).

At the time of writing, there is no direct proof for the existence of a neutron
star in SN 1987A, the only good test case that we have for our theoretical
models. Optical pulses have been searched for but have not been found
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(Ogelman et al. 1990). Moreover, there is no indication of an x-ray point
source (Triimper, private communication) nor for pulsed radio emmission.
However, the light curve shows extra luminosity on the order of 1038 erg/sec
(Bouchet et al. 1990), which seems to be approximately constant since au-
tumn 1989 (although variations of a factor of two cannot be excluded); the
extra luminosity cannot easily be accounted for by radioactive decay models.
A possible explanation would be that the compact object in the center of
SN 1987A is still surrounded by an accretion disk, and that what we observe
is accretion luminosity. In fact, this interpretation would, in a natural way,
explain why the luminosity is so close to the Eddington value. It could ac-
count for apparent variations in the luminosity by means of disk instabilities
similar to those found in dwarf novae (Meyer and Meyer-Hofmeister 1984;
Meyer and Meyer-Hofmeister 1991). Such a disk should be the normal case
in core collapse, provided that the progenitor star possessed some angular
momentum and some matter fell back onto the newly-born compact object.
Therefore, roughly constant bolometric light curves with Eddington luminosi-
ties over several years should be a common phenomenon for core collapse
supernovae. But for the present these speculations do not help answer the
questions raised in this article.

We conclude this section with a brief discussion of evidence for significant
large-scale anisotropies in SN 1987A. During the first few months after the
initial outburst, frequency-dependent linear polarizations were observed by
several groups (Barrett 1987; Schwarz 1987; Mendez et al. 1988). It is
not clear yet whether these polarizations were caused by prolate or oblate
deformations, but deviations from spherical symmetry seem to be on the order
of 5 to 20% (Hoflich et al. 1989). From their recent Speckle observations at
optical wavelengths (Papaliolios et al. 1989) find that the expanding envelope
is rather asymmetric, and that the ratio between the minor and major axes is
about 2 to 3. It is difficult to imagine a mechanism for such large asymmetries
other than a large deformation of the progenitor’s envelope. Therefore it is
tempting to conclude that Sk—69°202 was in fact a fast rotator; so we would
have to revise several of the ideas outlined in the following sections.

3. Input physics

As was mentioned in the introduction, the cores of massive stars will collapse
to rather high densities once they have exhausted their nuclear fuel. It is
believed, although there is very little direct observational evidence, that at the
end of this process, the stellar envelope is ejected in a supernova explosion
and a compact neutron star is left behind (see Imshennik and Nadyozhin
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1983; or Hillebrandt 1987 for recent reviews). Whether or not this picture
is correct must be demonstrated by numerical simulations and, therefore, our
first aim should be to compute the dynamics of a collapsing stellar core.

3.1. The basic equations

If we neglect for a moment general relativistic corrections and assume spheri-
cal symmetry (e.g. neglect possible effects due to rotation) the basic equations
read:

alnp+u—ug dlnp 1 8(r2u)_

0, 1
ot r  dlnr r?2 9r @D
du du p dolnp 9¢

ou oo O P % _o, 3.2
ar U Gty (3-2)
as + ) as 3 (3.3)
il ) — = )
at 8 0r  kgT

18 [ ,0¢

-9 Y _4 )
r2 or (r ar) 7 Gp, G4)

where /3t is the time derivative with respect to a moving system of co-
ordinates, ¢ the gravitational potential, p the mass density, p the pressure,
s the specific entropy, and £ represent energy sources and sinks. The EOS
enters via p and s, which are in general functions of p, T and the compo-
sition. Moreover, we have written the hydrodynamic equations in terms of
logarithmic quantities, because pressure and density vary over several orders
of magnitude inside a collapsing star. u, is the grid velocity. The choice
u = u, leads to co-moving (Lagrange) coordinates, and the variable r can
then be replaced by a mass-coordinate

r

m(r) =4m /pr'zdr’.
0

u, = 0 means a fixed (Euler) system of coordinates. In general one will
work with either Lagrange-coordinates (in the case of a non-rotating star) or
with a moving grid, because during collapse more and more matter will be
compressed in smaller and smaller volumes.

Equations (3.1) through (3.4) can in principle be solved, provided that
initial values (o(r, ty), p(r, ty), u(r, ty), and s(r, tp)), an equation of state,
and rate equations which determine composition changes, are known. If we
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denote the concentration of a particular species by x;, then the latter will be
of the general form

i = f(.p.T) (3.5)

and will also determine the energy generation rate £&. Additional compli-
cations arise from the fact that neutrinos are not always advected with the
matter, therefore transport equations for neutrinos have to be solved together
with the rate and hydrodynamic equations. Moreover, general relativity be-
comes important once the density inside the collapsing core exceeds the
density of nuclear matter. Finally, non-spherical effects, such as rotation or
large-scale convection, may have to be included. It should be noted that so
far in all numerical simulations of stellar collapse certain simplifications are
made which make it difficult to compare the results. We will come back to
this problem later in section 5.

3.2. Initial models

Stars can only collapse if their core mass exceeds the Chandrasekhar mass
given by
Mcy =~ 5.72(3.)* Mo, (3.6)

where y, is the electron concentration, y, = n,-/ng, which is slightly less
than 0.5 in the cores of evolved stars. n.- and ng denote number densities
of electrons and baryons, respectively. In addition, the stellar cores should
contain very little or no burnable nuclear fuel (He, C, O) because otherwise
the collapse may be stopped by nuclear burning. Finally, the adiabatic index
of the core material defined as y := (3 1n p/d In p), should be smaller than
the critical value of 4/3 to guarantee a dynamical instability. Stellar evolution
models (Arnett 1977; Nomoto 1984; Weaver et al. 1985; Wilson et al. 1986)
predict that all three conditions are fulfilled for stars of mass 50My = M =
8M on the main sequence. Typical physical conditions near the centers
of those stars are densities on the order of 10'% cm™3, temperatures near
10'% K, and entropies of about 1 k3 per nucleon. The composition of matter
is dominated by iron-group elements (Fe, Ni, ...) and the core mass is
approximately 1.5 Mg, or slightly larger.

From these numbers we can draw a first important conclusion. The pres-
sure of the ions, pion ™ nignksT is of the order of 10% erg cm™>, and the
radiation pressure is about 3 x 10%5 erg cm~>. Both contributions to the total
pressure are therefore much less than the contribution from the relativistic de-
generate electron gas, which contributes about 10%® erg cm=3. Consequently,
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relativistic electrons will dominate the pressure provided that the nucleons
remain bound in heavy nuclei, which is the case if the entropy stays low.
For a relativistic gas of Fermions, the adiabatic index y is equal to 4/3 and
it will drop below this critical value if the particle concentration decreases.
The chemical potential of the electrons inside the stellar core is on the order
of 10 MeV and, therefore, some electrons will be captured by free protons
and heavy nuclei, leading to the desired result.

We mention in passing that the existence of a Chandrasekhar mass is also
responsible for what is called “core convergence.” To ignite the central fuel
a stellar core has to contract. With increasing central density the electron
pressure becomes more and more important. Therefore, in order to contract,
the core mass has to be at least the Chandrasekhar mass. The core mass will
grow due to burning in a shell surrounding the core. Consequently, the core
mass cannot grow significantly beyond the critical mass, at least if the en-
tropy is fairly low. But, of course, these arguments also apply only to stellar
cores that are not supported by centrifugal forces. It is possible that rotation
induced mixing may destroy the (core mass, main sequence mass)-relation.
In particular, observations of SN 1987A indicated that the star underwent
considerable mass-loss prior to the explosion, that there were considerable
asphericities in the ejecta, and that there was considerable mixing of matter
from interior shells into the hydrogen-rich envelope at early times (see Hille-
brandt and Hoflich 1989 and section 2). These findings indicate that either
the progenitor of SN 1987A was a rather peculiar star, or stellar evolution is
not yet fully understood.

Stellar evolution models up to the onset of collapse have been computed
by Ken’ichi Nomoto and his group and by Stan Woosley and collaborators
(see their contributions to this volume). All these models are, of course,
non-rotating ones and they implement convection in some version of the
mixing-length theory. Whether or not they are realistic is yet to be seen.

3.3. The equation of state of supernova matter

As was mentioned in previous sections, to model stellar collapse and su-
pernova explosions we need an equation of state from, say, 107 to several
times nuclear matter density, and which cover entropies per nucleon of about
0.5 to 10, where the high values may be reached in shock-heated matter.
Because this topic is also discussed by Dominique Vautherin in this volume,
we can be somewhat brief, but will nevertheless mention the essentials that
will enter into most of the numerical models described in this article.
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3.3.1. The “low” density EOS
In accord with the discussion presented earlier we will first assume that

(i) matter is in nuclear statistical equilibrium at fixed electron concentra-
tion y,,

(i) neutrons, protons, and nuclei can be described by an ideal Boltzmann
gas,

(iii) electrons, positrons, and neutrions are non-interacting Fermions.

Of course, in particular condition (ii) is only valid if the typical interparti-
cle distance is large compared to particle size and the range of the interaction
forces. The applicability of this approach, therefore, is limited to densi-
ties below a few times 10'2g cm~>. The contributions from the nucleonic
components to the free energy can then be written as

B m: kB 3/2
J— kBT{l-I-ln[ ( — ) “"(T)H 3.7)

+ m;c* + (interaction terms).

Here i denotes neutrons, protons, and nuclei, respectively, w;(T) are the
nuclear partition functions, and all other quantities have their usual meaning.
If we define an effective chemical potential u; by the Boltzmann-relation

’ 1
e Wl T = — (miksT/2mR2)", (3.8)

n;
we may write the true chemical potential as

df; . .
Wi = (_f) =pu;+ m;c? + (interaction terms). 3.9
311,' T.%

At the temperatures of interest here (T > 5 x 10°K), nuclei will be thermally
excited, and we have to take nuclear excited states into consideration. This
can be done as follows. We can treat each excited state of a nucleus A as a
separate species in equilibrium with free neutrons and protons:

AY(Z,N)2 N -n+ Zp, (3.10)

where n denotes a neutron, p a proton, and J labels the excited states.
The equilibrium condition is then

) = (A= 2Dpn+ Zuy (3.11)
or

';JZ) =A-2)u,+Z M,, + BU) + (interaction terms) , (3.12)
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where now B{) = (A — Z)m,c? + Zm,c* — mY)c? stands for the binding
energy of the nucleus A in the excited state J.

If we define B :=1/kgT and the partition function w(8) by

0(B): =Y @l + De BB
’ (3.13)
=S @l + e, '
J

where /; is the spin and B/ﬁo} is the ground state binding energy, we find
from eq. (3.8) for the number density of a given nuclear species

0

32

2wm, ©

"f=2ni(z’=w(ﬂ)< W’) PETHADmZn) - (3.14)
J

where again the degeneracy parameter 5 has been introduced by n := Su'.

Equation (3.14) contains four unknown quantities. The partition function
w(pB) and the ground state binding energy B;O} have to be determined, if pos-
sible, from experiments or from nuclear physics models. Otherwise, As was
mentioned earlier, nuclei inside a collapsing stellar core tend to be neutron
rich and unstable in the laboratory. Consequently we have to rely mainly on
theoretical extrapolations from experimental data, which make the determi-
nation of the low-density EOS of supernova matter still uncertain (see El Eid
and Hillebrandt 1980, Mazurek et al. 1979).

To determine the degeneracy parameters of neutrons and protons two more
equations are needed. These are the baryon number conservation

ng=n,+n,+ ZA,-n,- (3.15)

and charge neutrality

Ye=(rp+ Y Zini)/n. (3.16)

The approach to the EOS outlined so far has completely neglected long-
range Coulomb interactions between nuclei. However, because at densities
below a few times 10'> g cm™3 and temperatures corresponding to an entropy
of 1kg/nucleon, supernova matter behaves like a weakly coupled plasma, the
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Debye-Hiickel description of Coulomb interactions is a good approximation,
and one may add a term

3
fo= —%(n/km”z(z niZ})? 3.17)

(Landau and Lifshitz 1974) to the free energies of eq. (3.7). The main
effect of this correction is to increase somewhat the masses of the most
abundant nuclei in nuclear statistical equilibrium without changing the overall
behaviour of the EOS. On the other hand, the inclusion of the Coulomb
correction eq. (3.17) makes the numerical solution much more troublesome,
because the number densities (eq. (3.14)) are no longer given explicitly, but
require the solution of a coupled non-linear system of stiff equations.

Nucleon-nucleon interactions may also be included in this general scheme
by means of an “effective” nuclear two-body force (see El Eid and Hillebrandt
1980). However, because such a treatment is not self-consistent we will not
go into details here, but come back to this question later in subsection 3.3.2.

Finally, we have to add the contributions from (relativistic) leptons to
obtain the complete EOS. As was discussed earlier, typically the electron
Fermi-energy is much larger than the rest mass and, therefore, the EOS can
be expressed in terms of the relativistic Fermi integrals

Mz
F, = —_— 3.18
/0 1 (3.18)
as
4

n=g— (ksT)’ F2(n), (3.19)

4n 4
=833 (kgT)" F3(n), (3.20)

1

p= 38 (3.21)

where the statistical weight g is 2 for electrons and positrons and 1 for
neutrinos. If n > 1 holds, the Fermi-integrals can be approximated by
F>(n) ~ {n® and F3(n) ~ ;n* leading to the well-known expression

3 [6n?
e=3 (%) hen® (3.22)

for the energy density of relativistic degenerate Fermions.
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Some results of the model EOS described here are shown in figs. 3 and 4.
Note that the method has been extrapolated to high densities, where some of
the approximations become questionable. It can be seen, however, that the
most important piece of information is the nuclear partition function. On the
other hand, nucleon-nucleon interactions seem to be of minor importance, at
least up to densities of about 5 x 10'® g cm=3. It also has turned out that
the number of nuclear species included in the equilibrium “network™ strongly
affects the concentration of free protons, which in turn are of great importance
for the electron capture rates and thus the effective adiabatic index. Note
that in practice we not only have to determine energy-density and pressure as
functions of density, temperature, and composition, but also that the deviation
of the adiabatic index from its critical value of 4/3 is important. This fact
makes it necessary to consider also minor contributions to the EOS.

1 1 1 1 1
0?2 4 7 10° 2 PR A 2
plgem3)

Fig. 3. Isentropes calculated from the El Eid and Hillebrandt (1980) EOS. The S =2
curve has been computed for two diffent choices of of the nuclear partition function.
For a small partition function (dashed curve) free neutrons begin to drip out of the
nuclei considerably below nuclear matter density.

In this respect some remarks on the number of “dripped” particles seem
to be useful. As we saw earlier the total entropy inside a collapsing stellar
core is on the order of 1kg/nucleon. If we make the reasonable assumption
that neutrons and protons are not degenerate, then their entropy is given by

5 map [ BB\
Sup =kghnp {5 —1In [ 2” (27rm0) : (3.23)
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Fig. 4. Effects of nucleon-nucleon interactions and of lepton concentration y; on the
EOS of supernova matter (from El Eid and Hillebrandt 1980).

3/2
In general we will find ""T" (;’:—mﬂo> < 1 and therefore the contribution

of a free neutron or proton to the total entropy will be larger than 5/2.
Consequently, the concentration of neutrons and protons has to be less than
0.2 in order to keep the total entropy around 1 kg/nucleon. This in turn
means that most nucleons remain bound in nuclei, as was discussed earlier.
Thus, the pressure will be dominated by relativistic leptons, and most of
the entropy is stored in nuclear excited states. Because entropy is almost
conserved during collapse, the nuclear contributions to the EOS cannot be
neglected (see fig. 5).

3.3.2. Self-consistent single-particle models

As was discussed in previous sections the Boltzmann-gas approach to the
nuclear part of the EOS is no longer valid if the nuclear radius Ry becomes
comparable to the Coulomb interaction radius R.. Phenomenologically one
finds Ry ~ A'/ and R, is roughly proportional to (4/p)!/? leading to

R
N~ 107513, (3.24)
R.

From eq. (3.24) we can conclude that if we require Ry /R, <« 1, p has to be
smaller than 10'2g cm~3. Therefore, at high densities a self-consistent model
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Fig. 5. Contributions from various components to the entropy of supernova mat-
ter (from El Eid and Hillebrandt 1980). Sy is the entropy of free nucleons, Spuc
that of heavy nuclei. S, and S, denote contributions from electrons and neutrinos,
respectively.

has to be invented for the nuclear EOS. At even higher densities, 0 2 0.1 po,
similar arguments also show that nucleon-nucleon interactions have to be
included self-consistently.

The most advanced method which has been applied to the supernova prob-
lem so far is the temperature dependent Hartree-Fock method (Bonche and
Vautherin 1981; Hillebrandt and Wolff 1985; see also D. Vautherin, this vol-
ume). In this method one starts from a model Hamiltonian which in second
quantization reads

1
. . + . + +
H=Z<z|t|1 > a; a,-+EZ<z]|V|kl>ai a; axa. (3.25)
¥ y
Here ¢ is the kinetic energy operator, V an effective nucleon-nucleon inter-
action (including Coulomb interactions), and at and a are nucleon creation
and annihilation operators, respectively.
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In mean field approximation the one-particle density operator is given by

ﬁ:—exp{ Zaa a,}, (3.26)

where

7= Z (nlnz...lexp{—Za,-a,*ai}|n1n2...) 3.27

nl,nz,...=0,1

is the grand partition function, and the sum runs over all completely anti-
symmetrized states. The o; are variational parameters which determine the
occupation number of a state /. In particular, the occupation probability for
a single-particle state i can be obtained from

n; = Tr(pata;) = (14 %)L, (3.28)
The grand canonical potential £2 can now be obtained from
R=02T, Vo) =F — Ny = E =T - § — iu Ny, (3.29)

where F = F(T, V., Ny) is the free energy, E = Tr(p H) is the energy,
S = —Tr(pInp) is the entropy, and N; = Tr(Nkp) the particle number.
V. is the volume of a unit cell and p; a Lagrange multiplier, which has the
physical meaning of a chemical potential. Finally, the index & stands for
neutrons and protons, respectively.

By using eq. (3.26) for the density operator we obtain

E= Z(l|t|l i + — vaw iyninj, (3.30)

S=—Z{n,~ lnni+(1——n,~)ln(1 —n)}, (3.31)

i

and

=) nf. (3.32)

We can now minimize £2 with respect to the «; and the single-particle
wave functions |i >. The variation with respect to the single-particle wave
functions yields the well-known Hartree-Fock equations

Widn >= enldm >, (3.33)
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where < i|W|j > =< ilt|j > +>_;m{<il|V|jl —1j >} and the &, are
single-particle energies.

The variation of £2 with respect to the «; relates occupation probabilities
and chemical potentials via

M = (1 4 eEnw/tsTY! (3.34)

These equations can be solved in the following way. First one has to choose
an effective interaction V. Since, by definition, the Hartree-Fock method
deals with independent particles, nucleon-nucleon correlations have to be
modelled by V. In practical applications, Skyrme-type forces have been
used because they are tailored to fit the properties of finite nuclei and also
symmetric nuclear matter and neutron matter in the Hartree-Fock model (see
Hillebrandt and Wolff 1985 and references therein). It is obvious that a
resulting EOS will depend on the particular choice of V, but we have to live
with this uncertainty.

Next the Hartree-Fock egs. (3.33) must be solved, and here a new prob-
lem arises. In the deep interior of a collapsing star, the nuclei forms a
Coulomb-lattice. Therefore we must solve the Hartree-Fock equations for
a unit cell with periodic boundary conditions. This immediately leads to
a 3-dimensional problem which cannot be solved for the whole range of
temperatures, densities, and lepton concentrations present in a supernova
core. One therefore assumes spherical symmetry and applies the Wigner-
Seitz method to include Coulomb-lattice effects. However, this means that
we cannot impose periodic boundary conditions on the single-particle wave
functions. One therefore solves eq. (3.33) with respect to the boundary con-
ditions so that even for angular momentum states, the wave functions should
be zero on R., whereas for odd ones the derivative should be zero. Whether
or not this is a good choice must be checked by 3-dimensional computations
and some of the ongoing discussions concerning the geometrical structure of
matter near the transition to homogeneous nuclear matter may result from
these uncertainties.

Once the Hartree-Fock equations have been solved we can compute E,
S, and £2. The derivative of F with respect to V, yields the pressure, and
finally contributions from leptons and photons have to be added.

As can be seen from fig. 6 for given T, p, and y, the free energy per
nucleon may have several minima indicating nuclear shell effects. The most
stable solution will then be the one which gives the lowest free enthalpy

G=GP,V,T,Ny,..)=F+ PV, =N, , (3.35)
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Fig. 6. Free energy per nucleon in Hartree-Fock approximation as a function of
nucleon number in a Wigner-Seitz cell (from Hillebrandt et al. 1984). A density of

6 x 10'3 g/cm?, a temperature of 2.5 MeV, and an electron concentration of 0.35
were chosen.

In the example shown in fig. 6, this would correspond to the state with
about 560 nucleons in a Wigner-Seitz cell. Note, however, that the minima in
the free energy are quite flat and that different minima are separated only by
barriers on the order of kg T. Therefore, in reality, the matter of a collapsing
star locally will also be a mixture of many nuclear species and the “one
nucleus” approximation outlined here is very questionable.

Figures 7 and 8 show some more results for the EOS of supernova matter at
high densities. First, it can be seen that in agreement with our earlier discus-
sion for low entropies (S =~ 1 kg/nucleon), the adiabatic index is always close
to 4/3 up to rougly nuclear saturation density. This means that the collapse
proceeds to nuclear matter density unless non-equilibrium processes increase
the entropy, or the critical value of y is increased by rotation. Second, it is
apparent that for somewhat higher entropies (S = 2 kp/nucleon), tempera-
ture effects become very pronounced, even at densities beyond nuclear-matter
density, where the method described can still be applied but gradually loses
reliability because the parameters of the effective interaction have been fitted
to properties of stable nuclei. Fortunately, the adiabatic index just beyond
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Fig. 7. Adiabatic index versus density for a sequence of isentropes obtained by the
Hartree-Fock method. The phase transition to homogenous nuclear matter appears as
a jump in y. The electron fraction was 0.35. Neutrinos were not included.
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Fig. 8. Isentropes corresponding to fig. 7.
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po 1s likely to be of the order of 3 and, therefore, a collapsing core will not
overshoot this density by much.

Recently, the difficulties which core-collapse models have in explaining
the observed supernova outburst (see also section 5) have caused the initia-
tion of parameter studies to investigate the sensitivity of the hydrodynamic
simulation of the EOS near and beyond nuclear matter density. In particular,
Baron et al. (1985a, 1985b; 1987), in a series of papers used an analytic
model for the nuclear EOS and investigated the impact of the nuclear com-
pressibility on the outcome of core-collapse simulations. Their main result
was that a soft EOS near nuclear saturation density increases the chance for
a successful explosion, but within reasonable ranges of their parameters they
obtained rather different results, indicating the importance of the EOS.

3.4. Weak interaction rates and neutrino transport

In general, in a collapsing star and during the explosion phase, weak inter-
action reactions such as

_ p n
¢ +{A(z,1v)}_’ {A(Z—I,N+1)}+ve
Ve+n—>p+te (3.36)

ve+e —v.+e, etc.

are not in equilibrium unless the density exceeds several times 10'2 g cm™3,

Of particular importance are reactions which change the electron concentra-
tion y,, because, as we have seen, electrons dominate the pressure during
most of the collapse. The rates for electron captures on free protons can be
computed with numeric exactness (see Takahashi et al. 1978), but electron
captures on nuclei are much more difficult (see figs. 9 and 10 for a schematic
representation).

Present models are probably only accurate to within factors of about five
(Fuller et al. 1982; Takahashi et al. 1978; Wambach 1986). Fortunately, most
EOS predict a proton concentration which is sufficiently high, such that the
change in y, is mainly due to electron captures on free protons. The same is
not true for entropy generation due to non-equilibrium weak interactions, as
will be discussed below.

Other important processes include neutrino-absorption by free neu-
trons, neutrino-electron scattering, neutrino-nucleus coherent scattering and
neutrino-neutron scattering. Again, the cross-sections and reaction rates can
be computed with numeric exactness (Bruenn 1985), but in most numerical
studies approximate values are used.
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Fig. 9. Schematic representation of Fermi (F) and Gamov-Teller B-transitions.
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Fig. 10. Schematic representation of the B-strength for both Fermi and Gamov-Teller
transitions. In reality, the S-strength function will have significant structure not shown
here.

In a collapsing star neutrinos are mainly produced by electron captures
because the electrons are degenerate and therefore the positron concentration
is extremely low. We find v,’s only and their energy are on the order of 2/3 of
the electron Fermi energy (>~ 10-20 MeV). Neutrino opacities are dominated
by coherent scattering off heavy nuclei, for which the cross section is given
approximately by

2
o ~ 10~ %cm? N2 [E—] (3.37)
- MeV | ’ )

where for simplicity we have assumed a Weinberg angle sin? A = 0.25 and
N is the neutron number of the nucleus.
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Neutrinos are predominantly produced at densities between 10'! and 10'%g
cm~3, the “deleptonization shell,” where the typical nucleus has about 80
to 100 nucleons and 50 neutrons. The mean free path of the neutrinos is
therefore

1 p Al E 77
£, ~ — ~10 _— — , 3.38
nAG cm [1012g cm—3} N2 [IOMeV] (3-38)

where n4 is the density of an average heavy nucleus with mass number A.
Here we have assumed that the concentration of free nucleons is small, which
is well justified if the entropies per nucleon are less than about 2 kg. From
eq. (3.38) we find that the matter becomes opaque for neutrinos once the
density exceeds ~ 5 x 10'! g cm~3. The diffusion time

d2
Taiff = 1 7 dx 107CIT1 (339)
§C£v

is then on the order of 2 s and thus much longer than the collapse time
(=~ 1073 5). Consequently, neutrinos are trapped and move with the matter.
Neutrino-electron scattering, finally, equilibrates the neutrinos’ energy distri-
bution, and at densities beyond 10'? g cm~3, weak interactions also approach
an equilibrium. Therefore, the entropy of stellar matter should be constant
above 10'2 g cm~>, and the collapse should be adiabatic unless shocks heat
the matter.

Entropy generation during the equilibration phase can be estimated as fol-
lows (Bruenn 1985):

Before neutrino trapping, (v,, e)-scattering as well as v-absorption can be
neglected. The change in specific entropy is thus given by

ds

ksT
B ar

dy
= (e + Up = tn ~ {E)emit) (_ dte) ) (3.40)
where the u’s denote chemical potentials of the respective particles and
(Ey)emit is the average neutrino energy in emission processes. For e~ -captures
on free protons we have (E,)emit % W (since p, > kgT) and e~ -captures
on heavy nuclei give approximately

3
(Ev)emit = g(l‘ve + Hp — Un — A)a (341)

where A is the excitation energy, because part of the decay energy is stored
in nuclear excited states. It is clear from eq. (3.40) and eq. (3.41) that the
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latter process always leads to an increase in entropy, whereas e~ -captures
on free protons will decrease the entropy. The net-effect is a very small
increase.

After neutrino trapping the change of entropy is given by

ksT

e T (—‘Zyt) , (3.42)
which is always positive. From numerical models one obtains typically
changes in y, of at most 0.1, and differences of the chemical potentials
of less than 5 kg T. The increase of the entropy is therefore at most 0.5 kp
and the entropy always stays low (Bethe 1982).

After core-bounce the out-going shockwave increases the entropy to values
of about 7 to 9 kg. Heavy nuclei are dissociated into free neutrons and pro-
tons. This means that the neutrino scattering cross sections are significantly
reduced and neutrinos can diffuse on timescales on the order of a few ms
to the shock front, where they pile up until the shock passes the neutrino
sphere. But only those neutrinos which are created in the shocked gas can
diffuse, because the diffusion time in the unshocked material is still on the
order of several tenths of a second and thus much longer than the shock
propagation time. Once the shock has passed the neutrinosphere, most of
these neutrinos are emitted on a hydrodynamical timescale (~ ms) (Hille-
brandt and Miiller 1984). In the shocked gas the temperature is sufficiently
high so that neutrino degeneracy is removed. This leads to an increase of
e~ -captures on free protons, and the matter becomes more neutron rich. As a
result the electron chemical potential drops to values close to kg T. But since
the temperature is still high (kgT Z 1 MeV), electron-positron pairs form in
equilibrium and anti-neutrino producing reactions such as et +n — v, + p
and et + e~ — ¥, + v, become important. Moreover, electron-positron pairs
will also decay into u-and t-neutrinos. Therefore, we expect that most of
the energy of the proto-neutron star will be carried away by neutrinos of all
flavours (see fig. 11).

Fig. 11. (eT, e™)-decay channels into neutrinos.
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We conclude this section with some remarks on the way neutrino transport
is usually treated in numerical simulations of stellar collapse and supernova
explosions, and how this should be done. During collapse and after core-
bounce we will always find regions in the star where neutrinos are either
streaming freely or diffusing outwards. So, in principle, we would have to
solve the Boltzmann transport equation. This transport equation, however, is
a set of complicated partial integro-differential equations (Castor 1972) and
therefore has never been used in core-collapse computations — approximations
to it are used instead (see also D. Nadyozhin, this volume).

To derive simple transport equations one may replace the Boltzmann equa-
tion by moment equations

1
M) = —/ I, W'du, n=0,1,2,..., (3.43)

where 4 = cos@ and I, is the intensity of neutrinos of energy €,. Then one
obtains

1

Me =, = o G, (neutrino energy), (3.44)
1

M!=H, = o F, (neutrino energy flux), (3.45)

Mf = K, (neutrino pressure). (3.46)

The diffusion approximation follows if we use the closure conditions

M}=0, K,=J,/3=p,. (3.47)

v
In Lagrangian coordinates we then get

1 90r2F,) p 0G,

G, —
+ r2  9r 3pdlne,

= —cX)G, +4q,, (3.48)

1. ¢ 4G, 2v 2 p v 0
-F, + - -F|—+-=—-— —(¢,F) ==X .
c '3 or Y [cr + c pj' cr Bev(ev v) rFo 349)
where X is the macroscopic absorption cross section, g, is the spectral
emissivity, and X denotes the macroscopic transport cross section, which is
equal to (1,)"! (Amett 1977).
In addition, if we assume a thermal distribution of neutrinos,

G, = const.e(1 + exp((€, — w,)/ksT)) ™", (3.50)
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and drop terms of the order (%)2 (non-relativistic limit), we obtain

c 090G,

F,=— )
3%y or (3-51)
and
.19 c 9G,] 5 G,
Gy— = — [1? — L = —cZGy+q. G
2 ar [’ 35y 3r]+3p dine, = TaGrtan (G52

By multiplying eq. (3.52) by €;! and integrating over de, we get the usual
diffusion approximation

D oy L L[ d (o )| = d sink 3.53
Y PYv 2 5 35, 3 P Yv)| = sources and sinks. (3.53)

Here the mean free path is given by

()= / (2 'de,/ / de,. (3.54)
0 0

Since in thermal equilibrium the relations n, ~ T3F, (i, /kgT) and g, ~
T4F3([.Lv /kgT) hold, where the F’s denote relativistic Fermi-integrals, the
neutrino energy flux can be computed once the particle flux is known.

The approximation described here has two major shortcomings. First,
at densities below 10'2 g cm™ neutrinos are not in thermal equilibrium
and, second, the diffusion approximation breaks down at the neutrinosphere,
where the mean free path becomes comparable to the stellar radius. The sec-
ond problem is usually circumvented by introducing a so-called flux-limiter,
which guarantees that for A > Ar, the free streaming limit is obtained. The
first problem can only be solved by non-equilibrium transport models such as
“two-fluid models” (Hillebrandt 1987), “flux-limited” diffusion (Arnett 1977;
Bowers and Wilson 1982; Bruenn 1985), “variable Eddington-factor” meth-
ods (Janka 1990), Monte-Carlo transport (Janka 1987; Janka and Hillebrandt
1989a, 1989b), or direct integrations of the Boltzmann equation (Mayle et
al. 1988). However, it should be noted that even the most elaborate transport
schemes used in stellar collapse models are based on the diffusion equation,
and therefore, may misrepresent the actual neutrino spectra.
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4. Hydrodynamics (1-dimensional)

Next, we briefly discuss how one can compute the collapse of a stellar core
in a very simple way, provided that all necessary input physics is known.
We restrict ourselves to spherically symmetric collapse because the multidi-
mensional case is discussed by Ewald Miiller in this volume. We begin with
a finite differencing scheme for Newtonian physics; the general relativistic
version of this scheme is given in the second subsection.

4.1. Newtonian physics

It is convenient to solve the 1-dimensional problem in Lagrange coordinates
(see subsection 3.1) with mass as the appropriate independent variable,

r— m(r) =4n/ ortdr. 4.1)
0

The equation of motion then reads

e A 4.2)
— =—4nr°— —4x Gm(r)o —. .
dt dm ©dm

Mass conservation is simply

(= 2" 43)
ry=-— —, .
@ 4w dr3
and the entropy equation becomes
ds(m,t) £ 4.4)
dt kgT’ .

We prefer to work with an entropy equation rather than an equation for the in-
ternal energy, because as was discussed earlier, the entropy per mass is rather
well conserved during stellar collapse. Of course, egs. (4.1) through (4.4)
have to be supplemented by an EOS, p = p(g, s, y.) and s = s(o, T, y.),
rate equations for y,,

. dye
Ye = ? = ApnYn — )‘e‘pyp - ;Ae*iyi, 4.5)
and neutrino transport equations. Here y, denotes again the electron con-

centration, y; the abundance of nucleus i, and the A’s are reaction rates. In
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addition, initial values m(r), p(m), u(m), s(m), etc., have to be given at
a certain time ¢ = fy. For example, one can take a polytropic model or a
“realistic” model from a stellar evolution calculation at the onset of collapse.

We deal here with finite differencing methods only and describe a very
simple though still useful numerical scheme to solve the preceding set of
equations (for more elaborate techniques see Ewald Miiller’s contribution in
this volume). One begins by dividing the (spherical) star into N concentric
mass-zones (see fig. 12). Each zone has a certain mass Am (or thickness
Ar). Figure 13 shows how the discretisation may be done for the dependent
variables. That is, for a given function g(r, tp) and chosen Am;, i = 1, N;
Y Am; = M, one has from the continuity equation (4.7)

Ar} = —— Am; 4.6
with g; = o(r; — % Ary).
Ca
p
-
| [RSOR T % N T
{or m(r))

Fig. 12. Schematic discretisation of the density distribution of a model star.

Densities, pressures, etc., are commonly attributed to the centers of a zone,
whereas velocities and radii are taken at the zone boundaries. Of course,
there is some ambiguity in the choice of the outer boundary conditions. But
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Fig. 13. Centering of the dependent variables in the discretisation scheme described
in the text.

in general, because o(M) < o, these boundary layers do not influence
the dynamics of the inner core significantly, and the choice of boundary
conditions is not crucial, provided that the radius R is sufficiently far out.

Given the preceding discretisation scheme outline, one can write the equa-
tion of motion in the form of

2 Pi — Di+1
Tr —

u,‘(tj + At) — u,-(tj) = <—4
mi_y —m;
4.7

i1 — 1 >
—4nGm;g; ————— - At

mi_ —m;

t="

where discretisation errors are of the order O(Am; /m) if a grid not “equidis-
tant” in Am; is used. Such a scheme is called “of first order accurate in
space.”

There remains the question of what time the spatial derivatives have to be
taken. Of course, the simplest choice is to adapt t = .4, in which case the
code is called explicit because all quantities are extrapolated forward in time.
In this case we can proceed as follows. In the first step the new velocities
are computed from the equation of motion:

Wilt1) = ui (1) — 4m (r,?(t,) pih) = Pt @)
mi_y—m;

) = () @9
ri—1(¢) —ri(;
— Gm;g; it/ ER AL (41 — tj)> .

mi_y —m;
Next from the definition of the velocity u, the new radius of each zone is
obtained:

1
ri(ti) =ri(g) + i(ui(tj+l) +ui ()41 — 8). 4.9



284 Wolfgang Hillebrandt

We then solve the continuity equation for the new densities:

0ilj31) = — LT MU (4.10)
i(G41) = — ' .
ST am 12 (G4) — ()

and finally update the entropies

S,'(tj+1) = S,'(tj) + (%) At, “4.11)
pressures, abundances, etc.

Alternatively, one may use ¢ = f, in which case the discretized hydrody-
namic equations resemble an implicit set of non-linear equations which have
to be solved iteratively. Certainly the latter choice is numerically much more
complex and time-consuming. Moreover, implicit methods tend to have sta-
bility problems. On the other hand, implicit techniques can handle various
time scales because the only restriction for the time-step At is the accuracy
requirement. In contrast, explicit methods are simple, fast, and stable, but are
required to obey certain time-step constraints such as the so-called Courant-
Friedrich-Levy condition which guarantees that in one time-step, information
(soundwaves, etc.) cannot cross a mass-zone. More generally speaking, in
an explicit code, the time-step always has to be smaller than the shortest
intrinsic time-scale, which may lead to severe numerical problems.

Stellar collapse may serve as an example to illustrate these problems. Dur-
ing collapse, matter velocities will be on the order of the velocity of sound
and may reach values of about 0.2 ¢. Ar will typically be on the order of
10° to 10°cm and therefore

Ar,~

terL = min ——— ~ few 107%s 4.12
CcFL e (4.12)

In the diffusion regime, v-transport times are on the order of 1s for particle
number and a few seconds for the energy. These are much longer than
tcrr. With an explicit code, therefore, neutrino cooling must be computed
on hydrodynamical time-scales, and the number of time steps is on the order
of several million! In contrast, during collapse free streaming of neutrinos
will limit the time step to a fraction of the Courant-Friedrich-Levy time.
We conclude this section with some remarks on shock-heating and pseudo-
viscosity. The problem in this type of numerical scheme is that any physical
“molecular” viscosity is very small but, because of the discretisation, discon-
tinuities in a shock front cannot be treated exactly nor can they be resolved
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numerically. There are at least two ways of handling this problem. Either
trace the shock and then solve a local Riemann-problem (see E. Miiller, this
volume), which leads to a non-Lagrangian scheme and concern about con-
servation laws, or, alternatively, the shock may be smeared over a few (2-3)
mass zones by what is called a “pseudo-viscosity.” Of course, this pseudo-
viscosity should have all properties of a physical viscosity; namely that it
should be of the form of Tscharnuter and Winkler (1979):

0= {Ezg diviw){(Vxu) — %div(u)e} ; div(a) < 0}

4.13
0 ; else ( )

where “x” means the tensor product. This tensor is trace free and is iden-
tical to zero if matter is not compressed or is homologously contracting. In
spherical symmetry eq. (4.13) reduces to

artwy [ 3(ru) .1 ar
q = : — 3629 ar? {B_’: - 3r3u } ' Bru <0 , (414)
0 ; else
Artu) (u  3(rw)
6 _ g2 _n?
QO - BZ e ar3 {; - ar3 - Q¢’ (415)

where £ is a constant on the order of (1-2) -Ar. In the equation of motion
the pressure gradient has now to be replaced by

ap ap ¢k _0p 3 ar’q
ar  or Qrx = or + roard (4.16)
The entropy equation becomes
, 9 ,8(u) (du ()’
kpTs =g, = ——£2 —— [ — — . .
B3 =% 2 ar3 ar ar3 417)

Very often in numerical schemes the Richtmyer-viscosity is used, namely

2o (), g
q= { e (ar) ar < } (418)
0 ; else

The problem with this form is that it does not vanish during homologous
contraction and that it is not possible to implement it in a coordinate invariant
way into the equation of motion. However, it is equivalent to the tensor
viscosity for planar geometry for which it was originally invented.
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4.2. General relativistic hydrodynamics

The basic equations for spherical symmetry can be found in Misner and Sharp
(1964, 1965), and a finite differencing scheme extending the one described
in section 4.2. was given by Van Riper (1979). Therefore, we repeat only
the essential aspects here.

In general relativity and spherical symmetry, the metric can be written in
the form

P 2
ds? = e®c%dr? + (a—r> I'2dm? + r?d2* (4.19)
m

where I'? := 1+ (%)2 - X% fa(m) = [ (14 &) I'dm is the gravitating
mass, dr/dt = e®u is the velocity, m the rest mass (the Lagrangian co-
ordinate, proportional to the baryon number), r the radial (Schwarzschild-)
coordinate, and E the internal energy density.

We can obtain the “potential” ¢ from
a9 %

R A 4.20
ap 2w (4.20)

where V is the specific volume, V = (mong)~',and W = 14 (E + pV)/c?
is the dimensionless enthalpy. The boundary condition imposed on ¢ at the
surface is

Q
=

s = - a . 4.21)

u; \2 Y
O

a8
E)

In all these equations the time ¢ is the proper time in the rest frame of the
distant observer.
The equation of motion now reads

du 4nr? 3p G 4nr3p
du _ [ 4 dp G (. 422
or ¢ [ W am 12 (m+ 2 *+22)

and the continuity equation becomes

_ 1 3[@x/3)r’]

= 4.23
r om ( )

This set of equations looks very similar to its Newtonian counterpart and,
consequently, the differencing scheme to solve them is very similar to the one
described in section 4.1, the only difference being that we have to integrate



Type II Supernova Models 287

eq. (4.20) subject to the boundary condition (4.21) first, before we can update
u, obtaining the new values of I" and finally the new specific volume V. Of
course, general relativistic effects become very important when Obounce > 00
and also during the early cooling phase of a newly born neutron star. They
are less important for models using stiff equations of state; but since they are
easy to handle, there is no reason to omit general relativity, and in fact most
numerical collapse simulations have been carried out in this framework.

5. Core collapse supernova models and their problems

In the following section the presently favoured models of Type II supemovae
will be discussed. We start with a brief account of an analytical approach to
the core collapse problem first presented by Goldreich and Webber (1980),
and later generallized by Yahil and Lattimer (1982). We then review the
results of some recent numerical studies. An outlook on possible future
work follows.

5.1. An analytic description of core collapse

We now want to discuss briefly an analytical approach to the core-collapse
problem. Of course, detailed models require full solutions of the hydrody-
namic equations, the rate equations, etc., but we can also understand the main
features from some analytic considerations. The way these are presented here
are not fully exact because we neglect boundary terms. However, our results
are only meant to indicate certain general properties of a collapsing stellar
core.
In Lagrange coordinates the Newtonian hydrodynamic equations read

. ap G
u=—4nr2£——r7m .1)
and 5
m
5 = 4 r? p. (5.2)

As we saw earlier the assumption of an adiabatic collapse with y = 4/3 is
a fair approximation to the real problem. In addition, if we assume that the
stellar structure can be approximated by a so-called polytrope

p =K p*t/m (5.3)

of index n = 3, where K is a constant which determines the entropy of
the model, the EOS and the stellar structure are consistent and the collapse
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problem can be solved analytically (Goldreich and Weber 1980). For our
present discussion some general properties of the solution are sufficient.
The equation of motion eq. (5.1) can be written as

% % (u2)=—4nr2u§—51 —u%nl, (5.4
o a (u2 Gm , dp

o <?——;—) =—4nr e (5.5
because of the identity

The right-hand side of eq. (5.5) can be replaced by

d
= — (pudnrH) + = =2 5.7
8m(punr)-+—p 6.7

3 2, 3(e/p)
_a—m—(pu4rtr)+ FYRRE

where we have used the thermodynamic relation dE = —pdV ande = E/V
to give

de  p+e dp

a p ot
Now, by combining egs. (5.5) and (5.7) we obtain

2 0
3 u__G_m+£ :_(pu4ﬂr2)
at am

2 r p
__9 (4_”r3 3p Z) . (5.8)
3 r

-2 v

3(f_§ﬂ+i)=_i (EE) (5.9)



Type 1l Supernova Models 289

At ¢t = 0, matter can be considered as being almost at rest and the initial

conditions are )
Gm _¢ ad Y =Eq=0. (5.10)
r p 2
At later times, ¢t # 0, for a self-gravitating y = 4/3 gas sphere, the total
energy per gramme is conserved and therefore

aim (%) =0, (s5.11)

must hold at all times. This in turn means that the velocity u(m, t) can be
written as
u=a()- rim, (5.12)

which is called a homologeous solution because the velocity is proportional
to the distance from the star’s center at all times.

-u sonic point

Fig. 14. Schematic representation of infall velocity versus radius fora y = 4/3 gas.
The dashed horizontal line indicates the sound velocity. The velocity of inner mass
zones is proportional to their distance from the star’s center. Outside the sonic point
rs, a free fall sollution is approximately valid and is indicated by the dashed-dotted
line. ¢, t2, and 3 label different snapshots. Of course, in a star the sound velocity
will not be constant.

Fig. 14 shows schematically how the collapse will proceed in time. It also
indicates a complication. Because a is independent of m(r), a radius r; must
exist at which u exceeds the sound velocity u;. The matter outside the sonic
point cannot communicate via sound waves (compression waves) with the
material inside r;, and homology must be broken at r;. Goldreich and Weber
(1980) have shown that the mass inside r; is always the Chandrasekhar mass,
which in turn is a function of y.. During collapse, therefore, the mass inside
the sonic point decreases with decreasing electron concentration to values of
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about 0.7 t0 0.8 M, (Hillebrandt 1987). Moreover, homology is broken once
y deviates significantly from 4/3 which is the case for p ~ py. Therefore,
we expect the “bounce” to occur at p = py. This information is brought to
rs on a sound-crossing time and a shock forms at r;.

5.2. Numerical simulations and their main results

Over the years a variety of ideas have been investigated, none of which how-
ever, can explain supernova explosions beyond doubt. Generally speaking
they can be put into one of three classes depending on the mechanism re-
sponsible for energy and momentum transfer from the stellar interior to the
envelope. These are a hydrodynamical shock wave, a thermonuclear burning
front, or a neutrino flux, or some combination of the three.

At present it seems plausible that only under very special circumstances can
a shockwave created by the rebounding inner core lead to the prompt ejection
of the stellar envelope. Roughly speaking, the argument is as follows. We
can obtain a rough estimate of the energy put into the shockfront from

GM £
E, ~ (—C" - i) Ma, (5.13)

where ¢ and £ are average values of energy density and density inside the
sonic radius r; at bounce and Mcy = Mcy(y.) is the Chandrasekhar mass.
The first term in eq. (5.13) gives the gravitational binding of the inner core
per gramme whereas the second term is the internal energy per gramme. So
the energy available to the shock is, roughly speaking, given by the kinetic
energy of the inner core (see Yahil and Lattimer 1982). For a polytropic
structure and an appropriate equation of state, eq. (5.13) can be written as

Es =~ (K1 M3;8"? — K20" ") Mcu, (5.14)

From eq. (5.14) it is obvious that the shock energy increases with increasing
0. Therefore, “soft” EOS at densities beyond nuclear matter density favour
prompt hydrodynamically driven explosions because the collapse is stopped
at higher densities. In addition, because Mcy is proportional to y2, a “low”
initial entropy leading to a small concentration of free protons and thus to
fewer electron captures, also works in favour of an explosion. Finally, a
“stiff” EOS at ¢ < gy, that is, an adiabatic index y very close to the critical
value of 4/3 ensures homology up to gy and, therefore, again gives high shock
energies. But, even in the most favourable cases, the shock energy does not
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exceed 8 x 10°'erg, and more typical values are around (4-5)x 10°'erg (see
Hillebrandt 1987). It then follows that the most energetic shocks at best can
dissociate 0.4 My of heavy elements into free neutrons and protons and,
because Mcy < 0.8M¢, in all recent simulations, the iron core mass must be
less than 1.2Mg. The latter condition is (if at all) fulfilled in stars with main
sequence masses of less than 10 or 12 M, but certainly not in the case of
the progenitor of SN 1987A (see fig. 15).

Radivus [em]

10 N U U T T 0 U W 0 U U 5 O N O
155 163 171 179 187

Time [msec]

Fig. 15. Radius versus time for various mass zones of a collapsing stellar model
of 20 Mg. It is obvious that the shock stalls at a radius of about 300 km (from
Hillebrandt 1987).

Therefore, it seems more likely that neutrinos are needed in one way or an-
other to drive a shock wave out into the stellar envelope. A possibility which
has been discussed extensively is the so-called delayed explosion mechanism
(Wilson 1985; Bethe and Wilson 1985), the idea being that a few hundred
milliseconds after core-bounce, energy transfer by neutrinos may revive a
stalled shock. In its original version this explosion mechanism was based on
the reactions

e +p—-o>n+v,
et +n—>p+7, (5.15)

et +e - v+,

in the hot shocked and dissociated gas. These neutrinos and those diffusing
out of the unshocked core can interact with the outer layers via the inverse
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reactions
Ve+n—>e +p

5.16
Ve+p—>et+n (5.16)

and neutrino-electron scattering. The net effect is some heating, proportional
to the neutrino energy distribution and the density structure near the neutri-
nosphere. Moreover, the process is likely to be a self-regulating one since
neutrino heating proceeds on a much longer time-scale than the hydrody-
namical time-scale. Therefore, once enough heat has been added to lift the
layers in the gravitational potential of the proto-neutron star, the density drops
and thus heating is turned off. Accordingly, one would expect that at most
roughly the binding energy of the stellar mantle can be released which is on
the order of a few 10° erg, in agreement with some numerical simulations
(Wilson et al. 1986, see fig. 5), but in contrast to the much higher explosion
energy observed in SN 1987A (see Hillebrandt and Hoflich 1989).

10°

108

r{cm)

107

-02 0 0.2 04 06 08
Time(s)
Fig. 16. Same as fig. 15, but for a 25My model (from Wilson 1985). Time is
measured from core-bounce. The position of the shock front (upper broken curve)

and the neutrinosphere are also shown. The stalled shock is revived by neutrino
heating 0.5 s after bounce.

A way out of these problems might be the inclusion of neutrino-
antineutrino annihilation radiation in the numerical models, as was first sug-
gested by Goodman, Dar, and Nussinov (1987). The basis of this explosion
mechanism is the observation that most of the binding energy of the neutron
star is radiated away in all three neutrino flavors on time-scales of several
seconds. According to numerical simulations by Wilson and Mayle (1989),
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this energy may lead to the formation of a hot (high entropy, low density)
bubble from the reactions v, v, 2 ete 2 2y and (v,, V,) (e, e )-scattering.
It is obvious that the v, v, -annihilation cross-section is only large for head-on
collisions and therefore, the heating is limited to a region very near the proto-
neutron star. Moreover, in the mass-zones to be heated the density should be
low, 0 < 10°g cm™3, to raise the entropy to values above 100 kp/nucleon,
which are necessary to push the matter outwards. So, generally speaking,
this explosion mechanism requires a very steep density gradient in the outer
layers of the proto-neutron star to be efficient, and in the “delayed explosion”
models (Wilson et al. 1986) this seems in fact to be the case.

However, there are several problems which make the results obtained by
Wilson and Mayle (1989) uncertain. First, the neutrino spectra obtained
from their multi-group flux-limited diffusion scheme seem to overestimate
the high-energy part as was first criticized by Janka (1987) and by Janka and
Hillebrandt (1989a) (see also fig. 17). Second, their simulations assumed
spherical symmetry and therefore, a certain averaging procedure had to be
applied to eliminate the angle distribution of the neutrinos. This averaging,
however, is crucial because the annihilation rate is proportional to

0~ / dt(e, + &) F, Fo(1 — 2,52;)?, (5.17)

where dt = de,de,d$2,d$2; /(4m) is the volume element in energy space,
and ¢,, &; are neutrino energies, F, and F; are the neutrino fluxes, and S}v
and Q,—, are unit vectors in the direction of the neutrino and antineutrino,
respectively. Therefore, only head-on collisions contribute significantly to
the rate. Janka (1990) has argued that neutrino back-scattering in the semi-
transparent layers may increase the effective annihilation rate considerably
very near the proto-neutron star, in comparison with the vacuum approx-
imation applied by Goodman et al. (1987). Then, limb-darkening should
also be included which, in contrast, reduces the heating by a similar fac-
tor of 2 to 3, but in layers further away from the core. Both effects are
difficult to treat by flux-limited diffusion schemes, and require more accu-
rate neutrino transport models (Janka 1990). Given these uncertainties and
shortcomings of the Wilson and Mayle (1989) simulations, it seems prema-
ture to conclude that the “hot bubble” explosion mechanism is the answer
to the question how supernovae explode (Colgate 1989, 1990). The explo-
sion mechanism may be even more complicated than anticipated so far. In
particular, in the models of Wilson and Mayle (1989) the layers that finally
form the hot bubble are Rayleigh-Taylor unstable already a few tenths of
a second after core-bounce, and the growth-time of the instability is on the
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Fig. 17. Typical Monte Carlo spectra (solid lines) for early and late time electron
neutrinos, electron antineutrinos and muon neutrinos (from left to right) in comparison
with blackbody spectra repesenting the mean neutrino energy correctly (dashed line)
and Fermi-Dirac fit distributions with an effective chemical potential (dotted lines).
The discrepancies indicate the non-thermal nature of the true spectra, but those fits
which reproduce the first three moments of the Monte-Carlo energy distribution are
very accurate. (From Janka and Hillebrandt 1989a).

order of or even less than the hydrodynamic time-scale. It is, therefore,
likely that there is a considerable transport of energy from the surface of
the proto-neutron star to the matter in the forming bubble by macroscopic
motions of the matter. Certainly, this effect deserves further attention. One
may even speculate, that the rather high velocities of layers containing heavy
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elements observed in SN 1987A could have resulted from Rayleigh-Taylor
instabilities in the innermost layers of the ejecta. But a realistic treatment
of these effects will require 3-dimensional rather than spherically symmetric
simulations.

6. Summary, conclusions, and outlook

In these lecture notes we have discussed scenarios which may explain Type II
supernova outbursts. All models were based on the assumption that the chain
of events leading to the optical outburst starts at the end of quiet evolution of
a massive stellar core, continues into collapse on a hydrodynamic time-scale,
and ends leaving behind a compact object, presumably a neutron star.

Certainly, SN 1987A is the first clear case of a rather massive star that has
undergone such a core collapse and ejected its envelope in a Type II supernova
explosion. Such behavior was predicted by most theoretical models, but
direct observational evidence was not very strong. Moreover, the rather high
explosion energy as well as certain properties of the observed neutrino signals
indicate that the explosion mechanism is still not yet fully understood. In
contrast, the blue nature of the progenitor star and the unusual light curve
can be explained by rather standard stellar evolution models, although several
details again remain to be explored. Certainly, if a pulsar should show up
in SN 1987A, which is expected to happen in the near future, some of the
uncertainties in core collapse models will be removed. In particular we would
know whether or not rotation played an important role; up to now, it is still
an open question. The presence of a neutron star in SN 1987A would also
remove ambiguities in the interpretation of neutrino data but unfortunately,
at present there is no direct evidence for a pulsar.

Theoretical models developed prior to the explosion of SN 1987A predict
that the collapse of a massive star to neutron star densities will manifest
itself in a fast burst of v,’s with energies around 10 to 15 MeV, followed
by significant emission of neutrinos and antineutrinos of all flavors over a
time-scale of several seconds. However, because the cross section for (v, p)-
reactions is about a factor of 100 higher than that for (v,, e)-scattering at the
energies under consideration, only v,’s were expected to give a clear signal
in existing neutrino detectors even if the collapsing star was at a distance
greater than about 5 kpc. The calculated neutrino luminosities and spectra
are very sensitive to astrophysical models and the physical input data, but
the observed neutrino flux from SN 1987A indicates that the basic ideas are
essentially correct. The observations have shown, in particular, that massive
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stars indeed do collapse, thereby emitting most of their gravitational binding
energy in form of thermal neutrinos.

Besides being of interest to astrophysics and particle physics, with the
exception of neutron stars, supernova cores are the only cosmic objects in
which low-entropy matter is compressed to nuclear densities and beyond. It
is therefore tempting to use their properties to constrain the equation of state
at such high densities. Unfortunately, observations of Type II supernovae as
well as supernova models do not impose strong constraints on the nuclear
equation of state. First, a surprisingly small number of supernova remnants
definitely does contain a neutron star. Moreover, very little observational in-
formation on the explosion mechanism is available, and even the best studied
case, SN 1987A is not an exception to that rule. We only know for sure that
some supernovae leave neutron stars behind and that the Kinetic energy of
the ejecta is typically around 103! erg. Whether or not this energy is sup-
plied by a hydrodynamic shock wave, as suggested by the prompt explosion
models, or comes from neutrino energy deposition, nuclear burning, etc., is a
completely open question. It may well be that stars can only explode by the
prompt mechanism if they possess a significant amount of initially angular
momentum. Nevertheless, there is little doubt that soft equations of state
favor prompt explosions (at least for non-rotating models), but this should
not be regarded as a proof that these equations of state correctly describe the
properties of matter at densities beyond nuclear matter density. In.contrast,
effects caused by rotation will be larger if the equation of state near nuclear
saturation density is stiff.

In conclusion, there is very little hope to extract information on the equa-
tion of state from supernova models unless we know more about the explo-
sion mechanism. In this respect, a galactic Type II supernova would certainly
help. While in the case of SN 1987A only v,’s from the early cooling phase
of the neutron star have been detected, there is a good chance to see also
v.’s from the deleptonization burst in existing neutrino detectors, provided
that the supernova explodes at a distance of less than a few kpc. Luminosity
and energies are strongly dependent upon the hydrodynamical evolution of
the stellar core. Therefore, if the temporal change of both quantities could
be measured, this would impose strong constraints on the theoretical models.
Finally, there is a fair chance to detect gravity waves from a galactic super-
nova, and thus, to probe the importance of rotation and asphericities on the
dynamics of the stellar core near bounce.

Other uncertainties in supernova models come from poorly determined stel-
lar evolution models, unknown nuclear reaction rates, inaccurate description
of neutrino transport, etc., and it seems worthwhile to search for improve-
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ments before trying very elaborate multi-dimensional numerical simulations.
On the other hand, SN 1987A has told us that at least sometimes super-
novae seem to be non-spherical, a discovery that will make life much more
troublesome for supernova theorists in the future.
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ments before trying very elaborate multi-dimensional numerical simulations.
On the other hand, SN 1987A has told us that at least sometimes super-
novae seem to be non-spherical, a discovery that will make life much more
troublesome for supernova theorists in the future.
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1. The neutrino signal from a collapsing star
1.1. Introduction

It is well known that the cores of massive stars undergo hydrodynamic con-
traction at terminal stages of stellar evolution. The contraction, or gravita-
tional collapse, is initiated by thermal dissociation of the iron-group nuclei
into a-particles and free nucleons and also by the electron-nuclear capture
processes (neutronization). The most important property of the collapse is a
powerful neutrino radiation which eventually takes away nearly all the re-
leased energy. The neutrino signals generated by collapsing stellar cores give,
in principle, an opportunity to follow the collapse dynamics with the aid of
neutrino underground detectors.

We begin this lecture with a discussion of the neutrino radiation for the
very final (presupernova) stages of stellar evolution. Then, we dwell on sim-
ple estimates of the neutrino signal properties in order to clarify the physical
significance of the relevant processes. Finally we discuss results of sophis-
ticated calculations for successive transparent, semi-transparent and opaque
stages of the collapse.

1.2. The neutrino radiation immediately before the beginning of the collapse

When a hydrostatic stellar core approaches its final unstable configuration the
neutrino luminosity of a star exceeds its common photon luminosity by many
orders of magnitude (see, for example, Weaver et al. 1978, Sparks and Endal
1980, Sofia et al. 1979). The neutrino emission stimulates the temperature
rise in the central region of the massive stellar core and thereby strongly
accelerates the production of the final thermonuclear species, the iron group
nuclei.

The neutrinos come mainly from the electron-positron pair annihilation
(Chiu and Morrison 1960, Chiu 1961) and the decays of plasmons (Adams
et al. 1963)

e +et =v+7, (L.1)

304
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. 1. Temperature-density diagram showing the predominant neutrino emission pro-
ses (Nadyozhin and Chechetkin 1969).

pl = v+7, (1.2)

ere v and v denote neutrino and antineutrino of the same type (flavour).
> contribution of electron neutrinos and antineutrinos v, 7, in total emission
dominates because they are produced both by charged and neutral currents
trary to 4 and 7 neutrinos and antineutrinos v, ¥, v, ¥, which are
pled only to neutral currents (temperature is too low for creation of ™~ u+

| 77¢* pairs). For high densities, the famous Urca-process (Gamow and
10enberg 1941)

(A, Z)+e” = (A, Z-1D+v,, (1.3)
A, Z-1)= (A, Z)+e +7,, (1.4)

1es into play (fig. 1). For high temperatures, process (1.4) is dominated
positron capture (Pinaev 1963)

A Z-D+e" = (A, 2)+7,. (1.5)

s process should be certainly taken into account under physical condi-
s in presupernova interiors. Moreover, it can be shown (Nadyozhin and
chetkin 1969), that for Ty 2 7 the rates of the electron-positron nuclear
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interactions (processes 1.3-1.5) turn out to be less than the rates of e~ ar
e™ interactions with neutrons and protons (or free nucleons) appearing due
thermal dissociation of nuclei under conditions of nuclear statistical equili
rium (NSE). (Here To = T/10°K.) Thus, we have to allow for the followir
processes,

e +p =>n+v,, (1.
e"+n=p+i., (1.

rather than processes (1.3-1.5). The kinetics of e~ and et interactions wi
nuclei and free nucleons as well as the resulting neutrino emission have be:
discussed by Imshennik et al. (1966, 1967).

Figure 1 shows the regions where one or two of the above processes dor
inate. When T, <8, the plasmon decays (process 1.2) contribute significant
to neutrino energy losses within a wide range of density variations. Process
(1.3-1.5) are expected to account for the bulk of the total neutrino emissi
rate for densities p>10%g cm™3 and fairly low temperatures. For high tempe
atures (7o > 8), the main sources of neutrino emission are pair annihilati
(1.1) (low densities p < 107-108g cm™?) and Urca-processes on free nucleo
(1.6, 1.7) (high densities). Along the inclined dashed line the mass fractio
of free nucleons and nuclei are the same. Above this line, processes (1
1.7) continue to contribute copiously to the total neutrino emission, althou
the mass fraction of free nucleons becomes rather low.

During the presupernova stage and the initial neutrino-transparent sta
of gravitational collapse, the neutrino luminosity can be easily calculated
follows

R( Mc
L =4rr/ev przdr =f£u dm, (1
0 0

where £, = ¢, (p, T) is specific rate of total energy losses including all t
relevant neutrino emission processes for all the neutrino types; R, and .
denote the radius and mass of collapsing stellar core. If necessary, one m
consider the contributions of different processes and/or of different neutri
types separately. The function ¢, (0, T) has been calculated allowing for a
of other processes such as various neutrino interactions with photons in |1
Coulomb fields of nuclei and electrons (photo-neutrino processes). For furtl
details and innovations see Blinnikov and Rudzskij (1989) (pairs); Dic
(1972), Munakata et al. (1985) (pairs, plasmons, photo-neutrino); Fuller
al. (1982,1985) (electron-nuclear weak interactions), and references there:
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In order to calculate ¢,, one has first to derive the spectrum of emitted
ieutrinos and then to integrate it over neutrino energy:

o
& = / B(E)dE . (1.9)
0
lere, the spectral emissivity B(E)dE represents the energy emitted per unit
nass and time in the form of neutrinos with energies between E and E +

IE. When processes (1.6) and (1.7) are the main sources of neutrinos and
ntineutrinos, we get

12/ E \° X Xn
B(E) = — < P + y (1.10)
(E) my ft (meCZ) [l—f-exp(E;T‘“) 1+eXp(—LE:T’):|

vhere X, and X, are mass fractions of free protons and neutrons, respec-
ively; u, is the electron chemical potential; m, and m,, denote the electron
nd proton masses, and c¢ is the speed of light. From the neutron lifetime
neasurements (Mampe et al. 1989) we have ft = 1055 + 4 5. The first and
he second terms in square brackets in eq. (1.10) correspond to emission of
lectron neutrinos and antineutrinos in processes (1.6) and (1.7) respectively.
‘quation (1.10) is accurate for fairly high temperatures (To > 10), when the
eutron-proton mass difference becomes insignificant.

Thus, a star manifests its readiness to enter the collapse by a violent en-
ancement in its neutrino radiation. Such a neutrino precursor of the grav-
ational collapse implies a total energy of ~ 10*-10%erg radiated for a
mescale about 10°-10%s, with characteristic energies of single neutrinos
/ithin 2-4 MeV. Unfortunately, the neutrino precursor can hardly be ob-
:rved by present neutrino detectors, even for the neighbouring collapses
xpected at distances of 1-10 kpc in our Galaxy. The reason is because in
lis case the energies of single neutrinos appear to be well below the neu-
ino detectors’ thresholds and the signal-to-noise ratio is rather low due to
e long timescale of the precursor.

3. Simple estimates of the neutrino signal properties

. number of useful conclusions about the neutrino signal can be drawn by
omparing the initial stellar core structure on the verge of mechanical stability
ith that of the final hydrostatic neutron star. The total energy release must
> equal to the neutron star gravitational binding energy &g. It is generally
-cepted now that nearly all £; is taken away by neutrinos. Gravitational
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waves open another channel by which the energy could be transported to in-
finity. However, for moderately rotating stellar cores, the gravitational waves
are able to remove, at best, only some percents of £ (see, for example.
Miiller 1984).

Using the theory of neutron star structure, one can calculate £ for specifiec
stellar core mass. M. before collapse. For our discussion it is sufficient to make
use of simple approximate formulae (Lattimer and Yahil 1989) connecting
M., £ and the gravitational neutron star mass M, measured by a distan
observer:

£ =15x10"M; erg, (1.11
M. = My +0.084M . (1.12

Here both M, and M, are expressed in solar units. For every M., we car
solve eq. (1.12) with respect to M, and then find £ from eq. (1.11). The
results are presented in the first three columns of table 1.

Table 1
Masses and binding energies of the neutron stars.

M /Mo Mg/Mo £ x107%erg N x 107 (Eg/N)MeV

1.10 1.01 1.54 1.31 73
1.40 1.27 240 1.67 90
1.70 1.51 341 2.03 105
2.00 1.74 4.56 2.38 120
2.30 1.97 5.84 2.74 133

According to the modern theory of stellar evolution, stars of masses 10-2
M, at the beginning of their life (at the Main Sequence on the Hertzsprung
Russel diagram) terminate evolution with dense central iron cores of mass M
= 1.4-1.7M, surrounded by much more massive but rarefied and extende
envelopes, having no influence on the development of the collapse but bein
crucial for the onset of the supernova optical emission. It should be men
tioned, however, that one can not exclude the existence of somewhat mor
massive cores, such as M, =~ 2M, or even still heavier. Three distressin
uncertainties inherent in the modern theory of stellar evolution-convectios
mass loss, and rotation permit us to vary the presupernova parameters withi
somewhat wider ranges than those predicted by detailed calculations.

Thus, we see that the total energy of the neutrino signal £,y is expecte
to be about

£ ~E; ~(2-5)x107erg. (1.1
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What is the timescale of the energy emission? Before answering the ques-
ion, it is useful to look at values of stellar core radius R, central density
0c, and temperature T, predicted by the theory of stellar evolution

R, = (2-5)x10%cm, (1.14)
pe = 10° =10 g cm=3, (1.15)
T, ~6x10°K ~0.5MeV. (1.16)

The time required for a spherical layer of radius R, enclosing mass M,
nitially at rest, to fall onto the center in the absence of pressure gradient
free fall) is given by

7 | R.3 3n
7 _ | , 1.17
4 =7\ 36M, 3265 (L17)

vhere G is the gravitational constant and

3IM,
47 R.3

p= (1.18)
> the mean density inside radius R,. Entering eq. (1.17) with R. from eq.
1.14) and M. = 1.4M, we get

trr = (033 —-13)s. (1.19)

1 reality, the pressure gradient is not negligible and according to detailed
alculations the total time of contraction turns out to be 2-3 times longer. As
result, the hot hydrostatic neutron star should form in time tacs

tae= Q=3 ~(1—4)s. (1.20)

he neutrino emission continues for ¢ > 1,. since a lot of energy is still stored
the form of heat inside the nascent neutron star. The dependence of the
utrino luminosity L on time (the neutrino “light curve”) is schematically
own in fig. 2. The collapse proceeds in a highly non-homogeneous manner.
rst, an internal part of the core (an inner core) of mass ~ (0.8 — DMg
gins to collapse. At the beginning of the collapse, the density throughout
e inner core does not differ appreciably from the central density p.. As a
sult, the contraction of the inner core appears to be nearly homogeneous.
he timescale of the inner core contraction, ts;., can be found from eq.
.17) by substituting o, instead of p. Using eq. (1.15) for p,, we obtain

tfic = (6.6 — 2.1) x 10725 . (1.21)
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Fig. 2. Schematic neutrino light curve representing the time behaviour of the total ne
trino emission. Different stages of the neutrino emission are indicated. The duratior

of stages 2, 3 and of the beginning of stage 4ac are enlarged for clarity.

The neutrino luminosity increases sharply during the inner core collapse ar
reaches its maximum at ¢ > tfg;c, when the inner core is decelerated co
siderably while the rate of energy supply due to accretion of outer layers -
stellar core appears to be insufficient for stimulating further increase in tl
neutrino luminosity. The timescale of the initial sharp rise in L (stages
and 3 in fig. 2) is even several times shorter than tys;.. After maximum,
falls, since the accretion is gradually exhausted and finally ceases at ¢ = |
(the end of stage 4ac in fig. 2). The hot hydrostatic neutron star forms a
continues to lose its thermal energy by neutrino radiation (stage 4hn).

To estimate the timescale of neutron star cooling we have to take ir
account the neutrino opacity, which is also crucial for calculations of t
neutrino spectra. On stage 4hn the mean neutrino free path /, is much shor
than the neutron star radius Rys =~ 10%cm. Therefore, neutrinos have to diffu
slowly through the star. The timescale of neutron star cooling is given by
Rns gth (1:

g =XT— .
¢ Eur

Here 7 is the neutrino optical depth of the neutron star:

T = Rys< 045 > 1, (1.



The Neutrino Signal from a Collapsing Star 311

vhere < 0,; > stands for the mean cross section of neutrino interaction with
tellar matter and » is the effective number density of the neutrino-interacting
articles. &, in eq. (1.22) is the total thermal energy of the neutron star
vhereas £,;, is the energy trapped in the neutron star at a given time in form
f neutrinos (do not confuse with &y5). In order to estimate < o,; >, we may
se a typical expression for the cross section

E 2
o, ™~ 0y =) . (00 = 1.7 x 107* cm?) , (1.24)
mec

nd insert some characteristic neutrino energy E = E,;. Under conditions
f high neutrino optical depth, neutrino heat conduction theory applies and
major contribution to the diffusion energy flux comes from neutrinos of
nergies around

E; ~2kT. (1.25)

1 first approximation, the characteristic temperature T in eq. (1.25) may be
lentified with the total energy released per nucleon, and can be evaluated as
llows

- 2&;
kT ~ —— ~ 60 MeV , 1.26
IN e (1.26)
here N >~ M, /m, is total number of nucleons in the neutron star (table 1)
\d m, denotes the neutron mass. The numerical value in eq. (1.26) corre-
onds to M, = 1.4Ms. The energy £, stored in the hot neutron star in
rm of neutrinos can be approximated by

7 4
Er ~ 3 <§aT4) (%R@ , (1.27)

here the factor 3 accounts for the total number of neutrino types. The term
the first parenthesis gives the neutrino-antineutrino energy density per
utrino type in a zero chemical potential approximation and the factor %
counts for the difference between Fermi-Dirac and Bose-Einstein statistics,
e thermal energy &, includes, besides Euir, the kinetic energies of non-
ativistic neutrons and protons, relativistic electrons, positrons and photons
th admixtures of muons and pions.
Assuming &, ~ &, n ~ 3N/ R}), Rys ~ 10% cm and M, = 1.4M,
€ can easily calculate from egs. ( 1.23-1.27)

Eur = 1.9 x 107 erg, (1.28)
En [Eurr > 13, (1.29)
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T~ 4x10°, (1.30
tq >~ 140s. (1.31

12

We see that &,,, is about an order of magnitude less than &, and that th
neutrino optical depth of the neutron star is very large. It is precisely thi
fact that explains the great excess of . above the time R/c ~ 3 x 107
which is required for neutrinos to escape the neutron star in the absence ¢
interaction with matter.

The value of ., specified by eq. (1.31), turns out to be 5-7 times greate
than that obtained in detailed calculations. This is because we have certainl
overestimated the product < o,; > n in eq. (1.23). In fact, since the cros
sections for v, ¥, and v, V. are less than that for v, 7, by a factor of 3—
it would be better to take for < o,; > a value which is about 2-3 times le:
than o, given by eq. (1.24). Moreover, it would be more correct to use for
some 2 times smaller value than the total nucleon density since, for exampl
v, are absorbed only by neutrons whereas ¥, are absorbed only by proton
Finally, the non-dimensional coefficient of proportionality in eq. (1.22) m:
be somewhat less than 1. We were concerned with an order of magnituc
estimate and we have obtained it.

What we can say about the mean energy Eum of emitted neutrinos? It
clear that E,,, must be considerably lower than energies of neutrinos trapp:
in deep interiors of the hot neutron star. In order to obtain a rough estimal
we recall that the main absorbers of the electron neutrinos and antineutrin
are free nucleons (through processes which are inverse to (1.6) and (1.7
Free nucleons appear copiously at densities o X fn = 10'2 g cm~3. Belc
this density matter is, therefore, much less opaque to neutrino than aboy
For this reason, the neutrinos (being involved in a slow diffusion from de
neutron star interiors to its surface), are expected to decouple from mat
at the layer where density decreases to pn. The bulk of the radiated ener
must be carried away by those neutrinos whose “optical” depth is about 1
p = p,. This condition gives us the following relation to determine E,n

T >~ 1>~ Rns<om~,>&'—. (1.
mn

Solving this equation with respect 10 E = E,, we get

My

— = =~ 12MeV, (1.
qUOanns

Em =~ mec2

where we have introduced a factor ¢ >~ 1/6 accounting for the above m
tioned reduction in < o,5 > n.
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Thus, in this section we have outlined a general physical picture of the
gravitational collapse and obtained an idea of the basic neutrino signal prop-
erties such as the total radiated energy (table 1), the time behaviour of the
neutrino luminosity (the neutrino light curve, fig. 2), and the characteristic
energies of individual neutrinos.

1.4. Detailed calculations of the neutrino signal

Figure 3 shows the total neutrino light curve resulting from calculations of the
gravitational collapse with allowance for neutrino opacity. The differences in
shape between this curve and that presented in fig. 2 are mainly due to a
specific logarithmic scale along the horizontal axis with time measured from
the moment when averaged neutrino optical depth of the collapsing core
7, = 0.001. Such a scale permits us to represent in detail a sharp transition
between transparent and opaque stages of the collapse which proves most
difficult in numerical simulation. During this transition, at the beginning of
stage 4ac the central region experiences pulsations (shown by squares and
crosses) which are rather of numerical nature but may have also some physical
grounds.

Transparent and semi-transparent stages of the collapse (stages 2 and
3). This stage is controlled by the same processes which are responsible
for neutrino precursor emission (section 1.2). When the density increases,
rocesses (1.3) and (1.6) become more and more violent and the process
of neutronization gathers its strength. The neutronization continues for the
emi-transparent stage 3, and at the beginning of the opaque stage 4 too. As
1 result, v, radiation flux proves to be more intensive than fluxes of other
leutrino types. Specifying an effective energy E,.. (carried away eventually
)Y Ve per one electron capture), we can easily evaluate energy &,.. radiated
wing to the neutronization

26
Evee = % NE,. ~ 1.2 x 10%erg. (1.34)

{ere we have assumed that the core is initially composed of iron. We made
ise also of N from table 1 (for M, = 1.4M) and put E,,.. = 10 MeV. The
imescale of such a v, pulse is ~ 1072 s, Its discovery is one of the most
mportant objectives of future programs aimed at searching for gravitational
ollapses in our Galaxy. The v, pulse is expected to be more distinctive for

oW M., since in this case the neutronization turns out to be non-equilibrium.
lowever, for more massive cores such as ~2M (fig. 3) this pulse does not
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Fig. 3. The total neutrino light curve for the gravitational collapse of a 2M iron
oxygen stellar core calculated with the use of the neutrino heat conduction theory
(Nadyozhin 1978). Point F marks the end of the hydrodynamic calculations.

protrude on a steeply rising neutrino light curve because E,,. is now as lov
as ~ (2-3) MeV.

It is worth remembering here an expression for energy density U(E,r) o
neutrino radiation which holds for the transparent stage of the collapse:

r+

ri’
r{

ldr'. (1.35

R.
1
U, r) = z—cr-/r'pB(E)ln "
0

The spectral emmisivity B(E) depends, of course, on r'—through T, for ex
ample, as in eq. (1.10). Equation (1.35) holds both inside and outside th
star. At the center (r = 0), we get

R

pr(E)dr' , (1.3€
0

1

U(E,0) = -

whereas at large distances from the stellar core r > R.)
R,

] ) . S(E )
UE,r) = E;—Z/erBdr = Er(-;)z, (1.3;
0



The Neutrino Signal from a Collapsing Star 315

where S(E) is the spectral neutrino luminosity connected with total neutrino
luminosity L by

oo

L = /‘S(E)dE‘ (1.38)
0

Equations (1.35-1.38) hold for all the neutrino types. Integrating egs. (1.35-
1.37) over E, one can obtain corresponding relations for the total energy
density U. For the neutrino spectral number density, we have

n(E) = U(E)/E . (1.39)

Equations (1.8-1.10) and (1.35-1.38) represent the formalism for studying
the neutrino emission at the transparent stage of the collapse.

The neutrino opaque stage of the collapse (stages 4ac and 4hn) begins
after the appearance of the neutrino opaque (r, > 1) core. The core is
immersed in a transparent accreting envelope whose volume neutrino radia-
tion is much less than the neutrino flux from the neutrinosphere and so we
shall concentrate mainly on the latter. The term “neutrinosphere” had been
introduced by analogy with the common stellar photosphere.

In the spherically symmetric case, the neutrinosphere is defined as a sphere
of radius R,pp, at which the neutrino black body energy flux with local values
of temperature T and neutrino chemical potential u is precisely equal to the
otal neutrino energy flux which the star radiates to infinity. The correspond-
ng values of T and p are designated as Tpn and p,pn. The neutrinosphere
s usually located at the neutrino optical depth Typh ~ 0.3-1.

Inside the neutrinosphere, the diffusion of different type neutrinos can be
alculated with the aid of the neutrino heat conduction (NHC) theory (Imshen-
ik and Nadyozhin 1972, 1979). According to this theory, the diffusion of
leutrino energy is accompanied by the diffusion of the electron, mu and tau
epton charges. The fluxes of energy and lepton charges are proportional to
inear combinations of temperature and chemical potential gradients. The co-
fficients of these combinations are determined by the neutrino mean free
aths averaged over the energies of individual neutrinos by a method similar
o the well known Rosseland mean for photon opacity.

The solution of the NHC equations has to satisfy the boundary conditions
mposed at the neutrinosphere. Physically, these conditions account for the
bsence of external sources of neutrino emissions in the close vicinity of the
ollapsing star—so-called free radiating surface conditions. Thus, the NHC
heory gives us an effective method to determine both the neutrino fluxes
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and the neutrino photosphere properties. Neutrino luminosity for any neutrino
type can be expressed as

L, = 4mR2, AT, Fs(upn) . (opn = sopn/KT) - (1.40)

Here F; is the Fermi-Dirac function of index 3 and

7 1 n2k4_7a

(1.41)

16 F50) 1583 16 F(0)

where a is the radiation density constant.

In general, the neutrinosphere parameters Ruph 5 Tophs and v, differ for
different neutrino types. Really, a substantial difference exists only betweer
the electron and other type neutrinos. Therefore, in good approximation we
may consider only two sets of the neutrinosphere parameters—one for the
electron and another for x and 7 neutrinos and antineutrinos. Bearing this ir
mind, we may represent the total luminosities for v,, ¥, and vy, V., Ve, Vs
as follows

Ly = 4m Ry AT o @3(Yuepn) » (1.42

Lyye = 2% 4w RZ, o ATo 0 @3(Yuupn) » (1.43
where

d(x) = F3(x) + F3(—x) . (1.44

In egs. (1.42) and (1.43) we take into account the fact that, in a black bod
approximation, chemical potentials of neutrinos ard antineutrinos have di
ferent signs. The Fermi-Dirac functions of integer indices have a remarkabl
property (Rhodes 1950, Nadyozhin 1974, see also Blinnikov and Rudzsk
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1989) resulting in the following analytical representation

dx) = = + T T (1.45)

Thus, the conception of the neutrinosphere proves to be useful for analyzing
the properties of the neutrino energy and lepton fluxes from the collapsing
stellar cores. Lack of space does not permit us to discuss the lepton charge
fluxes in detail. We shall only mention that they are small enough for the
ot neutron star cooling (stage 4hn), since neutrinos and antineutrinos are
radiated with nearly equal intensities. When the neutrinosphere parameters
are specified, one can approximate the spectral neutrino luminosity S(E) by
lack body Fermi-Dirac distributions. For example, for the 7, -spectrum we
et

S5e(EYdE = 4 R? EdE
B = AT RGeph 72 )
¢ PR g4 4 exp (E/kTsepn — Vieph)

(1.46)

ydrodynamic modelling of the gravitational collapse implies that 7,5 ~
[ieph = (3—4) MeV while the chemical potentials VYveph = — Yieph Prove to
¢ less than 1, for a 2M-core at least (Nadyozhin 1978).

Unfortunately, a black body approximation for the neutrino spectra be-
omes inadequate when one deals with such spectrum-sensitive problems as
reutrino signal registration by underground detectors and elucidation of the
ffects of neutrino nucleosynthesis. Both problems are very sensitive to the
ligh-energy tail of the spectrum. For £ > kT,epn the spectra must decay
aster than one would expect from black body distribution. In this connec-
ion, there appears necessity to calculate the neutrino spectra at much greater
ength with the use of the neutrino transfer equations. Such calculations are
ndispensable to investigations of the initial steep front of the neutrino signal
stages 2, 3 and the beginning of stage 4ac) when the NHC theory is not yet
pplicable.

The sophisticated spectral calculations deal with a set of transfer equations
escribing all the neutrino types and allowing for a number of interactions
etween neutrinos and stellar matter. The most important interactions are

Vo +r &= pH+e, (1.47)
Ve +p == n+et, (1.48)
vV +0 == e 4 et (1.49)
v +V = pl, (1.50)
vV e = e + v, 1.5
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Fig. 4. The spectral neutrino luminosities (ve,Ve: Nadyozhin and Otroshenko 1980
Vur + Vet Schinder and Shapiro 1983).

v et = e 4V, (1.52
v +p = p+Y, (1.53
v +n = n+V, (1.54
v+ (AZ) = (AZ) +V. (155

These processes proceed in both directions; v and ¥ in processes (1.49
and (1.50) refer to all three types of neutrino and the corresponding an
tineutrino, in processes (1.51-1.55), describing the neutrino scattering of
electrons, positrons, protons, neutrons, and nuclei v denotes any neutrin
or antineutrino species. The cross section of processes (1.47) and (1.48) i
at least, several times greater than that of other processes. This is why th
properties of the v, U, signal differ from those of the v, ¥, and v, V. sig
nals. The process (1.55) describes a coherent neutrino scattering off nucl
that occurs because the Compton wavelength A, for neutrinos of energi
E ~ (10-20) MeV is comparable with or even greater than the nuclear r:
dius: A, =hc/E ~ 10~2cm. Figure 4 shows an example of the neutrin
spectra calculated with the use of the transfer equations. The v, and ¥, spe
tra are taken from Nadyozhin and Otroshenko (1980) and a joint v, ¥y
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v, spectrum from Schinder and Shapiro (1983). The maxima of the v, and
U, spectra are about K, =~ (10-12) MeV. Hence the corresponding neutri-
nosphere temperature must be about E,,/3 ~ 4 MeV. For v, r-Spectrum we
have E,, ~(25-30) MeV. The corresponding Vuz-neutrinosphere temperature
urns out to be a factor of 2 greater than that of the v,-neutrinosphere. Similar
results had been obtained by Bowers and Wilson (1982) and Giovanoni et
al. (1989).

The important point is the distribution of the total energy flux over the
reutrino types. There exists a consensus at present that after the neutrino
ight curve maximum (when more than 90 percent of the total energy is
adiated), the energy flux is distributed almost equally over all the neutrino
ind antineutrino types—each of the neutrino species takes away about 1/6
of the neutron star binding energy. This assumption is supported by detailed
-alculations (Wilson 1980, Schinder and Shapiro 1983). The equipartition
ertainly does not hold for pre-maximum stages of the collapse (stages 1-3,
ig. 2, 3), when the emission of electron neutrinos and antineutrinos dominates
he total energy flux.

Let us compare now the parameters of the v, V.-neutrinosphere with that
f the v,;-neutrinosphere. Assuming in accordance with the equipartition
e = %L,,,”, we can obtain from eqs. (1.42) and (1.43) in zero chemical
otential approximation

R -(T““’“)ZR ~ g (1.56)
vuph = Tvuph veph 4 veph - .
“his result disagrees with the physical structure of a hot neutron star. In fact,
he neutrino optical depth t,, must increase sharply inside the neutron star,
nd the inequality 7,,, < 1 can therefore hold only in an outermost layer with

radius that does not substantially differ from both the neutron star radius
nd Ry.pn. On the other hand, the shape of the v,,-spectrum is close to that
f a black body, and we conclude that the vy ve-neutrino flux is described
y nearly thermal in shape but diluted spectrum. This means that we have to
10dify eq. (1.43) by inserting in the right hand side an additional factor of
-1/16. From the physical point of view, this occurs owing to the lack of v,
nd v, for the truly absorptive processes like (1.47) and (1.48) for v, and v,.

Another important point is necessity to take into consideration the effects
f general relativity such as the red shift in gravitational field of the collaps-
g star and gravitational time dilation. For v, and 7, spectra presented in
g. 4, these effects were taken into account by the introduction of appropriate
orrections to the Newtonian solution. However, this problem deserves more
nsistent treatment. An approach to numerical modelling of the general rel-
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ativistic neutrino transport has recently been developed by Schinder (1988)
and Schinder and Bludman (1989).

1.5. The neutrino signal from Supernova 1987A

The burst of neutrino radiation detected from SN 1987A has opened a new
epoch in the investigation of supernovae in general and gravitational collapse
in particular. Many papers are devoted to this great event in our understanding
of stellar evolution. So we present below only a short account of how the
theoretical considerations above help us understand two dozen of those really
brilliant-for-science neutrinos that were captured by underground neutrinc
detectors on 23 February 1987. For details and references we recommend
to begin with, the reviews of Schramm and Truran (1990), Hillebrandt anc
Hoflich (1989), Burrows (1990) and Imshennik and Nadyozhin (1989).

From the calculations of gravitational collapse for a 2M, stellar core by
Nadyozhin (1978), it follows (Nadyozhin and Otroshenko 1980) that the v,-
spectrum can be approximated by (see also Blinnikov et al. 1988)

E*exp[—a(E/kT)?
So(E) = ke, & T EexplmE/ D?]
p ﬂz 2k 1 + exp(E/kTy)

B = /1 — Rg/Rjepn (1.58

where R, is the gravitational radius of the neutrinosphere while o, g anc
T, are the fitting parameters. For electron antineutrinos we have o =0.024
g =0.807 and T =1.12BT;pn. These are the values that approximate the v,
spectrum presented in fig. 4. In eq. (1.57), E is the energy of ¥, at the Earth
when escaping the neutrinosphere it has the energy Eo = E/B. The spectra
luminosity specified by eq. (1.57) is somewhat different from that given b
eq. (1.46), since it relates to a distant observer and takes into account ai
additional cut-off factor for high ¥, energies.

In view of the poor statistics of detected neutrino events, it is most reliabl
to compare the general characteristics of the neutrino signal, such as the totz
number of events recorded in time t, N(¢), and the mean neutrino energy
&(t), released in the detector at time ¢. Using the ¥,-spectrum given by ec
(1.57) one can calculate the dependences N(t) and €(t) expected for th
IMB and KamiokaNDE II (KII) detectors (for details see Imshennik an:
Nadyozhin 1989, or Blinnikov et al. 1988). A comparison of calculations wit
the neutrino signal recorded by the IMB and KII detectors is presented i
figs. 5 and 6, respectively. The full smooth lines in figs. Sa and 6a correspon
to N(¢) calculated for the V.-spectrum shown in fig. 4, while the step-lik

) (1.57
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Fig. 5. A comparison of theoretical predictions with the neutrino signal from SN
1987A registered by the IMB detector. (See text for further explanations.) (a) The
data for the step-like curve from Bionta et al. (1987). The time has been synchronized
so that the first event in the detector coincides with the moment when N (t)=1. (b) The
energies of neutrino events with the experimental uncertainties (bars) from LoSecco
et al. (1988). A curve in the middle of +1o confidence band gives the dependence
of €(1).
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curves represent the responses of the IMB and KII detectors to the SN 1987A
neutrino signal. The regions bound by the dashed lines in figs. 5b and 6b are
the theoretical =1 ¢ confidence limits. The coincidence between theory and
experiment can be considered fairly good, taking into account the fact that
no special fitting of this 10 year old theoretical prediction to the experiment
was done. Better agreement would be achieved if the v,-flux were somewhat
greater. There are certain reasons for such an increase. First, the neutrino
opacity in the calculations in question must have been overestimated. Second,
a probable enhancement in the neutrino flux due to non-stationary convection
in the outermost layers of the collapsing core (Burrows and Lattimer 1988,
Wilson and Mayle 1988) was not taken into account. The crosses and filled
circles in figs. 5a and 6a correspond to a 1.5-fold increase in the neutrino
flux due to either an increase in Tpn (Shown by x) by a factor of J15 (11
percent increment), or in Rieph (shown by +) by /1.5 times (22 percent),
or in both Tyepn and Rieph (filled circles) by factors of Y15 and V15,
respectively. These corrected results demonstrate a remarkable agreement
with experiment. Note that these modifications have almost no influence on
the theoretical curves €(¢) in figs. 5b and 6b.

Figures 5a and 5b show also that the sensitivity of the results to the pa-
rameter a is not very high. However, the effects of general relativity are
of crucial importance: compare the full lines @ = 0 with the dashed lines
calculated for the case when these effects are neglected (8 = 1).

Thus, we conclude that the neutrino signal from SN 1987A has certainly
confirmed the basic theoretical prediction about the diffusive nature of the
bulk of the neutrino emission expected from collapsing stellar cores.

1.6. Conclusions

Summarizing the above discussion, we shall first formulate theoretical pre-
dictions for the main properties of the neutrino signal from collapsing stellas
cores.

(i) The signal has a shape of a (10-20) s pulse consisting of a mixture
of all three neutrino and antineutrino types (Ve Ve vy Vu Ve v.). The tota
energy of the pulse is virtually equal to the binding energy of the neutro
star (2-5) x 10°* erg.

(ii) The signal begins with a very steep jump (At =~ 0.035) of the tota
neutrino luminosity from ~ 1048 erg/s characteristic of the preceding presu
pernova evolution (stage 1 in fig. 2) up to the maximum value of ~ 3 x 10°
erg/s. At the luminosity maximum the neutrino optical depth of the collapse:
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Fig. 6. Same as Fig. 5, but for the KII detector. Both the step-like curve (a) and the
energies and uncertainties (b) come from Hirata et al. (1987, 1988).
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inner core is ~ 10>-10°. Within the jump there is a transition from the
neutrino-transparent to the neutrino-opaque stage of the collapse.

(iii) The neutrino-opaque stage begins with a non-stationary accretion of
the outer envelope onto the hot opaque inner core (stage 4ac in figs. 2 and
3) which crawls for ~ (1-4)s.

(iv) The neutrino signal ends with a prolonged tail (stage 4hn) with lifetime
of (10-20) s which is related to the cooling of a hot nascent neutron star.

(v) The bulk of the neutrino pulse energy is radiated during stages 4ac and
4hn. The total energies radiated for stages 2+3, 4ac, and 4hc relate in order
of magnitude as 1:20:20. For the collapse of a low mass stellar core (1.2-
1.3) M, a short pulse of 10 MeV v, is expected owing to a non-equilibrium
neutronization with the total energy of ~ 1052 erg, reducing the above ratios
to 1:10:10.

(vi) The total radiated energy is nearly equally distributed over all the six
neutrino and antineutrino species. However, for stages 2 and 3, the electron
neutrinos and antineutrinos dominate the total neutrino flux.

(vii) The mean energies of the individual neutrinos are (10-12) MeV for
v, and ¥, and ~ 25 MeV for v, U, v; Vr.

(viii) The v, V.-spectra are close to the thermal Fermi-Dirac distributions
with somewhat suppressed high-energy tails, whereas v, U, v; U are de-
scribed by nearly thermal distributions, diluted by a factor of 0.05-0.1.

(ix) The bulk of the total neutrino pulse energy is radiated under conditions
of high neutrino opacity and has a diffusive nature.

The neutrino signal from SN 1987A does not contradict these predictions.
However, the pulsar expected inside the SN 1987A remnant has not yet been
discovered. It is not excluded that SN 1987A has given rise to a black hole.
Nearly all the above predictions also remain qualitatively true for black hole
formation, except for the absence of a prolonged stage of neutron star cooling.
Nevertheless, if the black hole mass is about 5-10 Mo, the lifetime of the
neutrino radiation can reach about ~ 10s as a result of both the deceleration
of accretion (due either to the nearly Eddington photon flux or to fast rotation)
and the general relativistic time dilation effect.

Further progress in our understanding of the neutrino signal from the col-
lapsing stellar cores and the mechanism of the supemnova outburst is ex-
pected, first of all from the investigation of collapsing rotating stellar cores
(see Hillebrandt et al. 1990 and references therein). The neutrino transparent
and semi-transparent stages of collapse deserve considerably deeper insight,
since they bear a lot of information about the dynamics of stellar core con-
traction and the physical processes involved. There is even hope to see 3
bounce shock wave in neutrino ‘light’ (Giovanoni et al. 1989). We ough
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to be ready for the registration of neutrino burst from a nearby collapse in
our Galaxy. If it occurred, for example, at the site of the Crab pulsar (~
1.7 kpc distant), more than ten thousand neutrinos would be captured by the
underground neutrino detectors; among them nearly 1000 neutrinos would
come from the transparent and semi-transparent regions of the star.

2. The neutrino heat conduction theory
2.1. Introduction

An extensive investigation of gravitational collapse carried out in the last
decade by numerous researchers has led to an unambiguous conclusion that
the bulk of the resulting neutrino burst energy comes from the collapsing
neutrino-opaque central core and from the subsequent cooling of a hot nascent
neutron star, whose neutrino optical depth turns out to be initially as high as
~ 10°. Hence, all three neutrino types are forced to diffuse slowly through
the neutron star before escaping from the neutrinosphere. Under such condi-
tions, one obviously has to treat neutrino transport in stellar interiors with an
adequate theory based on the diffusive nature of the neutrino flux, rather than
with the neutrino transfer equation in its the most general form. However,
the latter should certainly be used in the outermost layers of the collapsing
stellar core for calculating detailed spectra of the radiated neutrinos and for
elucidating mechanisms of supernova explosions.

The aim of this lecture is to describe in a consistent way the neutrino heat
conduction (NHC) theory formulated by Imshennik and Nadyozhin (1972).
First attempts to include the NHC in gravitational collapse hydrodynamics
were taken by Arnett (1966) and Schwartz (1967). These authors used the
equations based on a rough analogy with radiative (photon) heat conduction;
the energy density of neutrinos in stellar interiors was assumed to be equal
to that of antineutrinos. (A zero neutrino chemical potential was arbitrar-
ily postulated.) Therefore, important effects such as lepton charge diffusion
and the contribution of the neutrino chemical potential gradient to the to-
tal energy flux were omitted. Historically, their results were, however, the
first important attempts to incorporate neutrino diffusion into gravitational
collapse hydrodynamics.

For simplicity we confine ourselves mostly to discussion of electron neutri-
nos. The results can be easily generalized by allowing for & and t neutrinos
(Imshennik and Nadyozhin 1979). In this case, one meets, however, with a
delicate point deserving further investigation: the main sources of the p and
T neutrino opacity are due to an inelastic scattering off electrons, positrons,
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and nucleons; whereas for electron neutrinos absorption by free neutrons and
protons dominates the neutrino opacity. At present there is a really good
basis for developing a complete NHC theory owing to recent experimental
evidence for the existence of only three of the light neutrino families (Aarnio
et al. 1990, Decamp et al. 1990).

2.2. The neutrino transfer equation, stimulated absorption and the neutrino
Kirchhoff law

A consistent derivation of the NHC equations is based on the equation of neu-
trino transfer, involving interactions, between neutrino radiation and matter in
relative motion. This equation is analogous in many ways to that derived by
Thomas (1930) for photons and subjected to further extensive investigation
(see Imshennik and Morozov 1981 and references therein). For simplicity,
we mostly consider the case when true neutrino absorption dominates the
neutrino scattering off matter, and give brief comments concerning incor-
poration of the scattering in the NHC theory. In the absence of scattering,
the neutrino transfer equation in a fixed (laboratory) reference frame in a
spherically symmetric case is
191, 91, 1—-p2ol, I,

=—-—+4E&, , 2.1
c@t+ﬂar+ r ou lv+v @0

where 1, = I, (g, , i, r t) is the intensity of the neutrino radiation, the
index v denotes any neutrino and antineutrino species, and p is the cosine of
the angle between the direction of neutrino motion and the radius vector (a
direction cosine). The intensity I, , the neutrino mean free path /, , and the
emissivity £, are connected with the corresponding quantities 1,9 , Lo » and
£, in the co-moving reference frame (where matter is at rest at the point
considered) by the following relations

o _ L 2.2)
6‘110 8\3)

lvO = le; (23)
Eo = L*E,. 2.4

The values of neutrino energy €, and the directional cosine po in a co-
moving reference frame are expressed through the values &, and p in the
fixed reference frame as

g = Legy, 2.5)
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1 w—u/c

o = . (2.6)
L\/1— (u/c)?
The factor L is given by
— 1 — 2
I = 1 —pu/c _V1—=(@/c) . @)

VU= @/e)? 1+ ueu/c

One should keep in mind that /,y and £, depend only on one variable &,
(apart from a trivial dependence on r), whereas /o depends both on ¢, and
0. For subsequent calculations, it is useful to present the relations between
the differentials of the neutrino energy and the directional solid angle  in
both the reference frames in question:

de,o = L de,, (2.8)
daQQ
d = Tr. @R =2ndy, dQy = 2nduy). 2.9)

Equations (2.2-2.9) account for abberation and the Doppler effect, and assure
invariance of the transfer equation (2.1) under Lorentz transformations.
When the terms of order of (u/c)? are small enough, eq. (2.7) is reduced
to
L=1-puu/c. (2.10)

We shall continue our discussion with this approximation, although there are
no principal difficulties in accounting for the relativistic velocities.
Integrating 1, over ¢,, we get

oo

L, =L (u,r,?) =/1v ey ,u,r,t)de,. .11
0

The total neutrino intensity I, is coupled with matter through hydrodynamic
equations in which it enters through the angular moments K, S,, and U,:

1
2
K, = K, (rt) = TH/MZL du, (2.12)
21
1
S, = S, (nt) = 271/;/,1‘, du, 2.13)
1
2 1
U, = U, (nt) = 7”[1 du. (2.14)

-1



328 D K. Nadyozhin

Physically, K, and S, represent fluxes of neutrino momentum (the neutrino
pressure) and the neutrino energy, respectively, while U, specifies the neu-
trino energy density.

Let us now consider the properties of neutrino emissivity. Since the neu-
trinos obey Fermi-Dirac statistics, due to the Pauli principle, their emissivity
has to be scaled down with increasing phase space occupancy. Thus, instead
of stimulated emission in case of photons, stimulated absorption arises in
case of neutrinos. The number of neutrinos dn,, in the volume element dV
propagating inside the solid angle d2 with energies within ¢, and &, + de,
is expressed through /, by

v

cey

dn, =

dvdQ de,. (2.15)

For the total number of accessible quantum states, dn,, we get

2 2
dn, = % dvdSQ dp, = (;“)3 dVdQ de,. (2.16)

Hence, the occupancy of the phase space is

dn,

I
2,35V
=ch— = Vs 2.17
lq 4 3 f ( )

v

and, in accordance with eq. (2.2), proves to be independent of the chosen
reference frame. Neutrino emissivity has to be scaled with the number of free
quantum states, and so must be proportional to the blocking factor (1 — f,).
Thus, in the co-moving reference frame

81)0 = (1 - fu )Bl)O? (218)

where B, already does not depend on the neutrino radiation field and is
determined only by emission properties of the medium.

This is the point where true emission differs crucially from scattering. For
the latter, B, retains dependence on the neutrino radiation field through the
input channel of the reaction; the greater the neutrino density, the greater B.yo.
In other words, in true emission and absorption processes, neutrinos are cre-
ated and disappear; whereas for scattering they only change momentum and
energy. The output channel in the scattering processes always ‘remembers’
the input one. The dependence of By on the neutrino radiation field also takes
place for all those processes that involve more than one the neutrino species,
such as the electron-positron and the neutrino-antineutrino annihilation and
plasma-neutrino interactions.
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The most important processes of pure emission and absorption for electron
neutrinos, v, and antineutrinos, v,, are their interactions with free neutrons
and protons

n+et = p+,, (2.19)
p+e & n+v, (2.20)
n < p+e +7,. 2.21)

If the temperature were high enough for copious production of x and t
mesons, similar processes with x and t leptons and antileptons (instead of
e~ and e*) would be the sources of pure emission and absorption for & and
7 neutrinos and antineutrinos.

Since for true emission-absorption processes both B, and the neutrino
mean free path /,y do not depend on the neutrino radiation field, one can
derive a universal relation between B,y and /,, generalizing the well known
Kirchhoff law for the case of neutrino radiation. To obtain this relation,
consider the state of total thermodynamic equilibrium when the neutrino
radiation and matter at rest have the same temperature. Then, the neutrino
intensity must be isotropic and distributed over energies in accordance with
the Fermi-Dirac statistics:

3

Lo = loe = —2 1 _ S g 2.22)
v0 = luge = C2h31+exp(sl’0k;_:uv) = 243 ves .

where y, is the neutrino chemical potential. Under conditions of thermody-
namic equilibrium, for matter at rest, the right hand side of eq. (2.1) must
equal zero:

IUO

+ &0 = 0. (2.23)
v0

Inserting in eq. (2.23) 1,0 = I,0. from eq. (2.22) and using eq. (2.18), one
obtains Kirchhoff’s Law for the neutrino radiation in the form

lvO By = 1v0es (224)
where [,¢ is the mean free path corrected for stimulated absorption
l v0

1 +exp (_—Mv k—TE”O ) .

The relations given by eqs. (2.24) and (2.25) are universal: they hold
whether or not the neutrino radiation is in equilibrium with matter. However,

in = (1- fve Yo = (2.25)
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matter itself must be in local thermodynamical equilibrium. When neutrinos
and matter are not in equilibrium, one should mean by p, in eq. (2.22) and
(2.25) that value of the chemical potential which the neutrinos would have
if they were in equilibrium.

With the aid of egs. (2.3), (2.4), (2.18), (2.24), and (2.25), the neutrino
transfer equation (2.1) can be written in a more suitable form

190 O 1-wh kb —he

=— , 2.26
¢ Ot ’ or r u I, (2.26)
where

4 ivO
l, = —, 2.27
I (2.27)

3
1

I, =L—31U08 = ° (2.28)

v
c2h3 1 +exp (Lsuk;llvv )

Hence, in the fixed reference frame fv and /,, turn out to be non-isotropic.
Let us now write expressions for U,,K,, and S, in the fixed reference
frame, when the neutrino radiation and matter are in equilibrium. The neutrino
energy density is given by
2 | 2 [du [ & d
b4 b4 £ €
e = T/IW du = T‘/L—“f /02‘2)3 Ev:)o —Uy
4 e o 1+ exp (—kT_)
15aT* iy w2kt
=——F( ) =), 229
2wt \kT (a 15h3c3) (2.29)
where F; is the Fermi-Dirac function of index 3. The final expression for
U, in eq. (2.29) is obtained by neglecting terms of the order (u /c)? and
integrating over pi:

1 1

du u
-~ = = 2. 2.30
fU /(1+4Cu) du =2 (2.30)
—1 -1
Continuing the analogous calculations, we get
1
K, = = U, 2.31)

Spe = U,e. (2.32)

W W
(SN IR
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Likewise, the neutrino number density is determined as

oo

4 I 15
D0 e 2 R (%) -

= — - 2.33
€v0 274 k ( )

Rye =

So, in the limit (#/c)?> « 1, the neutrino equilibrium energy density U,,,
the neutrino pressure K,., and the neutrino number density n,, are indistin-
guishable in the fixed and co-moving reference frames; whereas the neutrino
energy flux S, differs from S,o, = 0, owing to anisotropy in the 1, distri-
bution.

Differentiating K,, by T at the fixed x, (Landau and Lifshitz 1980), one
can obtain the expression for the neutrino entropy S,.:

4 U, My

= — — — Hye. 2.34
3T T e (2.34)
Making use of properties of the Fermi-Dirac functions and assuming p, =
—Wi, one can obtain a simple analytical expression for the total neutrino and

antineutrino entropy

Sve =

7 15 /1y \2
Svf)e = Sve S\')e = = T3 1 =5 \ 7 , 2.35
+ 6 [ tIe (kT) } (2.35)

which holds for both the non-degenerate (1, = 0) and extreme degenerate
(v > kT) cases. A similar expression can be derived also for the total
neutrino and antineutrino energy density U, ;,.

2.3. The elements of neutrino hydrodynamics

The laws of energy and momentum conservation for a system consisting of
neutrino radiation and matter can be written as

6}
a (I}k + mk) = f} ’ (_]v k = 1’21 3’4)a (236)

where W, and T}, denote neutrino and matter energy-momentum tensors re-
spectively, while f; are components of the external 4-force. The components
of the symmetric tensor W, are given by

1
Wep = Kuap = / exep 1, dQ2, (2.37)

Wos = = S = - / e, dQ, (i = =), 2.38)

i
c

1
Wy = —U, = —;/ I, dQ2, (2.39)
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where e, and eg (o, B = 1,2, 3) stand for direction cosines of the neutrino
propagation. In further considerations, we shall neglect terms of the order
of (u/c)*. Inserting in eq. (2.36) Wj; from eqs. (2.37-2.39) and the stan-
dard expressions (Landau and Lifshitz 1976) for Tj;, and using the baryon
conservation law in the form

0p 0

[]3 + 0xy

(pus) = 0, (2.40)
where p is the density of matter or, more precisely, the number density of

nucleons multiplied by the proton mass, one obtains the equations describing
the motion of matter in the neutrino radiation field as

d 14 P+ Ep\] oP
Z - ——
Par pcr /] xy
1 38,
—(div K,), — —
(div K.) 2 Ot

dE | pd (1Y] div K.)
— —{ =) = usdiv K,),
Plar ar\p)]

Uy 0Suq A oU,

+ fa, (2.41)

— — — . (242
¢t Ot 0xy ot (242
Here the a-component of the K,4s-tensor divergence is given by
dK
(div K,)q = —22, (2.43)
6xﬂ

The pressure and the specific energy of matter are denoted by P and E,
respectively.

To simplify further discussion and to make it more understandable from the
physical point of view, we shall restrict ourselves to spherically symmetric
motion. Using the rules of tensor differentiation, we get

19 K06 Ky

, _ 10 ey _ lwee 2.44

(le Kv)r r2 ar (r KUH‘) r r ’ ( )
3w 10,

VS, — = =2 (7S,). 2.45

div S, or. 23, (r*Sur) (2.45)

Let i,, ig, and iy be the spherical unit basis vectors while i, is the unit
vector pointing to the direction of the neutrino propagation. Then, taking
into account the obvious relations

e% = (ivir)2 = /'sz
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e = (big)® = (1 - u*)cos’ ¢,

ey = (vig)? = (1 - p)sin’ ¢,

dQ = sin0'do’ d¢’ = —du' d¢’,
where 6’ is the angle between i, and i,, ¢’ stands for the angle between ig
and the projection of i, on the plain containing vectors iy and is. Then if /,

is independent of ¢’, we can verify that egs. (2.37-2.39) for Ky, S, and
U, reduce to egs. (2.12-2.14), while for K, and K.¢s they give

1
T 1
Ktg = Kugg = / (1=1) Ldu =5 U —Ku).  (246)
21

In the spherically symmetric case, only the radial components of all the
vectors in the triple (@ = 1,2, 3) remain different from zero eq. (2.41).
Hence, the five neutrino hydrodynamics eqgs. (2.40-2.42) reduce to only three
equations

d P+ Ep oP Gm

dt pc? or r
_ [C%%Jr%Jr%(sKv—uv)], (2.47)
p[dd—f + P(% (%)] =u{-cl—2% + aali” + ;(3KU—UV)}
_ {aa_lf + ;12.% (ﬁsv)} , (2.48)
% 22 ) =0, 249)

where the index r is omitted. We have here substituted the Newtonian force
of gravity for f,. Thus, neutrino radiation is coupled to matter by the two
lifferential combinations enclosed in braces in eqs. (2.47) and (2.48). In the
ibsence of neutrino radiation, these terms disappear and egs. (2.47-2.49)
educe to the usual equations of spherically symmetric hydrodynamics. To
larify the physical sense of the neutrino terms, we multiply eq. (2.26) by
2 and integrate over u and ¢,. Repeating this procedure after multiplying
q. (2.26) by 2mpu/c, we finally get

1 oo
aU‘, 19 2 Iv_lve
—=—(r’S, ) =2 - v du, .
37 +r26r(rs) n//( 7 )ds du (2.50)
-1 0




334 D K. Nadyozhin

2ot or

27 T I, -1,
= u/ ————— | de, dpu. (2.51)

v

The right hand sides of eqs. (2.50) and (2.51) represent rates of the energy
and momentum transport from matter to neutrino radiation. Therefore the
braced term on the right hand side of eq. (2.47), taken with the opposite
sign, gives the force by neutrino radiation on the matter, whereas the first
braced term in the right hand side of eq. (2.48), multiplied by u, represents
the work done by matter on neutrino radiation per unit time.

For astrophysical implications, it is useful to rewrite eqs. (2.47-2.49) in
the Lagrangian independent variables ¢ (time) and m (the mass enclosed by
radius 7). The equation of continuity can be used in two equivalent forms

d (1 d(riu) 1 4w dr3
()Y =4 - = — —. 2.52
dt (p) T om or P 3 Om 2:52)

Taking eq. (2.52) into account and neglecting terms of the order of (u/c)?,
one can reduce egs. (2.47) and (2.48) to

du , d Gm 1[19S, 1

W _ _4xr? > P+ K) - ———|= 23k, - U,

dt A am (P + &) r2 p |:c2 TR ( )]
u [oU 0
=2 s 4mo— (r%S)) |, 2.53
pc? [ ot T om r )] (2:33)

d (1 d
L(E+ L)+ Ptk Z(;) = —4n—(’H.)
w[19S, 1
MIZ22 423k, —U,)| . @54
p[czat+r( )] @>9

In deriving egs. (2.53) and (2.54), we have neglected the term (P + Ep)/ pc?
~ (as/c)* and have introduced a new designation
H,=S, —u, +K)). (2.55)

Here, a, is the velocity of sound. It can be shown that H, is the neutrino
energy flux S,o in the co-moving reference frame. Neglecting the (u /c)?
terms we get

Sv0 =//“° Lo deyo dS2 = //[;},—%(1-}-“2)]1\, de, dQ
=S

, —u(U, +K,)=H,. (256
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All the results obtained in this section relate to any neutrino and antineu-
trino types. In order to take into account several types of neutrinos or an-
tineutrinos simultaneously, one should simply summarize the corresponding
values of U, ,K, ,S, , and H,. Moreover, these results hold whether or not
the star is transparent to neutrinos.

2.4. The neutrino heat conduction approximation

In this section we concentrate on the neutrino-opaque case when the neu-
trino mean free path /, becomes much less than the characteristic length over
which physical quantities (such as pressure, density, temperature) vary ap-
preciably. Under such conditions, the neutrino intensity 7, must be close to
its equilibrium value /,, . This permits us to make use of successive approxi-
mations for determining the diffusion corrections to the equilibrium isotropic
neutrino intensity.

For this purpose, it is useful to rewrite eq. (2.26) as
1, —1
DI, = —i—“", (2.57)
where D denotes the linear differential operator
19 4] 1—u?
D=_-— —t — 2.58
c ot + “ar + r  ou (2.58)

which acts on 7, at the fixed ¢, . Inserting in the left hand side of eq. (2.57)
the equilibrium intensity 7., given by eq. (2.28), we obtain the first order
approximation

1Y =1, —I,DIL,. (2.59)

To derive the NHC equations, we also need the second approximation /)
which results from the substitution of /(! in the left hand side of eq. (2. 57)

I9 =1, — LDV =10 4 iD (IVDI.,L,). (2.60)

Entering eqgs. (2.50) and (2.51) with [, = IV(Z), one obtains for the neutrino
differential combinations

U, 19
St s =2 [ [otaan, o
-10
13s, 0K, 1 w [ T
C_za_tv+a_rv+;(31<u -U,) = %/M/mﬁ“ de, dp. (2.62)
1 0
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Straightforward calculations of the integrals in eqgs. (2.61) and (2.62) result
in

aUV 13 2 aUvOe
TR A A

19 4 an [ 0l

— 21 2 __” 7 v0e

+ r2 dr r 3“UV0€ 3 /IUO or dey ) (263)
0

19S, 0K, , 1 Koo
273; -3k, -Uy,) = —/— 2.64
c? ot + or +r( ) dr (2.64)

When deriving egs. (2.63) and (2.64), we have, as usual, neglected terms of
order (u/c)?, such as those containing uc~23/dt. The terms including the

combinations (u /c)l~,,6 /or and (iv /c) d/9t were also omitted since they are

small compared to terms of order u/c and 1,9/9r. These terms, proportional
to ul~v, determine the viscosity of neutrino radiation (van den Horn and van
Weert 1984). Summarizing egs. (2.63) and (2.64) with the same equations
for antineutrinos, derived by substituting —, in place of u,, and inserting
the results in eqgs. (2.53) and (2.54), we obtain the NHC equations in the final
form

dr
— = u, 2.65
o (2.65)
du 0 Gm
a _ a2t p+ k) - 2 2.66)
dt T m (P +K) r? (
2 1 4w or?
d (1Y o400 Lo 2.67
dt \ p (¢} o) 3 Om
d U d (1 d
f e+ = P+KY—=(=) = —4n— (r*H), 2.68
dt( +p>+( + )dt<p> nam(r ) (2.68
1 1 5aT*( , 5, It
= U = = (Uvpe 00) = —— 2 —),6
7 4acT? T v,
H=—- drip (I — + TI , 2.70
g 3 T F (T'Om T om ) (
Ir =y + I3, lv, = l¢v — l’l/ﬁ’ 2.71
T 426-)
Iy = 2 xe dx, 2.72

) (1)
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o0
15 32—
[ FE— / ho ———dx, 2.73)
Tm , (14+e¥)
Mo
= . 2.74
Vo= (2.74)

Here K and U denote the total neutrino and antineutrino pressure and energy
densities. The quantities /75 and Iy can be found from eqs. (2.72) and (2.73)
oy the change of /4 and v, on /5y and —v,, respectively.

The most important property of the NHC theory is that not only the tem-
erature gradient contributes but also that the neutrino chemical potential
ontributes to the total energy flux.

5. The kinetics of beta-processes and lepton charge diffusion

3ecause of the new independent variable y,, the system of egs. (2.65-2.74)
s incomplete. In order to close the system, one has to take into account the
inetics of beta-processes. By beta-processes we mean those weak interac-
ions which are responsible for true neutrino emission and absorption. For
he electron neutrinos and antineutrinos, the complete list of these processes
mplies processes (2.19)—(2.21) and

e+ (A,2) = (A, Z+1) + (b, orv,), (2.75)
(A, 2) &= (A, Z£1) + €F + (i, orv, ). (2.76)
rocesses (2.19-2.21), (2.75), and (2.76) change the total numbers of neu-
ons, N,, and protons, N,, (either free or bounded in nuclei) in stellar matter.
ince there are no other processes capable of producing such transmutations,
1e equation controlling the time behavior of the ratio ® = N,/N, reads
P 1 doe
= —_ _IF _ n(A, Z)W,- —n(A, Z — HW,
m U767 ;Zj{[( YWe- — n( YW, ]
—[n(A, ZYWer —n(A, Z + HW;]
—[n(A, Z)De-5 — n(A, Z + 1) W,-;]
+n(A, Z)Dpry —n(A, Z - DW,+, 1}, 2.77)
here the summation is taken over all values of A and Z. (For neutrons
-=1,Z =0, and for protons A = 1, Z = 0.) The rates of the e, et v,
id U, captures are designated by W, whereas D stands for the e* decays.

very pair of the brackets in eq. (2.77) contains the rates of the direct and
rresponding inverse processes. The rates W and D include the blocking
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factors accounting for the phase space occupancy of ve,v., and e*. Using
expressions for W and D from the weak interaction theory and the principle
of detailed equilibrium, which connects the rates of the direct and inverse
processes, one can convert eq. (2.77) to the form

o 1 ae

m, (1+0) dt

2 £20 Hy — Ev0
=132 f/ IT [(1 — fu)exp (_kT—) - fu] dug dey
0 1
o0

1

82 —Hy — &

/ ;;‘;—O [(1 — fs)exp <———ukT £ 0) - fa] dpodeig. (2.78)
1

Here all the beta-processes rates are expressed through the total mean free
paths lfo and 150 of neutrinos and antineutrinos

1 11 ‘
A (@ + @) (2.79
1 1,1 \
E 2 (1—? + @> (2.80;

where /D and I® stand for neutrino and antineutrino captures in processes
(2.75) and (2.76) respectively.

It should be emphasized that we have made only a single assumption in de
riving eq. (2.78): matter was assumed to be in a state of total thermodynamic
equilibrium. This enables us to use Fermi-Dirac distributions for the electron:
and positrons, and to express all nuclear number densities, n(A, Z), througl
free neutrons (n,) and protons (n,), in accordance with the nuclear statistica
equilibrium (see W. Hillebrandt’s lectures in this volume). At the same time
no constraints were imposed on the neutrino radiation entering eq. (2.78) (i
the form of only two quantities f, and f; given by eq. (2.17)): the neutring
energy and momentum distributions are, in general, arbitrary. In case f, :
f5 = 0, for example, eq. (2.78) describes the kinetics of beta-processes unde
neutrino-transparent conditions. The quantity u, in eq. (2.78) is defined by

fy = pe — Qn — kT In (”—) .81
np

where p. is the electron chemical potential and @, = 1.29 MeV is th
neutron-proton mass difference. Here i, is simply a convenient designatio
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for the combination in the right hand side of eq. (2.81). This combination
comes from the properties of matter rather than from neutrino radiation.

Suppose now that the beta-processes are in local equilibrium, that is, they
do not change the neutrino (antineutrino) and electron (positron) numbers in
every element d2 dgg of phase space. Then, from eq. (2.78) it immediately
follows that d®/dt = 0 and that the neutrinos and antineutrinos should
be described by Fermi-Dirac distributions (see eq. 2.22) with the neutrino
chemical potential defined by eq. (2.81), while the antineutrino chemical
potential must have the opposite sign

hy = —pm,. (2.82)

Thus, we have derived the expressions (2.81) and (2.82).

To derive the kinetic equation of the beta-processes in the framework of
the NHC approximation, one has to insert in eq. (2.78) the second order
approximations for f, and f;

Zp3
fos = 12 = 5219, (2.83)
L

=

After time consuming calculations (which are nevertheless simple in princi-
ole), eq. (2.78) can be reduced to the equation of lepton charge diffusion

dA,
dt om

vhere the specific lepton charge is defined as the difference between lepton
ind antilepton numbers per nucleon

(r*F) = o, (2.84)

mp
A, = 7 (He- — N + nye — n3,) . (2.85)
‘or the lepton charge flux, F, we get
7 4acT? Ar AT dy
F = -~ drrtp | = — + 2y ¥ .
8 3k ”rp<Tam+'/'6m)’ (2.86)
Ar = Ary — Aro, Ay = Ayy 4 Ays, (2.87)
A D /oo o 2 (2.88)
v = =3 [ o ———= dx, .
Tr* (1 + er~ tllv)

o0
15
o = o / —dx. (2.89)
0
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The expressions for A and Ay; are obtained when substituting —, for v,
in eqs. (2.88) and (2.89). From the comparison of these equations with egs.
(2.72) and (2.73) it follows that

lyy = Arv, lys = A, Iy = Ar. (2.90)

Equations (2.90) represent the Onsager principle of symmetry for the kinetic
coefficients (Landau and Lifshitz 1980) of neutrino radiation.

Equation (2.84) describing lepton charge diffusion closes the system of
neutrino hydrodynamics equations in the NHC approximation.

The calculation of the neutrino mean free paths Iz, Iy, Ar, and A, as func-
tions of temperature, density and the neutrino chemical potential ¥, proves
to be, in general, a difficult problem, since one has to take into accoun
neutrino interactions with all the nuclear species in both the ground state
and in numerous excited states (Kolb and Mazurek 1979). For free nucleor
gas heated to high temperatures (kT >> m,c?), the following analytical ex:
pressions result (Imshennik and Nadyozhin 1972, Bludman and Van Ripe:
1978):

15 m, 1 (m.c\* (1+6)>
Ay = — L — , 2.91
v 147{40,,p(kT) 0 @91
-1 72
Ir = A 2 2 4+ —, 2.92
T "’("’“ 9+1'/’+3) (
g—1
I, = Ar = Ay (0 — —— ), 2.93
v oA ‘”(‘/’ e+1) (

where 8 = n,/n, and g, ~ 2.5 x 10™*cm? is a typical cross-section o
neutrino interactions with free nucleons.

Thus, we have obtained two equations for the diffusion of energy an
lepton charge which require four extra boundary conditions. Two of thern
may be taken in the center of the star,

o _ oy, We o, (m=0), (2.9
or or
accounting for the absence of central point sources of neutrino energy an
lepton charge. The other two boundary conditions may be imposed at th
surface of the neutrino-opaque stellar core:

c 1
U+ -H=0, = M,), 2.9¢
4 2 m ) (

1
- g(nv —mp) + 3F =0, (m=M), (2.9¢
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which express the absence of external neutrino sources near the neutrino-
opaque core. (M, is the mass of the core.)

2.6. Conclusions

Electron neutrino and antineutrino interactions with atomic nuclei (and espe-
cially with free neutrons and protons) produce strong sources of true neutrino
and antineutrino absorption and emission. As a result, the NHC theory works
well for electron neutrinos, even at the initial stages of collapse, as soon as
the neutrino-opaque core forms. By means of this theory, it is possible to
explain the properties of the neutrinosphere and to obtain the general char-
acteristics of electron neutrino and antineutrino spectra, which turn out to be
close to the equilibrium Fermi-Dirac distributions. The central temperature
for the massive (~ 2Mg) stellar cores attains about 50-100 MeV, thereby
giving rise to thermal production of u and m mesons which interact with
free nucleons, producing true emission and absorption for muon neutrinos
(Domogatskii 1969). Therefore, the NHC theory may account for the muon
neutrino transport, at least in the near-central regions of collapsing massive
stellar cores.

The Supernova 1987A has confirmed theoretical predictions of the neu-
rino signal properties expected from collapsing stars, and revealed an urgent
ieed for further developments in neutrino transport theory. The most diffi-
-ult problem is to properly account for neutrino scattering processes in energy
ind momentum transport. In the neutrino-opaque case, NHC theory may be
seneralized to account for scattering in the approximation of “Comptonized”
1eutrino transport (Imshennik and Nadyozhin 1979), where the neutrino and
intineutrino chemical potentials are not coupled by the equality p, = —u;.
If I, and I; are the effective mean free paths for absorption and scatter-
ng, respectively, i, = —u; holds only when I, < I;.) One may also treat
leutrino scattering in the transport cross section approximation (Bludman
ind Van Riper 1978). However, in the external layers of collapsing stel-
ar cores with moderate values of neutrino optical depth, one has to handle
he neutrino transport as thoroughly as possible. Neutrino scattering may be
f crucial importance for elucidating the mechanism of supernova explo-
ion (e.g. Myra and Bludman 1989) which is not completely understood so
ar. Moreover, the high sensitivity of neutrino detectors and of neutrino nu-
leosynthesis yields on the high energy tails of the neutrino spectra requires
ophisticated calculations of the neutrino transport in the collapsing core man-
les, such as the angular moments methods (e.g. Fu 1987), the Monte Carlo
imulation technique (Janka and Hillebrandt 1989) and others, or straight-
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forward integration of the neutrino transfer equation (Schinder and Shapiro
1983). These methods, however, still require time-dependent values of the
total neutrino energy and lepton charge fluxes as boundary conditions at a
certain intermediate layer. Therefore, they fail to describe the neutrino trans-
port through deep stellar interiors, especially in hot nascent neutron stars.
The boundary fluxes may be calculated in the framework of the NHC the-
ory.

We have attempted to describe the physical basis of neutrino energy and
momentum transport under conditions of high neutrino opacity. We hope
that this compressed account will help those who will study the difficult
problem of neutrino contributions to gravitational collapse dynamics and the
mechanism of the supernova outburst.
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1. Introduction

The equation of state of hot dense matter P(p, T) is an essential ingredi-
ent in the description of the gravitational contraction of massive stars. This
gravitational contraction is believed to be the origin of Type II supernovae
explosions and of neutron star formation. It is important for both prompt (11
and delayed [2, 3] explosion mechanisms because, in both cases, it sets the
initial conditions of the evolution. The equation of state is required for up to
several (typically five) times the nuclear density and for temperatures on the
order of ten MeV. Calculating the equation of state in this domain requires
the determination of the most stable configuration of a system of neutrons,
protons, nuclei, electrons, and neutrinos. This is a difficult problem, both be-
low and above nuclear density. Below nuclear density, one is faced with the
nuclear physics of very unusual nuclei, namely hot, superheavy, exotic nuclei
immersed in a neutron vapor. Indeed, because of electron screening, the mass
of these nuclei can easily reach A = 1000, that is, about four times the mass
of the heaviest elements observed on earth. It is important to determine the
vaporisation temperature of such nuclei. Indeed, below the boiling temper-
ature, nucleons are bound in nuclei and do not contribute to the pressure,
whereas above this temperature their contribution stiffens significantly the
equation of state. Above nuclear density, one has to deal eventually with the
many-body physics of overlapping (or nearly overlapping) bags of quarks
and gluons. Since no solution to this problem is presently available, most
approaches use effective theories in which structureless nucleons interact via
meson fields.

Two important simplifications can be used in the construction of equations
of state needed in studies of stellar collapse. The simplifications greatly reduce
the amount of numerical calculation. As pointed out by Bethe et al. [1], they
are justified by the trapping of neutrinos when the density is greater tharn
10! g/cm3. First, the entropy per baryon S/A is almost constant during the
collapse and its value is close to one. This is because creation of entropy
(or disorder) by beta transitions to nuclear excited states is forbidden by the
Pauli blocking of neutrinos. Second, the electron fraction Y, = Z/A remains
nearly constant at a value close to 0.30.

348
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This article is organized as follows. Section 2 presents a calculation of the
properties of hot nuclear matter in the mean field approximation. Because
nuclear forces are attractive at long range and repulsive at short range, the
phase diagram of nuclear matter is expected to be that of a Van der Waals
fluid, with an equilibrium between a dense (nucleus) phase and a dilute (va-
por) phase. A critical temperature T, also exists. In actual nuclei the phase
equilibrium equations are complicated by the presence of Coulomb and sur-
face effects. These effects make nuclei unstable at a limiting temperature T},
which is well below the critical temperature T,. We show that a useful ap-
proximation for study of the phase equilibrium equations is to consider low
temperature expansions for the nucleus, and high temperature expansions for
the vapor. As an application we derive a simple formula for the limiting
temperature T; beyond which nuclei no longer exist.

These results are used in section 3 to discuss the equation of state at sub-
nuclear density. After a brief sketch of macroscopic methods, we review the
bulk matter approximation in which dense matter is modeled as drops of
asymmetric nuclear matter in equilibrium with a nucleon vapor. In this case
we show that low and high temperature expansions provide useful approx-
imation formulas for a discussion of the properties of dense matter and its
equation of state. More elaborate methods, such as the compressible liquid
drop model, the Thomas-Fermi, and Hartree-Fock methods are also presented.

Section 4 deals with the difficult problem of calculating the equation of
state in the domain of densities greater than the nuclear saturation density.
We present the standard methods of non-relativistic many-body theory as
well as relativistic mean-field and Dirac-Brueckner approaches.

A summary of our main conclusions is given in section 5.

2. The phase diagram of hot nuclear matter
2.1. Effective nucleon-nucleon interactions

To discuss the equation of state of dense matter at subnuclear density, it
is convenient to examine first the properties of hot nuclear matter. Nuclear
matter is an ideal, macroscopic system of neutrons and protons, which interact
only via nuclear forces. Its density p is spatially uniform, as is its proton
fraction Y, = Z/(N + Z) . This system does not exist on earth because
nuclei with more than about hundred protons are destroyed by the Coulomb
repulsion. However, it is produced (with ¥, ~ 1/3) during the collapse of
massive stars, because the electron background, which ensures the electric
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neutrality of the star, almost completely screens the Coulomb forces. This
system is also believed to be present (with Y, ~ 0) in neutron stars. From
an extrapolation to large A of the observed properties of actual nuclei, one
finds that the equilibrium density of this ideal system of symmetric nuclear
matter would be py = 0.17 nucleons/fm® (which corresponds to 2.8 x 10'
g/cm?®), and that it would have a binding energy per nucleon Eo/A close to
—16 MeV [4]. The density pg and the ratio Eo/A are generally referred to
as saturation density and saturation energy, respectively.

To calculate properties of nuclei and nuclear matter, two distinct ap-
proaches have been used. The most fundamental starts from a realistic
nucleon-nucleon force such as the Orsay [5], Bonn [6], or Argonne [7] po-
tential, to reproduce as well as possible, two-body scattering data, and to
derive nuclear properties from standard many-body techniques. Such tech-
niques include variational methods as well as Brueckner type calculations
of the effective nucleon-nucleon force used in mean field calculations [8].
These techniques require large amounts of numerical work. For this reason
an alternative approach has been developed in which the effective nuclear
interaction is parameterized directly. This approach loses contact with two-
body scattering data but it is simple to use and produces accurate predictive
results. With only a few parameters, it can give excellent descriptions of
masses, radii, charge distributions, single particle energies, deformation, and
fission barriers of nuclei throughout the periodic table. This is the approach
adopted in the present section, in which we use the simple and remarkably
successful effective interaction proposed by Skyrme (4, 8].

2.2. A simplified Skyrme interaction

For pedagogical reasons, we consider a schematic version of the Skyrme force
containing only a zero-range two-body attraction and a zero-range three-body
repulsion

v = tp8(r; — 1) + 538(r; — r)d(ry — r3). (2.1)

The values of the two parameters £y and 3 are adjusted to reproduce the
binding energy per nucleon and the saturation density of nuclear matter. The
formulas derived in the following sections lead to

to = —983.4 MeV x fm®, 1 =13105.8 MeV x fm®. 2.2

With these values, the 3 term (as shown below) becomes dominant at den-
sities larger than saturation density. The dominance of the repulsive term a
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large density reflects the repulsive character of the nucleon-nucleon force at
short distances, while the # term (although zero ranged) simulates the long
range nuclear attraction, due to one- and two-pion exchanges.

2.3. Mean-field equations at finite temperature

A great merit of the Skyrme force is that it leads to simple mean field
equations. As an illustration, consider the case of a symmetric N = Z nucleus
at finite temperature 7. In the mean field approximation, this nucleus is
described as a set of independent nucleons in a potential U (r), which results
from the interaction of one nucleon with all the others. For instance, the
average potential acting on a nucleon with spin ¢ and isospin 7, generated
by the # term, is given by

U(rv o, t) = Z / p(rlv 0',, t,)t()a(r - r/)(l - 800/81"(’)dr/7 (2'3)

where p(r, 0, t) is the probability density of nucleons with spin o and
isospin 7. Note that eq. (2.3) contains a factor (1 — 850'8:1/) due to the
Pauli principle which forbids, at the same point r, the presence of two nu-
cleons with identical quantum numbers. For a spin saturated and symmetric
nucleus, eq. (2.3) leads to U = 350 (r)/4. A similar calculation for the o)
term gives

Ui < 3 3,
()= 700P() + TeBr ™. 24

To construct a system of independent nucleons at temperature 7', we occupy
the single nucleon orbitals ¢; (r)

h2
(— m A+ UO‘)) @i (r) = e;jpi (1), (2.5)
m

with the usual Fermi occupation numbers
_ 1
1 +exp((e; — n)/kT)

In the previous equation, i denotes the set of space, spin, and isospin quantum
numbers. The value of the chemical potential & in eq. (2.6) is fixed by the
condition

Zﬁ =A. Q.7

fi (2.6)
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The self-consistent nucleon density is then given in terms of the single particle
wave functions and occupations numbers by

P =Y fileiF. 2.8)

This equation completes the set of mean-field eqgs. (2.4-2.8) at finite tempera-
ture T. It is non-linear since it involves the solution of Schrodinger equations
whose potentials depend on both eigenfunctions and eigenvalues through egs.
4, 6 and 8. Once the orbitals ¢; and their occupation numbers f; have been
determined, the energy E of the nucleus is obtained from

1
E= 5l0 Z f drp(r,0,7)p(r, o', T')(1 — 855:8:¢) + t3 term  (2.9)

oo'tt’

For a symmetric nucleus, the corresponding energy density is

B3, 1 4
=7 Y —Bp, 2.10
€ zmT+80,0 +163P (2.10)
where 7 is the kinetic energy density
) = ) fiIVea®P. @.11)
i

The entropy of the nucleus is given by the usual formula for independent
fermions

S =—ky {filog f; + (1= fi)log(l = fi)}. (2.12)

2.4. Solution for hot nuclear matter

Now consider these equations for uniform nuclear matter. The potential U
is a constant and the space parts of the single particle wave functions are
plane waves ¢;(r) = Q2 exp(ik.r), where  is the quantization volume.
The single particle energies e; are given by

hZ
ei = —k+U. (2.13)
2m
Inserting these values into egs. (2.6, 2.8, 2.11) gives
p = gr 3 F3p(BU — a), (2.14a)
T = 4ngh 3 Fspp(BU — ), (2.14b)
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where g = 4 is the spin-isospin degeneracy factor, A the thermal wave length

2\ 1/2
- (2”" ) , (2.15)

mkT
B=1/kT,a = Bu and F, is the Fermi integral

Fo(x) = 2/J/7) / WL+ e du. (2.16)
0

For given values of density p and temperature T, eq. (2.14a) determines the
argument 8U —a of the Fermi function which in turn fixes the kinetic energy
density t of the system, and its entropy density

5K
S = 52—ﬂr+(U—u)ﬂp. (2.17)
m

The pressure P(p, T') is the opposite of the grand potential per unit volume,
that is,

P(p,t) =—€+TS+pup,
2 n? R PUCINE (2.18)
=-—T+ = = .
32m’ " g0l Tghf

Finally, we also give the free-energy density f(p, T), an important tool in
the discussion of the statistical phase equilibrium

2 3 1

fo.T)=~——1— ~typ* — ~t30 + pp. (2.19)
m 8 8

2.5. Cold nuclear matter

At zero temperature, the non-relativistic kinetic energy density 7 is

3
T= gpkz, (2.20)
where kr is the Fermi momentum kr = (672p/g)'/?. To determine the

equilibrium density po, we minimize the energy per nucleon

I T PR I .21
AT 5IF glop + 1chp”, 21)
where Tr = h%Z%/2m, with respect to p. This leads to
2 3 1
0=ZTr + =4 —t3p2. .
5 F+80;00+83/00 (2.22)
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By inverting eqgs. (2.21-2.22), one finds the values of #; and #3 corresponding
to given values of E/A and pp

1t2—1T E 3: _E 2T 223
eBr=3Tr— 3 gl =7~ 35TF (2.23)

For pyp = 0.17 fm~ and E/A = —16 MeV, one obtains the values given in
€q. (2.2). Another interesting quantity is the compression modulus of nuclear
matter
Q’E
K = k%TgA = ng + %top + %@pz. (2.24)
For the values shown in eq. (2.2), one finds K= 380 MeV which is some-
what higher than the value K = 220 MeV extracted from the observed ener-
gies of monopole vibrations (see ref. [9] and the discussion in section 4.6).
The discrepancy is due to the oversimplified version of the Skyrme force
we have used. More elaborate versions such as SkM [10] do reproduce the
observed value.

2.6. High temperature limit

When the thermal wavelength A is much smaller than the average distance
between nucleons, that is, when

pQrR?/mkT)*? « 1, (2.25)

one can derive an explicit expression for the pressure. Indeed, in such a case
the argument x = BU — a of the Fermi function is large (see eq. 2.14) so
that the Fermi function can be approximated by

2 —x —2x1
F,,(x):?/—EF(n)[e —e ﬂ+

This leads to the following expansions for the kinetic energy density
T = 6pr 2(1 + pA3JagN2 4 ),

and for the pressure [11]
pA3 3, 1 4
P = pkT (1 +—++- ) + <lop” + St3p”. (2.26)
Note that the second term in P, which is a quantum correction to the classical
pressure pkT, is small when eq. (2.25) holds. Note also that near nuclear
density, the contribution of the 3 term is comparable in magnitude to the 7
term.
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2.7. Phase diagram of nuclear matter

Isothermal lines defined by eq. (2.26) are plotted in fig. 1. At low density,
the classical term pkT dominates. If the temperature T is not too high, the
attractive £y term produces a decrease in the pressure. As density increases,
P rises again due to the r; term. As the temperature is increased, the local
minimum in P due to the nuclear attraction becomes less pronounced and
eventually disappears as T becomes equal to the critical value T.:

3
KT = (o + V2kT,23/3g)>. (2.27)
3

Using the values from eq. (2.2) of the parameters, one obtains T, = 22.0 MeV
which corresponds to a critical density p. = (87,/3£3)'/2 = 0.067 fm=3. At
the critical point, the parameter pA>/4g+/2 is 0.12 which a posteriori justifies
the use of the high temperature expansion given in eq. (2.26).

In fig. 1, one notes that for some densities, dP/dp < 0. This indicates
an instability and shows that a constant density configuration does not corre-
spond to the lowest value of the free energy anymore. In fact, it becomes more
favorable to uniformly occupy a volume fraction uQ = Q; by A; nucleons

Pressure ( MeV / fm™3)
=

I
54

0.05 0.10 0.15
Density (fm=3 )

Fig. 1. Isothermal lines calculated from eq. (2.26) for several values of the temperature
T in MeV.
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with a density p; = A/, and the rest of the volume with the remaining
A> = A — A; nucleons with another constant density p» = A/(2 — Q).
Then, a minimization of the free energy

F=F(Ql,Al,T)-l—F(Q—QI,A—A],T)

with respect to the two parameters, A; and §2 leads to the following equations
which define phase equilibrium

p(p, T) = u(o2, T), P(p1,T)=P(p2, T) . (2.28)

When dP/dp is negative, the solution of these equations yields a mixed
configuration distinct from the two phases. The densities p; and p, of the
phases are obtained by the Maxwell graphical construction. This construction
stipulates that in the (P, v) plane, (v = 1/p), the two areas delimited by the
line P = P; and the isotherm P (v, T) be equal. This requirement is justified
by the Gibbs-Duhem relation pdu(p, T)/dp = 3P (p, T)/dp which allows
one to rewrite eq. (2.28) as

”
0=pr—p1 = (P2/p2— Pi/p1) + / P(p, T)dp/p*.

Pl

2.8. The compound nucleus model of Bonche and Levit

The previous calculation of phase equilibrium ignores two effects which are
important for nuclei. They are finite size (or surface) effects and Coulomb
interactions. Can a nucleus survive temperatures of about 20 MeV, when these
effects are included? To answer this question, Bonche and Levit [12, 13] have
considered the following model. They describe the nucleus as a homogeneous
system of A nucleons (N neutrons, Z protons) inside a sphere of volume
Q = 47 R3/3. Therefore, its density is py = A/ and its free energy Fy
can be written as the sum of volume, surface, and Coulomb contributions

Fy = Qf (on, T) + «(T)an R* + 3Z%*/5R, (2.29)
where the nuclear surface tension is parameterized as [12]:
a(T) = ag(1 +3T/2T)(1 = T/T)*?,  ap=1.14MeV x fm™.  (2.30)

Bonche and Levit assumed this nucleus to be in equilibrium with an external
vapor whose Coulomb energy is neglected (in a more realistic model, the
external vapor is a nearly pure neutron gas because of the Coulomb barrier).
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Thus, the free energy of the vapor is F, = Q,f(p,, T) where Q, and DOy
denote the volume and the density of the vapor, respectively. The two pa-
rameters of the model, the radius R and the density of the external vapor p,,
are determined by two equilibrium conditions

1 [ Z2%2
P(pn,T) + AT 2a(T) } = P(p,, T),

(2.31)
2 62

6
7T =z 1 = va'
n(on )+5 TR w(py, T)

As expected, the Coulomb interaction increases the pressure of the nucleus
phase, while the surface tension decreases it. Bonche and Levit solved the
previous equations for various mass numbers A. They found that there is
a limiting temperature 7; beyond which no solutions to egs. (2.31) can be
found. For the Skyrme interaction, eq. (2.2), T, ranges from 12 MeV in light
nuclei to about 7 MeV in heavy nuclei. We now describe an approximation
scheme to solve egs. (2.31) that provides a good qualitative description of
the results of Bonche and Levit.

2.9. An approximate calculation of the limiting temperature

Our approximation scheme is based on the observation that a temperature of
about 7 MeV is high for the dilute (vapor) phase, but at the same time it is low
for the dense (nucleus) phase. Thus, we use high temperature expansions for
pressure P, and chemical potential u, in the right hand sides of egs. (2.31)

A3 3 1
Py(p, T) = pkT (1+ P +---)+—t0p2+—t3p3,

4g/2 8 16
& 2.32)
wy(p T)—kT(logpA3+ ! ox3 + )+3tp+3t 2
v ’ g zgﬁ 4 0 16 307,

and low temperature expansions for pressure Py and chemical potential py
in the nucleus phase

1 1 2 (kT)? 2 (kT)?
SPup. T) = —5(p—po) (K —sZ KDY 7 GT7
p* 9

—5__ +-
£, 2 TF 6 ,OT
E 01 2 (kT)? ZO(I:T)Z @33
0 P — Po b4 T
,T = — 4+ - K —-—5— _ — [P
un(o 1 =3 9( o0 )( 2Tp) 2 T

In this equation, Tr is the Fermi energy, po the saturation density, K the
compression modulus, and E, the total energy at saturation. Note that we
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have also performed an expansion in the difference (o — po), and that the
Gibbs-Duhem relation pdu/dp = P /dp is satisfied exactly by eq. (2.32)
and to the lowest order in 8p = p — po by egs. (2.33). Let us now evaluate
the change 8p = p — po of the density inside the nucleus. With a good
approximation, the external pressure in eq. (2.31) can be ignored which gives

1 2 (kT)?\ 6 1 T) Z%* 2 (kT)?
_(K_5”_< >)_p=_ LD 27\ mm (D),
9 2 Tp Po R Po 5A 6 TF

As expected, the density inside the nucleus is decreased by both Coulomb
and thermal effects, while the surface tension tends to increase it. Due to the
large value of the compression modulus K of nuclear matter (380 MeV) the
resulting change in the density given by eq. (2.34) remains small, typically
on the order of a few percent. For this reason, the Coulomb and surface terms
in the left hand sides of egs. (2.31) can be safely estimated by setting p = po
and R = Ry = (3/4mpo)"/? in these formulas.

Now, we can eliminate the density of the nucleus phase in eqs. (2.31).
This is easily realized if one notes that the Gibbs-Duhem relation pdu/3p =
9P /dp requires that the coefficients of dp in egs. (2.33) to be equal. The
result is

Ep nm?kT)* 1 (2a(T) Z%*

Eo 2 2 = uip,, 7). 235
T T R000+A);mu) 2.35)

In deriving eq. (2.35) we have dropped the term P(py, T)/po Which is neg-
ligible in comparison to iy since py/po is small.

For a given value of T, this equation determines the density of the external
vapor p,. Let us now show that there is a limiting temperature T, beyond
which eq. (2.35) has no solution. Indeed, for a fixed T, the chemical potential
w(p,, T) cannot exceed a value pipy which corresponds to the lowest root py
of the equation du/dp, = 0. Ignoring the #3 term in w, which is small, one
finds

pu(T) = 1/Glol/4kT — 33/2g/2),
pp (T) = —kT (1 +log(g/pu?)).

Note that the maximum exists only when py is positive, that is, when the
temperature is greater than 2(2h?/m)? /913 g> = 0.254 MeV. When temper-
ature increases, the left hand side of eq. (2.35) decreases from

Eo¢ 1 [.a(0) Z%?
=2, (22242,
Ho A+&(m*'A

(2.36)
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to minus infinity. In the range of interest, this decrease is slow (typically T <
15MeV) since the Fermi energy Tr is large. In contrast, 14 (T) decreases
very rapidly. A limiting temperature T} is then reached when

_ —Eo/A+ n*(kTp)*/4Tr — 2a(T1)/po + Z2e*/ A)/ Ry
1+ log(g/pur®) '
To solve this equation, we substitute the approximation 7, = —FEy/A in

the right hand side of eq. (2.37) and iterate until convergence. The values
obtained from eq. (2.37) for nuclei along the stability line

kT,

(2.37)

Z =A/2-0.003 x A3

are shown in fig. 2. Agreement with the results of Bonche and Levit is good,
especially for heavy nuclei for which the approximation T, <« Tr is well
justified.

It is instructive to examine the difference between the critical temperature
T, and the limiting temperature T;,. When T = T the nucleus and vapor
densities are equal. In contrast T = T, corresponds to a Coulomb instability
(this can be checked by evaluating the various terms in eq. (2.37)) that occurs
when the vapor density is small (0.012 fm~3 in lead 208) while the density
in the nucleus is still close to pg. This is precisely a situation for which our
approximation scheme is well suited.
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Fig. 2. Limiting temperature (in MeV) of nuclei along the stability line, as a function
of their mass number A, calculated from eq. (2.37).
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3. Equation of state at subnuclear densities
3.1. Introduction

We now turn to the problem of calculating the pressure of a mixture of
hot nuclei surrounded by a nucleon vapor. Two different approaches have
been used to investigate this problem. The first is the so called macroscopic
approach, which uses semi-empirical expressions for nuclear masses and clas-
sical partition functions for the nucleon vapor. This is legitimate as long as
the vapor is not dense enough to modify nuclear properties. This is true up
to roughly one tenth of nuclear density. Beyond this density it is no longer
justified to make a distinction between nucleons in nuclei and nucleons in
the vapor. The second approach is a microscopic description of all nucleons
present and thus is necessary for this problem. Several methods have been
developed for this purpose. In the following, we describe the bulk equilib-
rium approximation (sections 3.4, 3.5), the compressible liquid drop model
(section 3.6), Thomas-Fermi and Hartree-Fock calculations (sections 3.7 and
3.8).

3.2. Macroscopic approaches

In this approach, hot dense matter is described as a statistical mixture of
Boltzmann gases of various nuclei. Let us label by a single index i, both the
mass A and the charge Z of a nucleus. With this notation the density p; of a
given species i is obtained from a formula analogous to eq. (2.14a) namely

pi = gk expla; — BENZi(B) G.1)

where A; = (2h?/m;kT)!/? is the thermal wavelength associated with the
mass m; of the nucleus, g; = (2J; + 1) is the degeneracy of the ground state
and E; its energy.

The main formal difference between this eq. (3.1) and eq. (2.14) is the
factor Z, that is, the internal partition function of the nucleus Z(B) =
Z:(B) exp(BE;), which accounts for the internal excitations of the nuclear
species i. In addition, the so called degeneracy parameter & must be modi-
fied

o; = NB(un — Un) + ZB(pp — Up), (3.2)

where u, and u, are the chemical potentials in the neutron and proton
vapors, and U, and U, are their average (mean-field) nuclear potentials. For
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the simplified Skyrme force eq. (2.1) one obtains

1
U,(r) =15 (p(r) = 5P (r)) + ;(pz(r) — p2(r)), (3.3)

where p, is the density of the neutron vapor. In principle p, should be
calculated by setting N = 1, Z = 0 in eq. (3.2) and by solving egs. (3.1-
3.3) self-consistently. In practice, it is a good approximation to neglect U,
in eqg. (3.2).

For given values of u,, 1, and T, the previous set of equations allows
one to calculate the baryon density p, the proton fraction Y, = p,/p and the
entropy per baryon S/A. The values of u,, u,, and kT have to be adjusted
iteratively to obtain the desired values of p, ¥, and S/A. The equation of
state is then obtained by adding the partial pressures p;AT, which arise from
all the nuclear species, to the electron and vapor contributions.

To perform actual calculations of egs. (3.1-3.3), two important ingredients
are needed: first, the nuclear ground state energies E; (or binding energies B;)
which are generally taken from semi-empirical formulas; and second, the nu-
clear partition functions which are usually extracted from Fermi gas type for-
mulas for nuclear level densities. The quality of these ingredients determines
the range of applicability of the present approach. Indeed, semi-empirical
mass formulas are not expected to be accurate for extremely exotic nuclei.
In addition, Fermi gas type level densities may provide poor approximations
at high temperatures [14]. Still, this approach is very useful below approxi-
mately pg/10. To illustrate, let us review the results of El Eid and Hillebrandt
[15]. These authors find that in the density range of p/100 — po/ 10, a nearly
constant adiabatic index

Olog P 34
V= dlogp’ 34
along the adiabat S/A = 1, with a value y =~ 1.35, and a slowly rising
temperature (from 1 MeV to about 2.5 MeV). The small difference between
the calculated y and the relativistic Fermi gas value y = 4/3 shows that the
pressure is generated almost entirely by relativistic electrons. The mass of the
most abundant nuclear species (including alpha particles), is close to A ~ 70
and nearly constant as a function of density. Similar results were obtained
by other groups; for example, Sato [16], Amett [17], Mazurek, Lattimer, and
Brown [18].
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3.3. Microscopic methods: the Wigner-Seitz approximation

Beyond po/10, one introduces microscopic methods which take into account
the fact that nuclei arrange themselves on the lattice sites of a crystal. In-
deed, in this density range, the electron screening becomes important. In turn,
this favors a configuration with heavy nuclei, such that the restoring forces,
which result from a displacement away from the equilibrium positions, are
large (see below). Under such conditions, one can further simplify the calcu-
lation by evaluating the grand potential with the Wigner-Seitz approximation
[19]. In this approximation, the crystal is divided into cells delimited by the
equidistant planes between nearest neighbours. The interactions between dif-
ferent cells are neglected and the grand potential of each cell is calculated
independently. Further, when the density of the medium does not vary rapidly
in the vicinity of the cell edge, the Wigner-Seitz cell can be replaced by a
sphere so that the numerical solution is reduced to that of a one dimensional
radial problem. The calculations of Riidiger Wolff, who analyzed in detail
the case of non-spherical cells [20], have shown that this latter approximation
is rather satisfactory. For the Wigner-Seitz approximation to be accurate, it is
also necessary that the plasma parameter I' = Z%¢?/RkT be greater than 155
[21] (Z is nucleus charge, R the cell size). This condition is indeed satisfied
in the range pp/10 — po.

The problem is now reduced to the determination of the grand potential
—PQ of a system of Z protons, N neutrons, and Z electrons at temperature
T, inside a sphere of radius R. For a given baryon density p, N and Z
are determined by imposing Z/(N + Z) = Y,, p = 3(N + Z)/An R>. The
optimal cell radius, which is now a variational quantity, is determined by a
minimizing of the grand potential per nucleon. The value of the temperature
T is fixed by the value of the entropy per nucleon S/A =~ 1.

For the contribution of the electrons to the pressure, one can safely take
that of an ultrarelativistic Fermi gas, that is,

1 =% (T )2
=Y, pkOp-+ — | — 3.5

p pPKUF 4 + 6 ( 9F ) + ( )
where 6F is the electron Fermi temperature. Finally, the difference between
the uniform electron density and the proton density generates an additional
contribution to the grand potential; the Coulomb lattice energy

2

1
Eu = [ Pl octen) = ppr2) drid. (3.6
rp
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3.4. The bulk matter approximation

With the simplest microscopic method, one can ignore the Coulomb and
surface effects in the calculation of the contribution of nucleons to the grand
potential. In analogy with the model of section 2.7, nuclei are described as
a drop of nuclear matter in equilibrium with a vapor inside a Wigner-Seitz
cell [22, 23] (see fig. 3).

Compared to section 2.7, more parameters must be determined since the
proton fractions in the nucleus and in the vapor may be different. Let us
denote 2y as the volume occupied by the nucleus, §2 as the cell volume, and
Ny and Zy as the neutron and proton numbers of the nucleus, respectively.
The free energy of the Wigner-Seitz cell is

F=F(T,Nn,Zn,QN)+ Fo(T,N = NN, Z - Zy, Q2 —Qy). (3.7)

where Fj is the free energy calculated for uniform nuclear matter. By mini-
mizing F with respect to Ny, Zy, and 2y we find the following equations

MUNn = Hon KNp = Hup » Py=P,, (3.8)

where the indices N and v refer to the nucleus and the vapor, respectively,
while the indices n and p refer to neutrons and protons.

Note that since eq. (3.7) does not include Coulomb and surface terms, the
present approach leaves undetermined the size of nuclei (and the size of the

u (1-u)
NUCLEUS
(density pn)

VAPOR
(density p /)

neutrons p(1+xy) /2

rotons py{1-xy) / 2
P Pr(1xn) neutrons p,,(1+x) / 2

protons p,(1-x,) / 2

Fig. 3. Schematic representation of the Wigner-Seitz cell in the bulk matter approxi-
mation.
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Wigner-Seitz cell). Solutions of egs. (3.8) have been obtained numerically by
Barranco and Buchler [22], and by Lamb, Lattimer, Pethick and Ravenhall
[23]. The main result of these calculations is that, just below nuclear density,
there is a softening of the equation of state arising from the nucleon-nucleon
attraction. To understand this result, we present an approximate solution of
the phase equilibrium equations (along the lines of section 2.9), which leads
to simple and transparent analytic formulas.

3.5. Approximate solution of the equilibrium equations

As in section 2.9, we perform low-temperature expansions for the pressure
and chemical potential in the nucleus phase, while the vapor phase is de-
scribed in the high temperature limit. To solve the equilibrium equations
we still consider a simplified Skyrme force of the form of eq. (2.1). How-
ever, since we now wish to describe nuclei with different neutron and proton
numbers, this force must be modified to reproduce the symmetry energy
coefficient a,((N — Z)/A)? in the mass formula. This can be achieved by
considering an interaction of the form

v = to(1 4 x0Py)d(ry — r2) + 138(ry — r2)8(r2 —13). (3.9
With this interaction, the energy density in nuclear matter becomes
o3 5,01 1 , 1
- — - — —1, - - —130n , 3.10
€= 5T+ glp — g 0(x0+ 2)(pn Pp)” + 7 13PnPpP (3.10)
yielding the following value of the symmetry energy coefficient
1 1 1 1
=-Tr— ¢ ~ o - —=np 3.11
a = 3Tr 40(XO+2>0 T (3.11)
Adjusting a, to the observed value of 30 MeV [4] leads to
xo = 0.48. (3.12)

Let us now write explicitly the equilibrium eqs. (3.8). If we denote xy as the
asymmetry (N — Z)/A of the nucleus, x, as the asymmetry of the vapor, and
x as the total asymmetry 1 —2Y,, we find that these quantities are related by

(Xy — X))y , (3.13)
(xy —x)py + (x — XN)ON
where py and p, are the densities of the nucleus and of the vapor respectively,

and where u is the fraction of the total volume occupied by the nucleus phase.
In terms of u, py, 0» the total density p is

p=upy + (1 —u)p,. (3.14)

u=
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For the neutron and proton chemical potentials of the Vapor iy, and p,p,, we
keep only the lowest order terms of the high temperature expansion

tun = kT log{(1 + x,)p,A3/g},
Mop = kT log{(1 — xu)pv)‘B/g}-
where we have adopted the notations of €gs. (2.14) and (2.15). In contrast,

for the neutron and proton chemical potentials 1y, and py, in the nucleus,
we consider the low temperature formulas

(3.15)

Bnn = Up+ Ty (1 4+ x3)?3 — (22T2/12Tn) (1 + x4)~2/3,

3.16
iy = Up + Tn(1 = x)?P = 2T 12T0)(1 = xy)-27, 1O

where Ty = n%k%/2m, ky = (67?py/g)/?. The neutron potential U, is
given by

3 1

1
U, = Ztopzv - EtOXOPNxN + E’Bﬂzzv(l —xn)3 + xy),

with a similar formula for U,. To lowest order in xpy, the formulas in
eq. (3.16) provide the following relation between the chemical potentials

UNn — UNp = da (T)xy, (3.17)

where 2a. (T) is the second derivative of the free energy with respect to xy

1 1 1 1 % (kT)?
T)==Ty - -t - - —npi+ =7 3.18
a.(T) 3 I 40(x0+2>,01v TR Ty (3.18)

Since the chemical potentials are identical in the nucleus and vapor phases,
we find from egs. (3.15) and (3.17), the asymmetry and density of the vapor

Xy = tanh(2a, xp /kT),

3.19
Py = gA7 (1 — x2)" 2 exp(un /kT), (3.19)

where uy is the average chemical potential (Unn + UNp)/2. When N ~ Z,
i can be approximated to first order in xy by the relation (2.33), that is,
Ey n 1 (pN —po> ( n? (kT)2> 7? (kT)?

=04 K—-5— -
BV =275\ & 2 T 12 T

(3.20)

However, for large values of the asymmetry xy, it will be necessary to return
to the exact expression given by egs. (3.16).
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We can write the equality of the pressures in the nucleus and vapor phases.
A straightforward generalization of egs. (2.32) and (2.33) leads to

1
Pv= {0+ x>+ (= xn)Yon Ty

7T2 T2
+ {4+ x)P+ 0 —xm)PYon = (3.21)
§ g
t
+ S0Pk (3~ xj (200 + D) + 3oL =),

for the pressure in the nucleus and

_ puA3 )
Pv—' va(1+ (1+Xv)+)
| 4g\2 | (3.22)
+3500py(3 — X, (2x0 + 1) + g -x),

for the pressure in the vapor. In first approximation, the equality Py = P,
can be replaced by Py ~ 0 because of the large value of the compression
modulus K. The linearization of eq. (3.21) in (py — po) and x%, gives the
following approximate equation for the density py of the nucleus

1 (pn—po n? (kT)* Xy 2
— K-5——2(1+2)+ M
9 ( 20 ) { 21, \Utas) Mo

5 s 5 (3.23)
IO P A
6 Tr 9
In this formula the quantities L and M are given by
2 1 1,
L=3Tr - §t0(2xo +Dpo = gt = 2.15 MeV,
(3.24)

10 9 27
M= ?Tp — Zto(zxo + 1)po — —8—t3p§ = —413.06 MeV.

From the relation, L = pda,(0)/dp, one can check that the difference be-
tween py and po, induced by the asymmetry xy of the nucleus in eq. (3.23),
has very little effect on the value of the symmetry energy coefficient. Since
the dependence of this coefficient on temperature is also weak, it is a good ap-
proximation to replace a. in equation (3.19) by its value at zero temperature
and normal density, that is, 30 MeV. We can now construct a simple approx-
imation of the equation of state in the region of phase equilibrium. For given
values of x = 1-2Y,, T and x,, eq. (3.19), with uy = Eo/A—n*(kT)?/ATF,
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provides the value of the density p, of the vapor, while eq. (3.19) gives the
asymmetry xy
_ kT 1+ x,

= 1 .
4a, °% 1—1x,

XN (3.25)
From the egs. (3.13) and (3.14), one obtains the fraction u of the volume
occupied by the nucleus, the value of the total density, and finally, the equa-
tion of state by means of eq. (3.22). This procedure is approximate but can
easily be improved if one uses the exact expressions, egs. (3.21) and (3.22)
and iterates the preceding procedure until the desired accuracy is reached in
the solution of the equilibrium equation Py = P,.

The result for the isotherm T= 10 MeV, Y» = 1/3 are shown in fig. 4.
When the density reaches the value

Pmin = gA3(1 — x1) ™ 2 exp(un /kT), (3.26)

the nucleus phase appears. As a result, the growth of the pressure with den-
sity is abruptly reduced. In the region of phase equilibrium, the vapor and
nucleus asymmetries (N — Z)/A both increase with density. However the
eq. (3.19) shows that the vapor asymmetry x, is much larger than the nu-
cleus asymmetry. This varies from x, = 1/3 to about unity while xy goes
from kT log2/4a, = 0.058 to 1/3.

Note that in the region of phase equilibrium, pressure is not constant as a
function of density because of the extra degree of freedom associated with
the neutron-proton asymmetry [23]. In contrast, if one imposes the constraint
Xy = Xy = x, then the volume fraction occupied by the nucleus is no longer
determined by eq. (3.13), and the pressure remains constant.

When the average density p reaches the density py of the nucleus cal-
culated for an asymmetry x and a temperature T (about 0.14 fm~> for
x = 1/3,T = 10 MeV), all the matter goes into the nucleus phase. This
generates a rapid increase in the pressure. For comparison, we have graphed
in fig. 4 the electron pressure given by eq. (3.5).

The approximation scheme developed in the present section can also be
used to calculate adiabats. The entropies per nucleon of the nucleus and of
the vapor, estimated respectively in the low and high temperature limits, are
given by the simple formulas

Sn/A= m2T(1—x3/9)/Q2TF) +---
Su/A= —log(pr/g) +5/2+ 3pA3/(8gv/2) + - - -

From these formulas, combined with eqs. (2.32) and (3.14), one checks that
entropy conservation prevents nuclei from becoming very hot. For instance

3.27)
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10 T T T
Yo =1/3
! KT =10 MeV
1072 i
10 .
6 | | | |

107
1 10" 4013 10
Density (g / cm®)

10

Fig. 4. Pressure (in MeV/fm?) versus density along the isotherm T = 10 MeV for a
proton fraction ¥, = 1/3. Scales are logarithmic for both pressure and density.

along the adiabat S/A = 1, Y, = 0.5, one finds (using Tr = 38.4 MeV
and u, = E/A = —16 MeV) that the temperature reaches 4 MeV at a
density close to po/75 and 7.8 MeV only at nuclear density. At T = 4 MeV
nuclei occupy 0.9 percent of the total volume, but carry 46 percent of the total
entropy. As density increases adiabatically, there is a transfer of entropy from
the vapor to nuclei and consequently temperature increases rather slowly, as
noted in [24].

An attractive feature of the bulk matter approximation is that, while main-
taining the calculations at a level of great simplicity, it still allows one to
understand the important aspects of the nuclear physics of hot dense matter.
In particular, it emphasizes the essential role of the nuclear attraction, which
leads to phase equilibrium, thereby producing a significant softening of the
equation of state as discussed by Lamb et al. [23].

3.6. The compressible liquid drop model

This approach has been developed and exploited by the Illinois group {24, 25].
It is an improvement of the bulk matter approximation, which includes two
important additional ingredients, namely Coulomb and surface effects. These
generate two additional terms, F.ouw and Fy,r in the free energy of the
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Wigner-Seitz cell. As compared to the expression given in section 2.8, the
expression of Fy,,r must be modified to allow for the fact that the neutron
excess xy is no longer zero. As a result the critical temperature now depends
on the neutron excess xy. From egs. (2.27) and (3.22), one finds

T. = L(ro(xzv) + V2 T.A3(1 + x%))%,

813(xy) 3g
where
to(xn) = to(l — x,j,(Zxo + 1)/3), (3.28)
Bxy) =6l —-x5).

For the values given by eqs. (2.2) and (3.12) of the parameters, T, is seen
to decrease when xy increases. In the calculations of [25], a Skyrme II
interaction was chosen. These authors use the following parameterization of
T.

Te(xy) = T.(0)(1 — 3.3x3 — 7.3x}) "2, (3.29)

and the following expression for the surface tension

(0, T) ( T2 -T2 )5/“
1+ ax} \T? +bT?

alxy, T) = (3.30)
In this equation, (0, T) is given by eq. (2.30) while a = 7.87 and b =
93 —5.1x3 — L.1x}.

In contrast to section 2.8, a second modification must be made because
the Coulomb energy E. now includes screening of the nucleus charge by the
electrons. At zero temperature, E, is given by

3 Z2¢? 3R 1 /Ry\>
E, = ell N+_(_N) (3.31)

“5Ry | 2R T 2\R

where Ry is the radius of the nucleus and R, the cell radius. Note that there
is total screening for Ry = R.. At non-zero temperatures, corrections must
be made to the previous formula because nuclei are no longer localized.
With the above formulas the minimization of the free energy with respect
to the variational parameters xy, x,, oy, 0y, # and R, can still be performed
in a sufficiently simple way to allow systematic calculations of adiabats and
isotherms with wide ranges of proton fractions. The main result of such
calculations [24, 25] is that, although nuclear temperatures can become close
to 10 Mev near saturation density along the adiabat S/A = 1, nuclei do
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survive all the way to approximately po. This is a surprising result since
limiting temperatures of only 8 MeV were found in section 2.9 for heavy
nuclei. However, one should keep in mind that such low limiting temperatures
arise in nuclei because of the strong Coulomb repulsion. This repulsion is
largely screened in hot dense matter as was just noted in the discussion of
eqg. (3.31).

In numerical calculations of stellar collapse, simplified equations of state
are convenient because they lead to significant reductions of the amount of
computer time required. Such equations of state have been constructed in
ref. [26] and are discussed in the review article by Bethe [27].

3.7. Thomas-Fermi calculations

This approach was developed by Marcos, Barranco, Buchler [28] Ogasawara
and Sato [29]. A detailed review can be found in the article by Barranco,
Garcias, Pi and Suraud [30]. In contrast to the previous model, it is a mi-
croscopic approach in which the free energy F in the Wigner-Seitz cell is
a function of the neutron and proton density profiles p,(r) and p,(r). Thus,
nucleons in the nucleus, vapor, or surface are described in a consistent mi-
croscopic way. For a general Skyrme interaction and a symmetric nucleus
N =2Z (ie., x =0), F reads

F= /{6(,0, V) — TS(p)}dr, (3.32)
where p is the total density p, + pp, and € is the energy density given by
W 3 2,8 14 1 2
= =t =p 774+ =09t - 56)(Vp)". 3.33
€ 2m*r+80p +8p +64( 1 2)(Vp) (3.33)

In this equation, o, f1, f, t3, o are the parameters of the force and m* is
the effective mass satisfying
R S|
=—+4+ —Ct + 56)p. 3.34
ame = am T 1602 TP 639
The kinetic energy density  is a function of p defined by egs. (2.14) and
(2.15) with the mass m replaced by m*, and the entropy density S defined by
egs. (2.17) and (2.14). The minimization of the grand potential with respect
to the density can be performed by the gradient method or imaginary time
method which was developed in ref. [30-32]. The main advantage of the

Thomas-Fermi method is that it is a microscopic but nevertheless numerically
tractable method. It is particularly useful for the calculation of the exotic
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phases of hot dense matter that occur just below saturation density, for which
the sperical symmetry in the Wigner-Seitz cell is spontaneously broken (see
section 3.9).

3.8. Hartree-Fock calculations

This is the most detailed description presently available of the properties of
hot dense matter [20, 34]. In this approach the mean-field equations at finite
temperature given by eqgs. (2.4-2.8) are solved for the nucleons present in the
Wigner-Seitz cell. For a given radius R. of the unit cell, knowledge of the
density p and the proton fraction Y, determines the number of neutrons and
protons. The cell radius is adjusted to minimize the free energy per baryon for
a fixed value of the temperature T. Ultimately, the temperature T is adjusted
in order to have an entropy per baryon S/A equal to unity. Each of the
previous steps requires a series of mean-field calculations with large numbers
of nucleons, which means that the method is computationally cumbersome.
An illustration of the method is shown in fig. 5, which displays the free
energy per baryon in the Wigner-Seitz cell, calculated for various values of
the number of nucleons in the unit cell. One finds a broad minimum at a large
value of the mass number A ~~ 600. This large number is explained by the
screening of Coulomb forces by the electrons. Compared with normal nuclei,

Interaction SKM
p =0.04 fm-3
KT = 1 MeV

Ye =0.25

F/A(MeV)
®
T

17 J ] i

Fig. 5. Free energy per baryon in the Wigner-Seitz cell as a function of the nucleon
number in the cell.



372 D. Vautherin

the surface tension plays a larger role and therefore favors the existence of
heavy nuclei. The plasma parameter associated with such a large values of
A is large (I = 2000) so that the system is a good crystal. Note that shell
effects are visible in fig. 5 because the temperature (I’ = 1 MeV) is smaller
than the spacing between nuclear shells.

The structure of the crystal obtained in the Hartree-Fock calculations of
ref. [34] is represented in fig. 6, which shows neutron and proton density dis-
tributions along the line joining the centers of neighbouring cells for various
densities along the adiabat S/A = 1.

For p = 0.07 fm™>, the number of nucleons is A ~ 1000 and the tem-
perature T = 5.53 MeV. Note that although T and A are large, nuclei do
survive. As a result, pressure is due mainly from the relativistic electrons
and the adiabatic index is close to 1.30. The main interest of the Hartree-
Fock approach is that it includes a detailed microscopic description of nuclei.
Therefore, it is a useful reference for testing the validity of other simpler ap-
proaches. However, because of the large numerical work that it involves,
systematic calculations can only be envisaged when the complexity of the
situation justifies a detailed microscopic description.

3.9. Sub-saturation phases of nuclear matter

At about half saturation density, Lamb et al. [24] found that nuclei turn
inside out to become bubbles so that the matter looks like spherical cavities
arranged into a regular lattice. This is the so called “swiss-cheese” or bubble
configuration. The main reason for this transition is that bubbles have about
the same volume and Coulomb energies as nuclei, but have a lower surface
energy. However, the location of the transition point is also sensitive to the
curvature energy [35]. The transition occurs abruptly in calculations imposing
a spherically symmetric Wigner-Seitz cell. However, a reliable description
can be obtained only by using three-dimensional Thomas Fermi calculations
which relax the spherical symmetry. An example is shown in fig. 7, which
displays some of the results of the Thomas-Fermi calculations of Lassaut et al.
[36, 37]. This figure shows (for a face centered cubic lattice) density contours
in the planes z = 0 and z = R./2 (labelled I and II in the figure) with x and
y ranging from O to R, that is, from the center to the cell boundary.

The graphs labelled a, b, ¢, d, e correspond to increasing values of
density ranging from 0.01 fm~> to 0.07 fm~>. From this figure, one can see
that nuclei grow to the point where bridges develop between them, which
leads to the formation of cavities. In fact, it has been found by various authors
[36, 38, 39] that many more exotic phases occur before the nuclei merge
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Fig. 6. Neutron and proton density profiles along the line joining the centers of
neighbouring cells.
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into nuclear matter. The sequence of phases obtained in [36, 39] is: nuclei,
nuclear rods, slabs, tubes, bubbles, and uniform matter. These phases are of
great interest from the point of view of the many-body theory. However, they
seem to have only minor effects on the equation of state.

4. Beyond nuclear density
4.1. Non-relativistic many-body calculations

Beyond saturation density, it is no longer possible to use phenomenolog-
ical forces valid only at low relative momenta. Therefore, it is necessary
to return to more fundamental techniques mentioned in section 2.1, namely
the variational method or the Brueckner Hartree-Fock method using realistic
nucleon-nucleon forces such as the Orsay [5], Bonn [6], or Argonne [7] po-
tentials. A detailed description of these methods is beyond the scope of this
article, and we outline them only for the particular case of infinite nuclear
matter.

Variational methods in nuclear matter became popular with the work of
Robert Jastrow [40] who suggested minimizing the expectation value of the
nuclear hamiltonian with a correlated wave function of the form

V@nrs,.or) = [[FOn = Doy, v, ..., 1), @.1)

i<j

where @ is a determinant of plane waves and F a correlation factor de-
termined variationally. However, because of the complexity of the nucleon-
nucleon force, the form given in eq. 4.1 has been found to be too simple.
Recent calculations use correlation factors depending on spin and isospin [41]

F= f@)+ fr(NT1.22+ £,(r)5,.5,
+for (r)(61.62)(T1.%2) + fi(r)Sia + fie(r)S12T1.%2 4.2)
+15(L.S + for L.8(T). ).

The evaluation of the expectation value of the energy, (V|H|W) is a rather
elaborate step. In the calculations of ref. [41], it is performed by the so called
Fermi hypernetted chain single operator summation techniques. Minimization
of the energy involves a set of 29 coupled integral equations, which were
solved in the case of the Argonne potential.

Brueckner-Hartree-Fock calculations of nuclear matter also imply large
amounts of numerical work. In a first step, one constructs the so-called reac-
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tion matrix, or G-matrix, which sums the ladder diagrams of the perturbation
expansion. Its matrix elements satisfy

{(ij|V|mn > (mn|G(E)|kE)

(ijIG(E)Ike) = (ijIVIke) + ) 5 . (43)
mn>F —€m —¢€n
where the indices i, j, ... stand for the quantum numbers k; (momentum),

o; (spin), and 7; (isospin) of the state i. This equation is usually written
symbolically as

Q6-v-v&vey,.. 4.4)
[4 [4 e

G=V-V
where the Pauli operator Q eliminates the intermediate states m, n ineq. (4.3)
belonging to the set F of occupied orbits, and where e denotes the energy
denominator. The argument E of the G-matrix in eg. (4.3) is often referred
to as the starting energy.

The single particle energies e; in eq. (4.3) are defined self-consistently by
the relation

B 5 }

e = $+KZF(IJIG(E=8,‘+€,')IU). 4.5)
The total energy of nuclear matter takes the same form as in the Hartree-Fock
approximation, but the two-body interaction V is replaced by the reaction
matrix G

ko1 . .
E= Z et 3 UZ;FMG(E = e; +¢)lij). (4.6)

This expression is the lowest order contribution in the reaction matrix to
the energy. For realistic interactions, this is insufficient to achieve a rea-
sonable convergence of the perturbation expansion. In the work of Day and
Wiringa [42], the contributions of third-order terms (the so-called ring dia-
gram) and fifth-order terms (three-body cluster diagram) to the energy have
been calculated. There are no contributions from terms with two reaction
matrix insertions since these are already included in eq. (4.4) .

The previous equations can be generalized (and solved) at finite temper-
atures [43]. Such generalizations are important since they provide thermal
properties of dense nuclear matter. In addition, they give some information
on the temperature dependence of the effective nucleon-nucleon force. In the
range of temperatures from zero to ten MeV, this dependence was found to
be small [43, 44]. This result justifies the calculations presented in sections 2
and 3, which used temperature independent effective interactions.
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Fig. 8. Comparison between the results of Brueckner calculations (data points) and
variational calculations (solid line) [42].

As can be seen in fig. 8, the results of variational calculations agree well
with those of Brueckner-Hartree-Fock calculations (including ring and three-
body cluster graphs). It can also be noted in this figure that saturation of
nuclear matter occurs at a density which is too high (about twice the ob-
served value), while the binding energy is only slightly too large. Although
in the previous approaches, it is difficult to check to see that full conver-
gence has been reached, there is a general and well motivated belief that
the discrepancies be attributed to three-body nuclear forces and to relativistic
corrections. We now describe relativistic mean-field calculations which are
of interest in the identification of the role of relativistic corrections in nuclear
saturation.

4.2. Relativistic mean field calculations

Relativistic mean-field theory was initiated by the work of Walecka [45].
It is an effective theory which ignores (as in non-relativistic Hartree-Fock)
the effects of short range nucleon-nucleon correlations (i.e., the factors F in
eq. (4.1)). Also meson exchanges are restricted to sigma and omega mesons.
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Other mesonic degrees of freedom such as pi and rho degrees of freedom
are left out (see, however, [46]). Further, antisymmetry (or Fock terms) are
ignored, as is the structure of nucleons. These limitations certainly make ex-
trapolations to high densities questionable. However, relativistic mean-field
calculations are of interest in several respects. First, they provide a satisfac-
tory description of a wide range of nuclear properties [47, 48]. Second, they
allow recognition of the importance of relativistic effects, regarding such ef-
fects as nuclear saturation or the strength of the one-body spin-orbit potential
in nuclei [47].

As in the non-relativistic case, it is assumed that nucleons are independent
particles moving in an average potential generated by mutual interactions.
However, a major difference is that now the motion of the nucleons is de-
scribed relativistically. The wave functions ¥;, i = 1,2,..., A of the occu-
pied nucleon orbitals satisfy the Dirac eq. (we adopt the usual convention
h = ¢ = 1 throughout this section)

(a.p+Bm+Ug+ BU)Y:i = e . @.n

In eq. (4.7), « and B are the usual Dirac matrices, m is the nucleon mass, U
is the scalar potential, and Uy is the fourth component of the vector potential.
We have retained Uq only because we wish to describe stationary states of
the nucleus. For non-stationary states, Uqy should be replaced by Uy — « - U
in the Dirac Hamiltonian.

In the work of Walecka, nucleons interact via the exchange of a scalar
meson (with a mass 4 and a coupling constant gs) and a vector meson (with
mass M and a coupling constant gy). As in the non-relativistic case, we
calculate the average nuclear field as the sum of interactions weighted by
adequate probabilities. Ignoring the dynamics of the meson fields, we find

g2 e—tir—r
Ur) =--% ps(r)dr’,
4z | Jr—r| “48)
B [ |
Upr) === | ——-ppr)dr,
4 [r—1|

where ps and pp are, respectively, the scalar density and the baryon density
of the nucleus.

pa(r) =D YY),

i<F
4.9)
ps(®) =Y _ Y (OBY(D).
i<F
Equation (4.8), which does not take into account exchange (or Fock) terms,
corresponds, in fact, to the Hartree approximation.
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The total energy density € of the nucleus is the sum of kinetic and potential
energy contributions

1 1
€= ij Vi @p + By + SUs(Mps(r) + 5 Uo()p5 (). (4.10)

In the case of uniform nuclear matter, plane waves are solutions of egs. 4.7—
4.9

E* +m* 1/2[ % ] 1
)= ——— o exp(ik.r)—, “.11)
Vi ( 26+ ) by | PN 7S
where x = ( (l) ) or ( (1) ) for spin up or down nucleons, respectively, and
where
m*=m+U;  E*= @k +m?)V? =e - U,. (4.12)

Inserting eq. (4.11) into eq. (4.9) one finds the values of the scalar and baryon
densities

1

ps =g D m* [ +m™)”, (4.13)
i<F

P = gk,3r /62 g = 2 (neutron matter), 4 (nuclear matter),

and from eq. (4.8), the values of the scalar and vector potentials
Us = —gips/u’,  Uo= gy ps/M”. (4.14)

Equation (4.14) is the self-consistency relation, which for a given baryon
density pp, defines the optimal value of the effective mass m*, and thus the
value of the scalar density ps. To perform the integration in eq. (4.13) it is
convenient to introduce a variable x such that sinhx = k/m*, and to define
a dimensionless quantity y by the relation

sinhy = kr/m*. (4.15)
Then the expression for the scalar density (4.13) can be written as
1
ps = g—zm™ (sinh 2y — 2y), (4.16)
8

and the self-consistency eq. (4.14) becomes

m* *3

- — =g

2 .
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For a given value of the ratio m*/m, this equation unambiguously defines
the value of y and the value of the Fermi momentum kr through eq. (4.15).
To obtain the energy density (at zero temperature) one inserts the solution of
egs. (4.7), (4.12), and (4.14) into eq. (4.10). The result is

2
_ = 2 ¥2y1/2 2 P lzPB
€ Z(k +m*2)2 4 gs 3 (4.18)
The sum (integration) in the first term is again performed in terms of the
variable x. The result is

* 205 1 2 Pp

(smh4y 4y) + gs >t 2gV vk 4.19)
It is worthwhile to examine the high and low density limits of this express1on
At low density, eq. (4.13) shows that ps =~ pp, while m* >~ m — gspB/;L
from eq. (4.12) and eq. (4.14). The energy density becomes

6:

3 R 1 1
€ ~m*pp+ -ps PR 2,05+ 2 P

k gV 2°
35 h22m 2 2°" M (4.20)
~ 2 4 gv gs
mpp + 5P85 —kg 2M2 T2 2PB

Thus, we see from eq. (4.20) that scalar meson exchanges correspond to an
attractive term at low density, while the vector meson leads to a repulsion.
At high density, one has ps ~ u?m/g} and the term pp becomes dominant
so that

€~ zi; 0%+ 421)
The pressure P = p*d(e/p)/dp is just P = € and the sound velocity at high
density (v = c(dP/d¢)'/?) approaches ¢ from below, in agreement with the
requirement of causality.

From the low and high density expressions of the energy density given
in eq. (4.20) and eq. (4.21) one learns an important fact: it is possible to
produce nuclear saturation with a simple, relativistic Hartree calculation. This
possibility must be attributed to relativistic effects since a non-relativistic
treatment with the same ingredients just gives the quadratic dependence of
eq. (4.20), and thus no saturation. This is an interesting feature of relativistic
approaches which will be discussed further in the next section.

In the work of Walecka, the two dimensionless parameters of the model

C2=gm*/u?,  Cy=gym* /M, (4.22)
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were adjusted to obtain saturation at E/A = —15.75 MeV and kr =
1.42 fm™". This gives C% = 266.9 and C2 = 195.7. The resulting satura-
tion curve is stiff with a compression modulus, K = 480 MeV. For neutron
matter (i.e., g = 2 in eq. (4.19)) one finds a dip in the energy per neu-
tron near kr = 1.4 fm™' with a positive value E /N = +2 MeV. This is at
variance with the neutron matter calculations of Siemens and Phandaripande
[49]. However, it should be noted that there is no reason to expect good
symmetry properties from the Walecka model in view of the absence of rho
meson exchanges.

4.3. Density dependent relativistic corrections

As compared to non-relativistic methods, this relativistic model differs in
that it involves not only the baryon density pg, but also the scalar density pg
defined by expression (4.13). It can be expanded as

3 (ke \?
m=%_ﬁ(ﬁ)m+m (4.23)
In the non-relativistic limit, pg reduces to pg. Relativistic corrections are seen
to depend on m*, and thus on pg, since m* >~ m — g2pp/u?. Calculating
the difference ps(m*) — ps(m), we find that pg(m*) can be written as ps(m)
plus a relativistic correction

3 g5opk
5 ulm3

ps(m*) = ps(m) — (4.24)

A similar decomposition can be performed for the energy density e(m*, kr),
which can be expressed as €(m, kr) plus a relativistic correction. Using the
following formula, valid to second order in m* — m

g12_ Zi (k12 + m*2)1/2

1 , 1 (4.25)
=g 2k +m)2 4 3(m* —m)(ps(m) + ps(m*)) + - --
one finds an expansion of the eq. (4.18) to energy density
3 k2 2 2
€m*,kp) = e(m kp) + —= L py (828 (4.26)
10 m mu?

From the previous calculation, we thus learn that the self-consistent depen-
dence of m* on the baryon density induces a density dependent relativistic
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correction to the binding energy per nucleon AE/A = Ae€/p, which varies
as pg/ 3, Taking the values of the coupling constant gs from eq. (4.22) one

obtains

AE
7r=45Mawmnwm. 4.27)

Such a density dependent relativistic correction has been the subject of several
studies and discussions [50]-[52]. In particular it has been emphasized by
previous authors that the high power of pg occurring in eq. (4.27) is important
to cure the tendency of nuclear matter to saturate at too high a density.

4.4. Relativistic Brueckner-Hartree-Fock calculations

The most obvious limitations of the relativistic Hartree calculations described
in section (4.2) are neglect of short range correlations, exchange or Fock
terms; and the omission of pionic (and other) degrees of freedom. For this
reason several authors have attempted to improve these calculations by in-
cluding some of the previous effects [53]-{56]. This has been carried out
within the framework of the relativistic Brueckner-Hartree-Fock method. As
in non-relativistic calculations, one defines a reaction matrix G (E) related to
the bare interaction V via the usual integral equation

G=V-V(Q/eG. (4.28)

However, the difference is that single particle energies occurring in the de-
nominator of eq. (4.28) (see eqs. (4.3) and (4.4) ) are now obtained by solving
the Dirac equation

{ak + Bm + Z®}u(k) = exu(k), (4.29)
where ¥ is the mass operator

Y(k) = Z {(kK'|G(E)|KK') — (KK'|G(E)|K'k)}, 4.30)
k' <kp

calculated with a starting energy E = ex + ey . Here again there is a double
self-consistency: the calculation of G requires the single particle energies
ex and vice-versa. The equations are solved with an iteration procedure per-
formed for each value of the Fermi momentum kr. At convergence the energy
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density is given by the following generalization of eq. (4.10)

1
€= k;F u@iek + pm + 5 B0 hu(k), 431)

which allows the calculation of the pressure P = p%d(¢/p)/3p.

Solutions of the above equations for rather realistic boson exchange poten-
tials, including 7, o, w, p, n, and § exchanges have been reported in the
literature for both nuclear and neutron matter, at zero temperature as well as
at finite temperature. We now briefly summarize the results of the Groningen
group. Similar results were obtained by the Bonn group [55].

A first achievement of Dirac-Brueckner calculations is that saturation of
nuclear matter occurs at a reasonable value of the density, with only a small
underbinding. In contrast, non-relativistic calculations with the same interac-
tion give a saturation density that is about twice as large. Part of the difference
is due to the density dependent relativistic corrections discussed in the pre-
vious section. Another achievement of the Dirac-Brueckner approach is that
it leads to a reasonable value of the compression modulus of nuclear matter,
K = 250 MeV. However, the predicted equation of state is rather stiff at
densities above nuclear density.

For asymmetric nuclear matter, relativistic Brueckner calculations predict
a symmetry energy coefficient a, of 26 MeV, which is in good agreement
with experimental data (27 to 30 MeV). The compression modulus of nuclear
matter decreases with asymmetry. While K = 250 MeV for Z/A = 1/2, it
is only K =210 MeV for Z/A = 1/3, and K = 110 MeV for Z/A = 1/5.
However, the stiffness of the equation of state just above nuclear density
appears to be nearly independent of Z/A. Equations of state with various
values of Z/A are, in fact, nearly parallel in this region.

Altogether, the Dirac-Brueckner approach is rather promising since it starts
from a realistic nucleon-nucleon force, and is able to reproduce the properties
of nuclear matter including the saturation density. In fact, from the experience
acquired in non-relativistic many-body calculations, this agreement appears
almost too good, since one can expect ring diagrams, three-body cluster
diagrams, and three-body forces to significantly modify the saturation curve.
Therefore, an evaluation of these contributions is of crucial interest.

4.5. Many-body calculations with relativistic corrections
In view of the difficulties encountered in the calculation of higher order

corrections to Dirac-Brueckner theory, several authors have suggested a dif-
ferent approach, which is simpler and somewhat more phenomenological.
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Rather than improving Dirac-Brueckner results, which appears too difficult,
they add the relativistic corrections described in section 4.3 to the results of
the complete many-body calculations outlined in section 4.1. In a first step,
Ainsworth, Baron, Brown, Cooperstein, and Prakash [51] parameterize these
results for the binding energy per nucleon

Ez_Eo+K p—2p\’
A A 18\ 2p
with K = (230 to 300) MeV, Eo/A = —(16.6 to 17.8) MeV. Then, to

account for relativistic corrections, they add a term of the form discussed
above

(4.32)

Eg
— = Blo/po)*?, 4.33)
with B = 44 MeV. Adding eqs. (4.32) and (4.33) is still not sufficient to
obtain a reasonable equation of state because there is one ingredient still
missing, which is the contribution E3 of three-body forces. Ainsworth et al.
[51] use the parameterized form

E;

— =Clo/p)", 4.34)

with a coefficient C equal to —3.9 MeV. Their zero-temperature equation of
state is then obtained by calculating

)
P= pZ%(Ez + Eg + E3)/A. (4.35)

From this zero-temperature formula, it is easy to construct the equation of
state at finite temperature by using low temperature correction formulas de-
scribed in section 8 of the review article by Bethe [27].

More elaborate evaluations of the contribution of three-body forces have
been made by Grangé, Lejeune, Martzolff, and Mathiot [52]. These authors
used the framework of meson exchange currents to establish new consis-
tency requirements between the initial two-body force and the residual three-
body force. Starting from the Orsay-Paris potential [5], they first solved the
Brueckner-Bethe equations. Adding relativistic and three-body corrections, as
well as contributions from the nucleon excited states, they obtain the graph of
binding energy per nucleon versus density curve shown in fig. 9. The results
are quite satisfactory in that there is qualitative agreement with empirical
results. Given the approximations made in treating the many-body problem,
the small discrepancy that still persists with saturation data is probably not
significant.
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4.6. Experimental studies of the equation of state

The experimental determination of the equation of state of (symmetric) nu-
clear matter is one of the major motivations for the study of nuclear colli-
sions in the range of relativistic energies. This range was first explored at the
BEVALAC, with bombarding energies of about 0.2 to 2 GeV per nucleon.
Hydrodynamic and cascade models of such reactions predict the existence
of a compression phase, in which the total density reaches typically 2 to 3
times nuclear density, for an incident energy of 0.5 to 1 GeV per nucleon
[51, 57]. During this phase the temperature of the system (assuming that this
concept is still meaningful) can become as high as 50 to 100 MeV (see fig. 9
of Ainsworth et al. [51]).

The maximum value of the density during collision is related to the com-
pressibility of the medium and to the equation of state. However, in the
absence of a detailed quantum mechanical description of the reaction, it is

1 | | ] |

0.1 0.2 0.3 0.4 0.5
Density ( fm=3)

Fig. 9. Energy of nuclear matter versus density obtained in the calculations of Grangé
et al. [52], indicated by the heavy solid line. The results of Brueckner-Hartree-Fock
calculations are indicated by the thin line.
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difficult to extract the equation of state. Indeed, the information about the
compression phase is partially lost during the expansion phase because of
final state interactions.

With one line of approach, Boltzmann-like equations are used, namely the
Vlasov-Nordheim or Boltzmann-Uehling-Uhlenbeck equation. This equation
is known to be adequate for near equilibrium situations [58]. There is also
some indication that it reasonably describes nuclear collisions. It contains two
ingredients: the equation of state and the effective scattering cross section o,ss
of two nucleons in the medium. An analysis of collision data may therefore
provide information on these two quantities. This has been the subject of a
large number of investigations, both experimental and theoretical, [59]-[61].
An important issue is the determination of the observables of the reaction
which are most sensitive to the equation of state. It has been argued that one
such observable is the flow tensor, or more precisely, the flow angle 8¢ of
the reaction products with respect to the incident beam. Analyses focusing
on this observable have suggested a stiff equation of state, with K = 400
MeV and an adiabatic index y = 3 at high density.

However, there are some uncertainties in these results. In particular
one should first keep in mind the assumptions of the Boltzmann-Uehling-
Uhlenbeck approach, which retains only mean-field and two-body collisions.
Further, it assumes that cross-sections are local functions of the Wigner dis-
tributions f(r, p, ). The Wigner distributions are required to be positive
definite in order to interpret them as phase space probabilities [58]. Another
source of uncertainty, studied by several authors, is the effect of momen-
tum dependent interactions [62]. Finally, Pandharipande and Schlagel have
pointed out that collisions are very sensitive to effective cross-sections in
the medium and much less sensitive to the compression modulus K. These
authors conclude that the accuracy of simulations based on mean-field ap-
proximations should be significantly improved in order to study the equation
of state [58].

A second line of approach has been initiated by the work of Stock et al.
[57]. These authors have proposed using the total multiplicity of produced
pions as an observable that is characteristic of the high density stage of the
collisions. This suggestion is attractive in several respects. First of all, it is
based on a simple and convincing physical picture. Indeed, a stiff equation of
state means that more energy is stored as compressional energy, and that less
thermal energy is available to create pions. Also, a significant advantage of
this observable is that cascade calculations [63] suggest that the total number
of pions and delta resonances, and therefore the eventual pion yield, remains
nearly constant during the expansion phase. This makes analyses much sim-
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pler since it is no longer necessary to incorporate the expansion phase. The
calculation of the pion multiplicity is reduced to the determination of a statis-
tical equilibrium between nucleons, pions, and delta resonances at the density
pum and temperature Ty, reached in the collision. These two ingredients can
be obtained from the equation of state by means of hydrodynamic models.
Simple, one-dimensional constructions of pp and Ty can be obtained from
in the article by Ainsworth et al. [51].

Analyses based on pion multiplicities also suggest a rather stiff equation of
state which agrees well with that obtained from sideways flow analyses (see
fig. 7 of reference [51]). Uncertainties in this approach have been discussed
by several authors, and are reviewed in the Les Houches lectures by D. Lhote
[64]. They arise, in particular, because of our imperfect knowledge of nucleon
and delta effective masses in nuclear matter.

To conclude this section we briefly mention the revision of the compression
modulus of nuclear matter which has been suggested recently by the Gronin-
gen group [65]. This group has performed measurements of the energy of
the giant monopole resonance in a large set of tin isotopes whose masses
are 112, 114, 116, 120, 124, 144, 148, 150, and 152. In analogy with the
hydrodynamic model, one can define from the data, the compression modulus
of the nucleus with Z protons and mass A by

E(0") =h(K(A, Z)/m(r*)'?, (4.36)

This quantity can be decomposed into volume, surface, symmetry, and
Coulomb terms

N-2Z\?
K=Kuo+KsA™'P+ K, (T) + K. ZPA743, 4.37)

By using estimates of K. and performing a least squares fit of the quantities
K, Ks, K, the authors of reference [65] have obtained the following values

Ko =300+ 25 MeV,
Ks = —-750+ 86 MeV, (4.38)
K, = —-320+ 180 MeV.

These values agree with the analysis of the earlier Grenoble data performed
by Treiner et al. [66] using the same procedure. In contrast, analyses based on
random phase approximation, using momentum dependent zero-range forces
[66] or gaussian finite range forces [9], lead to a couple (K, Kgs) on the
order of (220 MeV, —250 MeV). However, these calculations tend to predict
monopole energies larger than those experimentally observed in medium size
nuclei. Several aspects should be examined before a definite conclusion about
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the value of the compression modulus can be reached. First, one expects
surface effects to be sensitive to the radial dependance of the nucleon-nucleon
interaction. Hence, microscopic calculations using more realistic (Yukawa
type) profiles should be performed. Second, the energy weighted sum rules are
not saturated in medium and light nuclei, pointing to some missing strength in
these nuclei. Finally, it may be that the quantity K should not be identified
with the compression modulus K, of nuclear matter. This question was
discussed in ref. [66], where it was shown that K, and K,,, are equal in a
scaling model (which was adopted in the analysis of the Groningen group)
using Skyrme forces. Whether the same conclusion holds for a more realistic
finite range interaction remains to be established.

5. Discussion

In the present review we have discussed some of the nuclear physics problems
which occur in determination of the equation of state of hot dense matter.
This is a particularly rich domain of nuclear physics. It deals with very
unusual nuclei, whose mass numbers can sometimes be as large as a thousand,
whose existence becomes possible in dense matter because of the screening
of Coulomb forces.

We have seen that below nuclear density, most properties of dense mat-
ter can be understood, at least qualitatively, by means of the bulk matter
approximation, which focuses on the equilibrium between drops of nuclear
matter and an external vapor. Accurate solutions of the equilibrium equa-
tions can be found by using a low-temperature expansion for the nuclei and
a high-temperature expansion for the vapor. In this density domain, reliable
determinations of the equation of state are available via microscopic methods.
The only uncertainty is in the level density parameter a = §/2T, where § is
the entropy of a nucleus at temperature T. At low temperature, the empirical
value of this parameter for a nucleus of mass number A is A/8 MeV~!, while
mean-field values are A/16 MeV~'. The difference is generally attributed to
the collective effects, which are not included in the mean-field approximation
(67, 68]. Does this mean that mean-field calculations of hot dense matter are
inadequate for estimating the temperatures reached during stellar collapse?
In fact, there is some indication that the answer to this question is no. The
reason is that the value A/8 MeV~! has been found to be adequate only in
the vicinity of the ground state, that is, in the domain of low temperatures.
In contrast, for temperature of about 4 MeV (which is in the range of in-
terest for stellar collapse), the value of the level density parameter has been
found to be close to A/16 MeV~! [69]. This result is not unexpected. Indeed,
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the relative importance of collective states on level densities should decrease
with temperature because of the limited number of such states.

Beyond nuclear density, the situation regarding the equation of state is
not yet satisfactory, although significant progress has been achieved in recent
years. The most important advance was recognition of the importance of den-
sity dependent relativistic corrections. Combinations of such correction terms
with the results of non-relativistic many-body calculations provide estimates
of the equation of state which may be reasonable up to about 3 to 4 times
nuclear density [51, 52].

We have not discussed the regime of densities above four times the nuclear
density. Reviews of this question can be found in refs. [27, 51, 70]. We have
also not discussed the influence of the equation of state on supernovae models.
The interested reader is referred to the recent review by E. Mueller [71].
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1. Introduction

Ever since supernova explosions have been studied, hydrodynamical simu-
lations have played an important if not sometimes crucial role (e.g., in the
case of delayed explosions), together with observations and basic physical
and analytical investigations. The problem is so hopelessly complex and
non-linear, involving very different areas of macro and micro physics (hy-
drodynamics, gravity, equation of state, transport processes, strong and weak
interactions, nucleosynthesis), that one cannot expect to solve the supernova
problem without numerical simulations.

In view of all the complex physics which is to be included in a simulation,
and in view of the computer resources available ten or even twenty years
ago, it is immediately obvious that the first simulations performed in this
field were one-dimensional, that is, spherically symmetric simulations (Col-
gate and Johnson 1960; Colgate and White 1966; Amett 1966, 1967, 1968,
1969; Wilson 1971). But only a few years after the first one-dimensional sim-
ulations, some pioneers began exploring multi-dimensional models. LeBlanc
and Wilson (1970) performed the first 2D (i.e., axisymmetric) hydrodynam-
ical and magneto-hydrodynamical simulations of Type II supernova explo-
sions, while Mahaffy and Hansen (1975) calculated the first non-spherical
Type I supernova explosions.

With the growing power of computers, multi-dimensional supernova sim-
ulations became more common, although still remaining a small fraction of
all simulations. This is due to the fact that besides modern supercomputers,
multi-dimensional simulations also require a long-term commitment of a re-
searcher’s (or sometimes a group of researcher’s) time and effort, which in
most cases leads to a lower publication rate. Unfortunately such “low out-
put” engagements (when only counting the number of publications) are not
always honoured properly by the astrophysics community. This opinion will
hopefully change in a few years, because the development of highly accurate
and efficient finite difference schemes within the last ten years will allow
for sophisticated multi-dimensional supernova simulations which will have a
significant impact on the field.

397



398 Ewald Miiller

When first asked to give this lecture series on multi-dimensional hydro-
dynamical simulations of supernova explosions, I was somewhat uncertain
how to attack this enormously wide field. Obviously, there are three more
or less distinct parts to this topic: the numerical methods, the physics of
supernova explosions, and the simulations themselves. Because the school
was intended for students in astrophysics rather than in computational fluid
dynamics, I decided to keep the numerical part quite short and general. Thus
the first lecture, devoted to numerics, contains a personally biased com-
pendium of sub-problems which are of importance in any multi-dimensional
hydrodynamical simulation.

Each of the remaining three lectures deals with one specific aspect of su-
pernova simulations, namely the influence of rotation on the dynamics of
core collapse (chapter 3), Rayleigh-Taylor instabilities and mixing processes
which occur in expanding supernova envelopes (chapter 4), and thermonu-
clear burning fronts in Type Ia supernovae (chapter 5). Each lecture contains a
discussion of the underlying physics and models, together with a presentation
of the results of the simulations. Because a detailed and thorough discussion
of the physics is far beyond the scope of the three lectures, and because it can
also be found in the contributions of the other lecturers, no comprehensive
presentation of the physics of supernova explosions is intended. Thus, the
second and third lectures depend heavily on the lecture series of Hillebrandt
and Nadyozhin on the theory of Type II supernovae, while the final lecture
requires a study of the lectures of Barkat, Canal, Nomoto, and Woosley for
full understanding of the theory of Type I supernovae.

2. Numerical methods

The first lecture deals both with some general and some specific numerical
topics of multi-dimensional hydrodynamical simulations. The topics which
have been selected for the lecture are merely thought to serve as a (by no
means complete) guide to and a personally biased view of key aspects of
the subject. A comprehensive discussion of this rapidly evolving field is far
beyond the scope of this lecture series. Thus, no attempt is made to dis-
cuss the basic concepts of finite difference methods (i.e., the discretization
and approximation of partial differential operators) which underlie all of the
hydrodynamical simulations discussed below. A detailed and comprehen-
sive introduction to finite difference methods can be found in the textbooks
of Roache (1972), Potter (1973), Anderson, Tannehill, and Pletcher (1984),
Oran and Boris (1987), and in a recent review article by Benz (1991). More
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mathematically oriented readers may also wish to consult the classical text-
book of Richtmyer and Morton (1967).

2.1. Lagrangian and Eulerian methods

The hydrodynamical equations can be formulated with respect to two distinct
classes of coordinate systems, called Lagrangian and Eulerian coordinates,
respectively (see Potter 1973).

Lagrangian hydro-codes integrate the hydrodynamical equations using co-
moving coordinates, that is, time derivatives are calculated with respect to
a coordinate system attached to and moving with the fluid. The Lagrangian
formulation guarantees that no numerical, that is, unphysical diffusion of
momentum, heat, nor composition occurs during a simulation, because the
nonlinear advection terms responsible for the occurrence of numerical diffu-
sion are not present in the Lagrangian formulation of hydrodynamical equa-
tions (see also section 2.4). Numerical diffusion causes especially difficult
problems with attempts to model (thermonuclear) burning fronts (see chap-
ter 5). The advantage of the Lagrangian formulation breaks down, however,
and severe numerical difficulties arise when multi-dimensional problems are
attempted. The comoving grid in general becomes very distorted, leading to
grid tangling in the case of shear or vortex flow, for example. Then one is
forced to rezone the grid. Even when the rezoning is done carefully, which
is not as easy and straightforward as one might think (note, e.g., that the
conservation of mass, linear, and angular momentum, and of energy should
not be violated by the rezoning algorithm), a significant amount of numerical
diffusion of the various quantities is introduced. Thus the major advantage
of the Lagrangian approach is lost.

For muiti-dimensional problems, therefore, Eulerian hydro-codes using
time-independent spatial coordinates are preferred, since the grid remains
regular. Obviously, special efforts then have to be used to minimize the
inevitable numerical diffusion. This can be achieved using more accurate,
higher-order schemes (see chapter 5).

Within the last fifteen' years, a new type of Lagrangian hydrodynamics
method has been developed, the so-called Smooth Particle Hydrodynam-
ics (SPH) method (Lucy 1977; Gingold and Monaghan 1977; Monaghan
1982). SPH is a free-Lagrange method, in which spatial gradients are eval-
vated without the use of any grid. Thus the method does not suffer from
the problems caused by grid tangling and subsequent rezoning. For a de-
tailed review of the SPH-method see Monaghan (1985) and Benz (1989,
1991).
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2.2. Explicit and implicit methods

Following Potter (1973) let us consider a system defined by the state vector
#(7, 1), in the space domain R = R(F). If & = #° is defined at time ¢ = 0,
and if # is defined on the surface S of R for all time ¢, we wish to determine
u for all time ¢ in R. The state of the system may be obtained for all time ¢
as solutions to the initial value equation

2.2.1)

In general, L is a nonlinear operator which is algebraic for ordinary differ-
ential equations, and is a spatial differential operator for eq. (2.2.1) a partial
differential equation.

Neglecting higher than second order terms, the most general discretization
of eq. (2.2.1) with respect to time is given by (Potter 1973)

=" + Li"(1 —)At + Li"t'eAt, (22.2)

where 7" and #"*! are the state vectors of the system at adjacent time points
" and ¢"t! = " + Ar. Here ¢ is an interpolation parameter, 0 < & < 1, and
second order accuracy is only maintained when ¢ = 1/2. In the special case
when & = 0, the new state #"*! is defined explicitly by the known state &"
at the previous time step. In this event the method is called explicit, while
otherwise if £ # 0 the method is called implicit.

Explicit schemes are only stable if the size of the time step is restricted
by the well known Courant-Friedrichs-Levy condition (CFL, Potter 1973),
given (on a 2D Cartesian grid) by

-1

2 2
A - M il vl 1 1
t < Atcp, = Min;; Zx_-+A_y'+Cij e + A—y,_
i j i
(2.2.3)

The minimum in eq. (2.2.3) is computed with respect to all zones (i, j), and
Ax;, Ayj, u;, vj and ¢;; are the grid spacing and flow velocities in the x- and
y-directions, and the local sound speed, respectively.

In general, implicit schemes allow for larger time steps, but at the ex-
pense of solving a system of nonlinear algebraic equations. This is achieved
by linearizing the system and iterating the solution (e.g., with the Newton-
Raphson method). Thus, implicit schemes require in each timestep several
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(typically 3 to 5) times the solution of a linear system, that is, several matrix
inversions. Obviously, implicit schemes become prohibitive time and storage
consumers when used directly for two- or even three-dimensional problems,
because the order of the matrix to be inverted is given by the product of the
number of variables times the number of zones in each spatial direction, that
is, NV.N1-N2-N3.

Although operator-splitting techniques can help to significantly reduce this
problem (see section 2.5), implicit schemes have not been widely used in
astrophysics because of two further difficulties. First, the evaluation of the
Jacobian required for an iterative solution of the nonlinear system is a prob-
lematic task, since some variables may only be given in tabular form (equa-
tion of state, opacities, etc.). In addition, experience shows that errors made
in the evaluation and in programming of the numerous derivatives are dif-
ficult to locate (as they only manifest themselves as a non-convergence of
the iteration), and thus, their removal may take a significant amount of the
code development time. Second, when features are present in the flow across
which one or several variables vary sharply and which are neither stationary
in the Lagrangian nor in the Eulerian reference frame (e.g., shocks and in
particular accretion shocks), the advantage of the implicit approach can be
greatly reduced. As convergence is only obtained in all zones if none of
the iterated variables vary by more than about 10 to 30% from time step to
time step; sharp, non-stationary features in the flow lead to a more or less
severe time step restriction. This restriction can only be overcome with an
adaptive grid: this, however, poses other, sometimes even more challenging,
problems concerning the stability of the numerical scheme and the stiffness
of the algebraic system (see Winkler and Norman 1986; Moénchmeyer and
Miiller 1989b).

2.3. Accuracy and efficiency

Because multi-dimensional calculations place such a demand on resources
and time, one should expend considerable effort in finding the best proce-
dure. Accuracy, determined by testing problems with known solutions, and
efficiency, getting maximum performance from existing hardware, should be
the main concerns.

The computational expense of a given calculation is proportional to the
number of zones calculated and the number of time steps taken. Thus, in
3D,

Load ~ (I/Ax)> (z/81), (2.3.1)
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where [ is a characteristic length, Ax is the (equidistant) zone size, 7 is the
time the calculation is to be run, and d¢ is the average size of a time step. For
an explicit method, the size of the time step is limited by the CFL condition
8t < Ax/c; (c; is the local sound speed; see previous section), so that

Load ~ Bt ¢, / (Ax)*. (2.3.2)

If one method (A) can produce equally accurate results, but uses » times the
number of zones needed by another method (B), then the ratio of expense is

Load(A) / Load(B) = n*. (2.3.3)

The memory requirement scales as n3; in practice this is often the inflexible
limit. One may argue for more computer time, but the memory size is difficult
to change.

Estimating » for different pairs of codes is not trivial, but depends upon the
problem to some extent. An important problem of interest is the preservation
of temperature or heat differences (when modeling burning fronts; see chap-
ter 5) and of compositional differences (when modeling mixing processes; see
chapter 4). A useful test problem is one which propagates a compositional
step-function through the mesh, with no pressure gradients (alternatively one
may use compensating steps in density and temperature). The result should
simply be a translation of the step to new positions. Numerical errors tend to
broaden the step into a “ramp” which spreads over several zones. Plotting the
width of the ramp in zones, as a function of the number of zones propagated
through, is a useful way to compare quality of numerical methods; this is
shown in fig. 1 (see Fryxell, Miiller and Arnett 1989).

Fryxell, Miiller, and Amett (1989) have tested a number of popular meth-
ods in multi-dimensional numerical hydrodynamics: Lax-Wendroff, donor
cell; Godunov’s method, a flux-vector splitting method (SADIE); and the
piecewise parabolic method (PPM) of Colella and Woodward (1984). A
brief description of these codes and the relevant references can be found in
the work of Fryxell, Miiller, and Arnett (1989).

Let us consider a grid of 400 zones per dimension (which is at least
required for the simulations discussed in chapters 4 and 5), where a contact
discontinuity has been propagated through half the grid, that is, through 200
zones. Figure 1 then shows that a version of PPM, without special software
for detection of such contact discontinuities, has a ramp width of about 6
zones. Lax-Wendroff gives a ramp about 12 zones wide. PPM, with contact
detection, gives a ramp only 2 zones wide. SADIE, which does shocks very
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Fig. 1. Comparison of several numerical methods for the translational motion of a
contact discontinuity (see Fryxell, Miiller and Arnett 1989).

well, is as bad as Lax-Wendroff for this test. For both of these methods,
n =~ 6. First order methods, such as donor cell and Godunov, are much
worse (n ~ 20 and n ~ 15).

The computational load for a given accuracy of SADIE or Lax-Wendroff
(n 2 6, which is second best after PPM on the step test problem) relative to
PPM (with contact detection switched on) are 216 (in 2D) and 1296 (in 3D).
Here, it is assumed that each grid point requires the same effort, which is not
the case, but this is not a major error for problems which have significant
microphysics. If n is as much as 2, this implies a significant difference in
performance on problems in which compositional differences are important.
Note that the ratio of speed for a supercomputer (~ 1000 mflops) and a
typical workstation (>~ few mflops) is 2 10°, which is comparable to the
difference in 3D performance for a resolution ratio of n =~ 6.

2.4. Conservative difference schemes

The hydrodynamical equations express the conservation of mass, momentum
and energy (see Potter 1973). For a viscous free fluid, the Eulerian form of
the equations including gravity and energy sink or source terms, is given by



404 Ewald Miiller

mass conservation:
00

” + div (o7) =0 (24.1)
momentum conservation:
v . ..
ar + div (pvv) + gradp =g grad® 2.4.2)
energy conservation:
de . - -
P div [(e+p)i] =olgrad® +¢ (2.4.3)
Here
| B
e= 3 o] 15? + & 2.4.4)

is the sum of the kinetic and the internal energy ¢, while g, v, p, @ and ¢
are the mass density, velocity, pressure, gravitational potential, and energy
sink/source terms, respectively.

The hydrodynamical equations must be supplemented by an equation of
state

p=f(o, 8 (2.4.5)

and by an equation for the gravitational potential @, which for a self-
gravitating fluid is Poisson’s equation.

Many analytically equivalent forms of the hydrodynamical equations exist.
Some of these forms are better suited for discretization than others. Let us
consider for example the continuity equation (eq. 2.4.1), which can also be
written as

o . L
a—f + Sgradg + odivii = 0. 2.4.6)

The second term in eq. (2.4.6) describes the change of ¢ due to the ad-
vection of the density distribution by the flow; note that this term is not
present in Lagrangian schemes. Although eq. (2.4.6) is analytically equiva-
lent to eq. (2.4.1), the latter form of the continuity equation is to be preferred
for discretization, because it directly expresses the underlying conservation
property. Obviously the conservation of mass should also hold for the cor-
responding difference equation, which is not easily guaranteed when starting
off from eq. (2.4.6) but which becomes straightforward when eq. (2.4.1) is
used as a starting point (see following discussion).



Hydrodynamical Simulations of Supernovae 405

Among the discretized hydrodynamical equations, which in general do not
necessarily conserve mass, momentum and energy, there exists a class of
discretized equations which guarantees the conservation laws. This class of
difference equations is called conservative.

To derive a class of conservative difference schemes, the hydrodynamical
equations are integrated over an Eulerian finite volume element V enclosed
by the surface dV. Then mass conservation takes the form

d -
—/ edV + / div (gv)dV =0. 247
ar Jy v ‘

Using Gauss’ theorem one obtains

? L
_1/de4_[/éwdf=o, (2.4.8)
at Jy av

where df is an outwards-pointing element on the surface 3V. By analogy
one can derive the momentum and energy conservation equations

0 o o 2
—/deV + // ov(vdf) = /(Qgradfb—gradp)dv, (2.4.9)
ar Jy av 14

and

0 a2 -
—/edV + // (e+p)vdf = /(Qvgrad¢+q)dV. 2.4.10)
or Jy av v

The finite volume formulation of the hydrodynamical equations has a further
advantage. Besides reflecting the underlying physics, it also allows for a
treatment of discontinuities in the flow.

To generalize the finite volume formulation to moving coordinate systems
(see Winkler, Mihalas and Norman, 1984), we first define three kinds of time
derivatives: (1) the moving grid time derivative (d /dt), which is taken with
respect to fixed values of the moving coordinates; (2) the Lagrangian time
derivative (D/Dt), which is taken with respect to a definite fluid element;
(3) the Eulerian time derivative (3/3t), which is taken with respect to fixed
coordinates in the laboratory frame.

Further, let 7, be the position of a definite set of grid coordinates of the
moving grid, and 7, be the position of a definite point (“element”) in the
fluid; then the grid velocity is given by

- d.

Be= T (2.4.11)
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the fluid velocity by

and the relative velocity by

Urel =V — Vg

(2.4.12)

(2.4.13)

Note that Lagrangian coordinates correspond to the special case of U, = v,

while ¥, = 0 for Eulerian coordinates.

The different time derivatives of any quantity f are then related by

Df of .

E_E+vgradf,
and af of

Z=E—+ﬁggradf,

(2.4.14)

(2.4.15)

where the gradient in both equations is taken with respect to Eulerian coor-

dinates.

If J denotes the Jacobian (or functional determinant) of the transformation
between the coordinates of a moving grid volume dV? at time f, and its

volume dV = JdV?° at some later time ¢, one can derive with

av _dJ o dinJ

— = —dV’=——dV
dt dt dt
and
dJ_d a(x,y,2)
dt = dt 9(x%, y0,20)
. By :
CaEyg ) ek d)
3(x9,y0,20)  9(x% 0,20  3(x0, 9,29
and

1 d‘, _ a(ugvyvz) + a('x7 Ug,Z) a(xs y’ wg)
Jdt~ 3(x,y,z)  d(x,y,2)  d(x,y,2)

(2.4.16)

(2.4.17)

(2.4.18)

the moving grid expansion formula (see Winkler, Mihalas and Norman, 1984)

dinJ -
= divv,.
o iv U,

(2.4.19)
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To obtain the so-called moving grid transport theorem (see Winkler, Mi-
halas and Norman, 1984) start from the relation

d _dk dv
E(& dV) = Zdv + & e (2.4.20)

where £ is an extensive quantity, that is, the density, the energy, or the
entropy. Using Egs. (2.4.16) and (2.4.19) this equation becomes

—(ng) ﬁdv+gdwvgaw 2.4.21)

which can be rewritten utilizing eq. (2.4.14) as

—(Ea’V) ﬁdV+vggrad§~‘dV-H‘,fdlvvga'V (2.4.22)

or

——(é;‘ dv) = % dV +div (§ v,)dV. (2.4.23)

Integrating eq. (2.4.23) over a ﬁmte volume V, corresponding to fixed values
of the moving coordinates, and noting that the time derivative d/dr and
the integration over V, can be interchanged, one obtains the moving grid
transport theorem

/(SdV) —/ —dV+/div(§1—58)dV. (2.4.24)
Ve

When this transport theorem is applied to the equation of mass conservation
(eq. (2.4.7)) one obtains

ap -
— = —d4dV di dv. 2.4.25
o /V o +/vg v (0 vg) ( )

Using eq. (2.4.1) the integrand of the first integral on the right hand side of
eq. (2.4.25) can be rewritten as

d - -
QdV = —/ div (o ) dV +/ div (0 ¥,) dV, (2.4.26)
dt v, V,
from which
d . .
—/ ng+/ div [0 (¥ — ¥p)] dV = 0. (2.4.27)
d, VK VK
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follows. Finally this equation can be reformulated applying Gauss’ theorem
and the definition of relative velocity (eq. (2.4.13)):

d . -
— / odV + // QUdf =0. (2.4.28)
dt Jy, 3V,

This is the continuity equation in finite volume formulation for a moving
grid. The momentum and energy conservation equations can be obtained
similarly.

Let V, be the total volume of the computationgl grid, N the number of
grid cells of volume V., that is, V, = NV, and jg the current density of a
quantity £ (i.e., fg = £ ¥). Then a scheme is called conservative, if

N N

Z [/Vc(i) Qsdv]nﬂ B Z [Ac(i)gsdv]n * [At /</3V1 ]5 df]n

i=1 i=1

(2.4.29)
holds. The superscripts denote that the respective terms are to be evaluated
at time ¢" and t"*! = 1" + At, respectively. Because the surface inte-
gral in eq. (2.4.29) extends across the surface of the computational volume,
eq. (2.4.29) says that advection must not change the sum of the volume inte-
grals (with time), if the current density jg is zero across the surface aV, of
the grid.

From eq. (2.4.29), a sufficient condition for any conservative difference
scheme can be derived. The (approximate) evaluation of the surface inte-
grals in eq. (2.4.29) has to be done in such a way that the flux leaving
a three-dimensional computational cell (i, j, k) in the positive x-direction is
identical to the flux entering the neighboring cell (i +1, j, k) from the negative
x-direction, and that analogous conditions hold for all other cell interfaces.
Although this condition may sound trivial, it is not fulfilled, for example,
when in the equation of mass conservation written in non-conservation form
(eq. 2.41) the divergence operator is approximated by a centered difference
operator (see Roache 1972, section I1[-A-3), that is, in 1D Cartesian coordi-
nates

dou|  (eWiv1 — (@U)i- (2.4.30)

ox |; Xigl — Xi—}

2.5. Operator splitting or fractional-step coupling

A widely used technique in multi-dimensional hydrodynamics is the so-
called alternating direction implicit or explicit (ADI or ADE) technique (see
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Roache 1972, Beam and Warming 1978), which allows the splitting of the
multi-dimensional problem into a set of one dimensional sub-problems. The
ADI/E technique is a special case of the more general operator splitting or
fractional-step coupling technique, described in detail by Yanenko (1971). In
the following paragraphs, the main idea of this technique is discussed (see
Oran and Boris 1987, sections 4-6).

The nonlinear set of coupled partial differential equations describing hy-
drodynamical flows can be written

3 = oo e o
EU(r,t) = GWU,VU,V*U,}, 1) 2.5.D)

where U = (0, ou, gv, ow, ge)T is the hydrodynamical state vector (u, v,
and w are the three velocity components). Consider writing eq. (2.5.1) in the
form

9 -~ . - s -
é—tU(r,t) =G +6G,+G;..., (2.5.2)

where G has been broken into its constituent processes,
G=G +G,+G.... (2.5.3)

Each of the functions {é,-} contributes a part of the overall change in U
during a timestep. Thus eq. (2.5.1) can be solved by successive operations,
that is, U is advanced in time in several fractional steps, the first due to
all processes noted G, the second due to all processes called Gz, etc. For
example, G1 might contain the advection terms, 62 the gravity terms, G3
the heat diffusion term, G4 a energy source arising from a nuclear reaction
network, and so forth.

The advantage of operator splitting is obvious. The processes and their in-
teractions can be treated independently by analytic, implicit, explicit, or other
techniques using the best method available for each type of term. Operator
splitting further allows for and encourages modular program design. Each
module (e.g., a reaction network solver, or a 1D advection solver) can be pro-
grammed and tested independently. If a new technique becomes available,
the respective modules can often be modified without changing the entire
structure of the code.

In general the method of splitting is often based not on a rigorous math-
ematical analysis but merely on numerical experiments and physical guide-
lines. The qualitative criterion for its validity is that the values of the physical
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variables must not change too rapidly over a timestep from any of the in-
dividual processes. Therefore a warning has to be issued here. It is by no
means obvious that operator splitting is justified, nor that a solution obtained
in this way is identical to the one obtained solving the original equations.

How to split the equations is a kind of art, which relies on numerical
experiments and experience. However, there exists a rule of thumb, that
one should avoid splitting terms which nearly cancel each other, that is,
pressure gradient and gravity force terms, or terms describing the emission
and absorption of photons.

Operator splitting can be used to partition multi-dimensional hydrodynami-
cal problems into a set of one-dimensional problems. In this approach, some-
times called “dimension-splitting” and first introduced by Godunov (1959),
the multi-dimensional hydrodynamical equations are integrated by means of
so-called one-dimensional “sweeps.” In two-dimensional Cartesian coordi-
nates (x, y), for example, in one sweep only the advection in the x-direction
is computed, followed by a sweep in the y-direction. According to Strang
(1968) the order of the sweep directions should be reversed from timestep
to timestep, that is, a timestep with xy-sweeps should be followed by one
with yx-sweeps. This procedure guarantees that the total scheme remains
second order accurate in time, if each sweep is computed with that accu-
racy in time, because the second order error generated in using second order
one-dimensional finite difference operators D, D, in place of second-order
two-dimensional difference operators Dy, = D, + D, is canceled by the
error in using D, D, subsequently. Note that here, as Woodward (1986) has
shown, the sweeps must be two-dimensional in nature, if more than second
order accuracy is required. Thus, operator splitting allows for a convenient
modular structure of the hydro-code consisting of a 1D kernel. Once a 1D
version of the code has been programmed and tested, it is quite easy to extend
the code to a 2D or 3D version.

The performance of a code can be significantly improved by operator
splitting. For example, consider a diffusion term which in some applications
has to be treated implicitly to avoid a too-restrictive timestep limitation. On
a two-dimensional Cartesian grid consisting of NX x NY grid points, the
fully implicit treatment requires the inversion of a matrix of order N X x NY.
However, when splitting the diffusion operator into two parts which describe
one-dimensional diffusion in x- and y-directions, the computational load can
be reduced to the inversion of N X matrices of order NY, and NY matrices
of order NX. Thus, the computational load is reduced from (N X-NY) to
NX-NY3>+NY-NX3 operations. For NX = NY = 100 this translates into
a speed-up factor of 5000 (2 x 10® vs. 10'2 operations).
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2.6. Godunov-type difference methods

Since van Leer (1979) published a second order extension of a first order
difference scheme proposed by Godunov (1959) to compute hydrodynamical
flows involving discontinuities, higher order schemes based on Godunov’s
approach have become increasingly popular (see Harten, Lax and van Leer
1983; Einfeldt and Munz 1987). Godunov’s scheme is a so-called “shock-
capturing” scheme, that is, discontinuities in the flow (shocks and contact
discontinuities) do not have to be treated by special means, but are correctly
described by the difference scheme itself without grid-dependent parameters
(as required for artificial viscosity methods).

Godunov-type schemes belong to the class of so-called upwind difference
schemes, where the partial differential operators are approximated by one-
sided instead of centered difference operators. The direction of the one-sided
differences is not fixed globally, but is locally determined by the direction
of the hydrodynamical waves. This approach guarantees that the correct
region of dependence of the hyperbolic hydrodynamical equations is taken
into account (e.g., disturbances cannot travel upwind in a supersonic flow).
The well known and widely used donor cell method (Gentry, Martin and
Daly 1966) is an example of such an upwind scheme.

First order upwind difference schemes are robust and monotonic (ie., a
monotonic initial-value distribution is numerically advected such that the
resulting distribution is monotonic again; van Leer 1977), but very diffu-
sive (fig. 1). Two approaches have been proposed to reduce the numer-
ical diffusion. In their flux-corrected transport (FCT) scheme, Boris and
Book (1973) add an anti-diffusive flux to the numerical flux obtained by
the upwind scheme. The anti-diffusive flux is limited in such a way that
the superior properties of the upwind scheme of handling discontinuities
is not lost. A second approach is due to van Leer (1979), who (as al-
ready mentioned) developed the basis for less diffusive higher-order Godunov
schemes.

In Godunov-type schemes the flux difference (of the fluxes entering and
leaving a computational zone) at zone interfaces is split in a right and left
part, and approximated in a suitable way. Thus these schemes are also called
flux-difference splitting schemes, and are not to be confused with the flux-
vector splitting schemes (Steger and Warming 1981; van Leer 1982; see also
Miiller 1988) where the fluxes are split directly. The essential part of any
Godunov-type scheme is the exact or approximate solution of a Riemann
problem at each zone interface (see fig. 2). The following discussion of
Godunov’s method is taken from Einfeldt and Munz (1987).
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Fig. 2. Schematic solution of a Riemann problem. The initial state at ¢ = 0 (top
figure) consists of two constant states (1) and (5) with py > ps, p1 > ps, and
u1 = us = 0 separated by a diaphragm at xo. The time-space diagram (bottom
figure) shows that after the diaphragm is removed, a shock wave (solid line) and a
contact discontinuity (dashed line) move to the right, while a rarefaction (bundle of
solid lines) moves to the left. Thus five distinct states occur in the flow for t > 0
(middle figure).

A Riemann problem is a Cauchy problem with piecewise constant initial
data
oU  aF(u)

— 0 2.6.1
at 0x ( )
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with
w, x<0

w, x>0 (2.6.2)

Ux,0) = {

The solution of the Riemann problem only depends on the states w, and w,,

and on the ratio x/¢, that is, U = U(x/t; w., w,). It consists of constant

states separated by simple waves, that is, by shocks, contact discontinuities
and rarefaction waves (see Courant and Friedrichs 1948).

In the original Godunov difference scheme the distributions at time ¢" are
approximated by piecewise constant functions (see fig. 3)

Vix,t")y=V/" x €l =[(G—-1/2)Ax, (i +1/2)Ax]. (2.6.3)

To obtain a numerical approximation at the next time level "' = " + At,
first solve exactly the initial value problem

1) + AFU) _
at ax

0, U, t") = V(x,t"), (2.6.4)

for t" < t < t"*!. The solution of this initial value problem is called
Ut(x,t).

Each discontinuity in V (x, t") defines a local Riemann problem. Note that
there is no interaction between neighbouring Riemann problems as long as

At

(2.6.5)

where A7, is the maximum propagation speed at t = ¢". Thus U"(x, t) can
be expressed by the local Riemann problems:

X —(i+1/2)Ax

U"(x,t)=U( LD vy, v,t;,) (2.6.6)

with iAx < x < (l + l)A_x and " <t< f”+1.
V/*!, the piecewise constant approximation of V (x, "*!) at t = "+, is
obtained by averaging U”(x, t"*!):

1
‘/,'n+] — __/ U"(x’ " + At)dx_ (2.67)
Ax I
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Fig. 3. Illustration of Godunov’s method. The distribution at t = " is approximated
by piecewise constant states V,” separated by discontinuities at zone interfaces (bottom
figure). The solution at the new time level 1 = 1"*1 is obtained by averaging over the
solutions of the local Riemann problems defined by the discontinuities (top figure).
The dotted and dashed-dotted lines in the top figure denote the position of the zone
centers and zone interfaces, respectively.

<..=+_, like U"(x,t) (eq. (2.6.6)), can be written in terms of the local
Riemann problems

Ax

oS
S:i H.B'x ’ U Abh\ e Ssv dx +
| % . (2.6.8)
— . A= .:
2x )l AE, Vi ::v dx.

2

Using the integral formulation of the hydrodynamical equations in conser-
vation form (see section 2.4) eq. (2.6.8) can be transformed into

S=+_ — S: — ﬁﬁc\h._\mv - %A—\.xl_\mvu_ ANOOV
with , n o
T =UO V7, Vi)

. . n 2.6.10)
Vilip= U (©0; SL, Vilp.

i



Hydrodynamical Simulations of Supernovae 415

This shows that eq. (2.6.8) is in conservation form. Note also that eq. (2.6.9)
gives the correct description as long as the waves emerging from the interface
at (i +1/2) Ax do not reach those emerging from the interface at (i —1/2) Ax
(see fig. 3), that is, it is sufficient to demand that

AMAL, <1, (2.6.11)
instead of eq. (2.6.5), which is the CFL condition (see eq. (2.2.3)).

Obviously Godunov-type methods require the solution of a Riemann prob-
lem (i.e., of a nonlinear algebraic system) at each zone interface. The com-
putational effort involved has often been used as a counter argument against
this class of difference methods. However, with higher-order Godunov-like
schemes, such as those with the piecewise parabolic method (PPM) of Colella
and Woodward (1984), the gain in accuracy more than compensates for the
extra computations per zone in the case of multi-dimensional simulations
(see section 2.3). For completeness note also that Godunov-type schemes
have been proposed which use approximate Riemann solvers, requiring less
computations per timestep compared with exact Riemann solvers (see Roe
1981, Osher 1984). These schemes are also less accurate, however.

3. Core collapse with rotation

Up until now, only a few attempts have been made to relax the assumption
of spherical symmetry and to perform axisymmetric, that is, two-dimensional
Type II supernova simulations, which allow the study of effects due to ro-
tation (LeBlanc and Wilson 1970; Miiller, R6zyczka and Hillebrandt 1980;
Tohline, Schombert and Boss 1980; Miiller and Hillebrandt 1981; Boden-
heimer and Woosley 1983; Symbalisty 1984; Ménchmeyer and Miiller 1989a;
Monchmeyer 1989, 1991; see also Hillebrandt, Miiller and Monchmeyer
1990; Monchmeyer et al. 1991).

It is obvious that the simulation of rotational core collapse is computation-
ally more difficult and more expensive than a spherical collapse calculation.
However, it is still surprising that only a few simulations have been per-
formed in the past, because (i) stars and especially massive stars rotate in
general (see Tassoul 1978), and because (ii) angular momentum conserva-
tion and increasing centrifugal forces allow small initial rotational energies
to change the standard collapse picture completely. Therefore the inclusion
of rotation may be crucial for the correct modeling of a Type II supernova
explosion.
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3.1. Overview of expected effects

Core stabilization. The collapse of stellar iron cores is initiated by electron
captures on nuclei and free protons, and by nuclear photodisintegration pro-
cesses. Both effects lower the pressure and the index I” = (D1In P/DIn p)|y
defined for a mass element M along its trajectory. In the absence of rotation,
the core becomes dynamically unstable if I < 4/3.

The collapse of a non-rotating core is characterized by the formation of
a subsonically and homologously (i.e., v « r) contracting inner core (IC)
and a supersonically falling outer core. During collapse, the mass of the
IC is roughly equal to the Chandrasekhar mass, which itself depends on
the mean diminishing lepton concentration of the IC. The collapse of the
IC cannot be stopped before nuclear matter densities are reached. At this
stage, the adiabatic index rises sharply, which leads to “bounce” of the inner
core. A shock wave is formed near the edge of the IC, and propagates
outwards through the iron core. The shock wave either turns into an accretion
shock inside the iron core, or reaches the stellar mantle, causing a supernova
explosion. In massive iron cores, the shock suffers from severe energy losses,
mainly due to the photodisintegration of nuclei, and stalls inside the core
about ten milliseconds after core bounce (for a review see Cooperstein and
Baron 1990; Miiller 1990).

The most important difference between the collapse of rotating and non-
rotating cores is that centrifugal forces in rotating cores may stop the collapse
before nuclear matter densities are reached. This possibility was pointed out
by Shapiro and Lightman (1976), and discussed in more detail by Tohline
(1984), and by Eriguchi and Miiller (1985; see also section 3.2). Numerical
examples of such a low-density bounce have been given by Miller, Rézyczka
and Hillebrandt (1980), Symbalisty (1984), and by Monchmeyer and Miiller
(1989a).

A theoretical argument for the stabilizing influence of rotation on (pseudo-)
radial modes of stars was derived by Ledoux (1945; eq. 77). To guarantee
the stability of a configuration in rotational equilibrium, the adiabatic index
(at fixed entropy S and fixed electron concentration Y,) defined as

alnP
=27 : G.1.1)
dlnp gy
should fulfill the condition
22-58)
Y > Yers = ( s (3.1.2)

31-28)
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with 5 Ep
[ Epot|

(3.1.3)

Here E. and Ep, are the rotational and potential energy, respectively. Al-
though eq. (3.1.2) is only derived for slow rigid rotators with y independent
of density, numerical calculations show (see Tassoul 1978) that eq. (3.1.2)
also holds under more general conditions. Equation (3.1.2) has also been
used by Tohline (1984) to distinguish between stable and unstable collapsed
cores.

For a given average y, the critical value of 8 that a rotating core in
equilibrium must exceed to be stable against pseudo-radial modes is

1 4-3y)

ﬂ > ﬁcrit=§(5_3y)-

(3.1.4)

However, this is only a necessary condition for a core bounce at subnuclear
densities (see Tohline 1984; Monchmeyer 1991).

The stability and hydrodynamical evolution of a collapsing iron core is
not determined by the adiabatic index defined in eq. (3.1.1) but instead by
an effective index

_DhpP} " dln P dInY, dln P é§InY,
~ Dinply T amt|,s simpl,  omv¥,| s sinp |,
dlnP &S
aS |,y Slnply
3.1.5)

calculated along a collapse trajectory of a given Lagrangian mass element M
(van Riper and Lattimer 1981; Cooperstein and Baron 1990; Ménchmeyer
1991). Accordingly, I must be used in the Ledoux-formula (eq. (3.1.2))
in place of y, that is, the stability of the core is influenced by electron
captures and non-adiabatic processes. It can be shown (Monchmeyer 1991;
Cooperstein and Baron 1990) that in realistic cores, the last two terms in
eq. (3.1.5) significantly reduce I” below the value of y until neutrinos become
trapped and weak reactions come into equilibrium at densities p * 3 x
102 g cm™3,

Eq. (3.1.2) further shows that even a small amount of initial rotational
energy can be sufficient to stabilize a core at densities less than nuclear
matter density, provided that angular momentum is conserved during the
collapse and that I" has a value close to 4/3.
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Collapse timescale. Due to conservation of angular momentum and the
resulting increase of centrifugal forces matter does not fall in on radial tra-
jectories. In addition, matter in the equatorial plane does not fall towards the
center as fast as matter at the polar axis. This last effect especially leads to a
progressive flattening of the core. In comparison to a spherically symmetric
configuration, the collapse time scale is longer in rotating models.

Core oscillations. In contrast to spherically symmetric cores, which come to
rest soon after bounce, the kinetic infall energy of a rotating core bouncing
due to centrifugal forces is converted into oscillations, which are damped
by non-spherical pressure waves. Therefore, after bounce a rotating core
oscillates with a superposition of various axisymmetric radial and surface
modes. The frequency of these modes is determined by the average density
of the inner core. Simulations and analytical considerations show that the
radial oscillations become large and nonlinear if the collapse is stopped just
before nuclear matter densities are reached (Monchmeyer 1991; see also
Monchmeyer et al., 1991).

Convective mixing. From 1D-calculations, one knows that a negative en-
tropy gradient is established behind the shock after photodisintegration losses
have weakened it significantly. This region of decreasing entropy is unstable
against convection, provided that the stabilizing lepton gradient is not too
large (Epstein 1979). Amett (1985) has first pointed out the possible impor-
tance of convection for the Type II supernova mechanism. However, whether
convection indeed helps or even harms the propagation of the shock is de-
bated (Burrows 1987; Bethe, Brown and Cooperstein, 1987; Monchmeyer
1991). Note that for rotating cores, mixing of high and low entropy matter
may be enhanced if convectional currents are supported by vortices which
result from rotation in regions where deformed surfaces of constant pressure
do not coincide with isopycnic surfaces. On the other hand, it has been
argued that rotation may have a stabilizing effect on certain types of convec-
tive instability modes (see Tassoul 1978). However, especially for centrally
condensed and differentially rotating objects, the interaction of rotation and
convection is not yet understood.

Shock propagation. The propagation of the shock wave is influenced by

rotation because of several effects (Monchmeyer 1989, 1991; Mdonchmeyer

and Miiller 1989a; Miiller 1990):

1. Rotation can lead to a bounce at lower densities than in the non-rotating
case, which implies that the kinetic infall energy of the inner core and
consequently the initial shock energy of rotating cores is reduced.
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2. Rotation on the other side tends to enlarge the mass of the inner core,
because it changes the velocity profile and stops the collapse due to elec-
tron captures before the mass of the inner core can shrink to values
found for spherical models at bounce. Numerical results show that the
mass of the inner core increases by roughly 10-20% for initial values of
0.01 £ 8 £0.02.

3. In the outer core, the binding energy gained during collapse is transferred
both into rotational and kinetic infall energy. According to the virial
theorem, rotation acts like a y = 5/3 gas. It therefore helps to stabilize
the shock-heated matter in the gravitational potential, that is, a larger part of
the dissipated kinetic infall energy can support the expansion of the heated
matter behind the shock front until equilibrium is achieved, at larger radii
and at lower potential energy. The resulting compressional work adds up
to the work of the expanding inner core, and strengthens the shock.

4. Centrifugal forces considerably reduce the ram pressure of the supersonic
flow in comparison to 1-D models.

5. The asymmetry of the supersonic flow gives rise to an angular dependent
propagation speed of the shock wave. This effect is evident in the dissipa-
tion rates of kinetic energy, and in the maximum entropy values obtained
behind the shock front.

Whether the combined action of these effects strengthens or weakens the
propagation of the shock wave depends on the amount and distribution of
the angular momentum of the core.

Tri-axial instabilities. Due to conservation of angular momentum, it cannot
be excluded that configurations may form during core collapse, which are
unstable against tri-axial deformations on secular or even dynamical time
scales (Tohline 1984; Eriguchi and Miiller, 1985), if 8 > 0.14 and B > 0.27,
respectively (see Tassoul 1978). Whether these instabilities indeed do occur
is a non-trivial question, since the equation of state at sub-nuclear densities
is stiff, that is, if the adiabatic index is very close to 4/3, the core may be
stabilized before its rotational energy exceeds the critical value. If, on the
other hand, the initial amount of rotation is small enough for the collapse to
proceed to nuclear densities, 8 > 0.14 may not be reached before bounce.

Observations.  Finally, two effects of rotation should be mentioned which
are of importance for observations of SNe. First, during the collapse of
rotating cores gravitational waves are emitted (see section 3.4). Second, the
non-spherical density-stratification of a rotating core before and after bounce
modifies the neutrino signal in a characteristic way, and leads to a directional
dependence of the v-signal (Janka and Monchmeyer 1989a, 1989b).
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3.2. Equilibrium sequences

The idea that the properties of the core at the endpoint of its collapse can be
estimated without performing a detailed collapse calculation is attributed to
Shapiro and Lightman (1976). They used a virial relation to determine global
properties of rotating equilibria, and examined these properties over a wide
range of parameters so that guidelines could be established for more detailed
hydrodynamical simulations, which have to be restricted in parameter space.
This approach was later extended by Tohline (1984), and by Eriguchi and
Miiller (1985).

To explain the idea, let us follow Tohline (1984) and consider a nearly
spherical, adiabatic collapse during which J, the total angular momentum,
is conserved. Then define two dimensionless quantities o and B8, which are
the absolute value of the ratio of thermal energy to gravitational potential en-
ergy, and the absolute value of the ratio of rotational energy to gravitational
energy in the core, respectively. For a spherical core of mass M and radius R,

Em CZR
= = — fu, 3.2.1
£ = ou 3:2.1)
and )
Ey VR
= = —— f5, 322
B Eoo M /8 (3.2.2)

where ¢ is the average sound speed in the core and V is the rotational ve-
locity at the surface of the core. The quantities f, and fp are dimensionless
structure factors of order unity, and depend on the specific structure of the
rotating core.

Assuming that the pressure p is related to the density ¢ through an ef-
fective adiabatic index y (which is allowed to vary during the collapse),
Tohline (1984) then considers a homologous collapse of the rotating core.
During such a collapse (which indeed occurs according to spherical collapse
simulations) the factors f, and fs do not change. Thus at any stage during

collapse
2 4-3y
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where the quantities denoted by subscript zero refer to the initial conditions
in the core. By conservation of angular momentum (J = const. and thus

V ~R) N (R)_l o
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Combining egs. (3.2.3) and (3.2.4) one finds
af*™¥ = const. = aoﬂg_”. (3.2.5)

For equilibrium configurations, a second condition must be fulfilled,
namely the virial equilibrium condition (without surface terms):

3y —4
E Eo + Exq = ——— Epor . 3.2.6
th + pot + t 3()’ — 1) pot ( )
Thus )
o+pf=——-—, 3.2.7
g 3(y-1D

Note that Tohline (1984) only considered the case y = 5/3. Combining
egs. (3.2.5) and (3.2.7) one derives the relation

1 _ 4-3y _ 4-3y
[—3(y_1) ﬂ} B =ao By (3.2.8)

Equation (3.2.8) specifies what the core’s global 8 must be, if the core is to
be in virial equilibrium following a phase of contraction.

Tohline (1984) then defines a function F (8, y), which is just the left hand
side of eq. (3.2.8) for y = 5/3. This function is very useful for a qualitative
discussion of rotational core collapse. But instead of discussing F(8, y),
which was derived assuming spherical adiabatic contraction, let us consider
the function

Fem =a B/ (fu 7™ 1 1777, (3.2.9)

of Eriguchi and Miiller (1985), equivalent to F (8, y) in eq. (3.2.8), except
for the additional numerically determined dimensionless factors f,, fz, fu
and f,, depending on the details of structure of the rigidly and differentially
rotating polytropes considered by the latter authors.

Figure 4 shows Fgy as a function of 8 for various values of the adiabatic
index. Note that in fig. 4, the collapse must proceed along a horizontal
line since Fgp is constant during collapse, if as assumed, the mass and the
total angular momentum of the core are conserved during collapse. From
fig. 4 it is immediately obvious that there exists only one equilibrium state
for y > 4/3, because Fry is a monotonic function of B in this case. For
y < 4/3, however, there exist two equilibrium states with the same mass and
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Fig. 4. Equilibrium parameter Fgp as a function of the (absolute) value of the ratio

of rotational to gravitational energy 8. The number attached to each curve is the

adiabatic index y, determined by the equation of state. The solid and dashed curves

represent different rotation laws. See text for further information (from Eriguchi and
Miiller 1985).

the same angular momentum, one that is dynamically unstable, and the other
that is dynamically stable against radial modes (i.e., collapse). For a given
adiabatic index, the unstable (stable) equilibria correspond to all points to
the left (right) of the maximum of Fgp(B) at B = Bmax (see Tohline 1984).
Figure 4 further shows that the dependence of Fguy on the rotation law is
very weak.

Following Tohline (1984), assume that the adiabatic index of a rotating
core (with § = ;) in a stable equilibrium condition suddenly decreases to
a certain value smaller than 4/3, due to electron capture processes, and due
to photodisintegration of heavy nuclei. In fig. 4, the drop in the adiabatic
index can be envisaged by a shift down a vertical line, that is, Fgy decreases
with B = B; being constant. If §; is smaller than Bnax, defined above, the
core is in an unstable equilibrium condition and must start to collapse (along
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a horizontal line in fig. 4) on a dynamical time scale. Eventually the core
reaches a stable equilibrium configuration with the same value of Fgy but
with a different value of B, say f;.

Two further constraints on the core’s evolution must be taken into account
to predict the outcome of the collapse. The first constraint has to do with
the fact that stellar cores typically start collapsing from a density of a few
times 10° g cm™3, and that therefore a density change of a factor of 10°
will lead to neutron star densities in the core. Consequently, the basic as-
sumption that y is roughly constant and smaller than 4/3 is no longer valid,
because the equation of state drastically stiffens (y > 2) beyond nuclear
matter density. The second constraint follows from stability considerations.
It is well known that MacLaurin spheroids are secularly and dynamically sta-
ble with respect to non-axisymmetric perturbations with angular dependence
™ and m = 2, if B does not exceed values of about 0.14 and 0.27, respec-
tively (see Shapiro and Teukolsky 1983). It has been further shown that for
m = 2 modes, the critical B8’s change only slightly if differentially rotating
polytropes are considered (Ostriker and Tassoul 1969; Ostriker and Boden-
heimer 1973; Durisen and Imamura 1981). Later Imamura et al. (1985) and
Managan (1985) showed for instabilities caused by gravitational radiation re-
action, that in contrast to the m = 2 bar mode, the secular stability limits for
higher modes (m > 2) are quite sensitive to the compressibility and angular
momentum distribution of the polytrope. In particular they found that the
critical values for higher modes (m > 2) decrease. However, in the presence
of viscosity, these gravitational radiation reaction modes are more strongly
damped (Lindblom and Detweiler 1977; see also Managan 1986).

Gathering all the previous pieces of information, Eriguchi and Miiller
(1985) were able to predict the fate of a collapsing, rotating stellar core
as a function of both the initial state, represented by B;, and the equa-
tion of state, represented by y. Possible evolutionary scenarios are
shown in fig. 5. Initial models in the upper right part of the dia-
gram (i.e., above the upper hatched curve) cannot collapse at all, while
for those situated below the lower hatched curve, the increase in den-
sity is more than a factor of 10° during collapse. Thus, only ini-
tial models with parameters between these two critical curves are able
to reach a final equilibrium state which is stable against radial modes
(i.e., further collapse), and which has a density intermediate to white
dwarf and neutron star densities. These equilibrium states can be di-
vided into three categories: (i) states which are secularly and dynami-
cally stable against non-axisymmetric perturbations; (ii) states which are
dynamically stable, but secularly unstable, against non-axisymmetric per-
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Fig. 5. Possible evolutionary scenarios of collapsing rotating polytropes as a function
of the initial (absolute) value of the ratio of rotational to gravitational energy, 8;, and
of the adiabatic index y determined by the equation of state. See text for further
information (from Eriguchi and Miiller 1985).

turbations; and finally (iii) states which are both dynamically and secu-
larly unstable against non-axisymmetric perturbations. Initial models be-
longing to the last category will probably fission, whereas initial models
belonging to category (ii) and probably to category (i) will become so-
called fizzlers, and collapse to neutron star densities on a secular time scale
only.

3.3. Hydrodynamical simulations

The most recent and elaborate axisymmetric simulations have been performed
by Monchmeyer and Miiller (henceforth MM; see Mdnchmeyer 1989, 1991;
Monchmeyer and Miiller 1989a; Monchmeyer et al. 1991; see also Miiller
1990). Since a review of all previous simulations is beyond the scope of this
lecture, only the results of MM are discus<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>