Math 464/564, O. Knill, January 1997

FOUNDATION OF PROBABILITY THEORY

DEFINITION: Set theoretical operations.

Ω any set ”The set of all experiments” A, B, A_n ⊂ Ω ”Events” A ∩ B = {ω ∈ Ω | ω ∈ A and ω ∈ B } ”Both events A and B happen” A ∪ B = {ω ∈ Ω | ω ∈ A or ω ∈ B } ”Either A or B happens” AΔB = {ω ∈ Ω | ω ∈ A or ω ∈ B but not in both } ”One of the events A or B happens” A \ B = {ω ∈ Ω | ω ∈ A but not ω ∈ B } ”A but not B happens” A^c = {ω ∈ Ω | ω /∈ A } ”A does not happen” ⋂ n A_n = {ω ∈ Ω | ω ∈ A_n, for all n} ”All events A_n happen” ⋃ n A_n = {ω ∈ Ω | ω ∈ A_n, for at least one n} ”At least one event A_n happens”

DEFINITION: Boolean algebra

Ω be a set. A set A of subsets of Ω is a Boolean algebra, if Ω ∈ A, A ∈ A ⇒ A^c ∈ A, A, B ∈ A ⇒ A ∪ B ∈ A.

DEFINITION: σ-field

A σ-field or σ-algebra on Ω is a set A of subsets of Ω satisfying Ω ∈ A, A ∈ A ⇒ A^c ∈ A, {A_1, A_2, . . .} ⊂ A ⇒ ⋃_∞ i=1 A_i ∈ A.

PROPERTIES: A Boolean algebra (Ω, A) is closed under all set theoretical operations: A, B ∈ A, then ∅ ∈ A A ∩ B ∈ A. A \ B ∈ A AΔB ∈ A. A σ-field (Ω, A) is closed under all set theoretical operations which can be enumerated.

DEFINITION: Probability measure

A function P : A → R on a σ-field (Ω, A) is a probability measure if

P[A] ≥ 0, (nonnegativity) P[Ω] = 1, (normalisation) P[ ⋃_n i=1 A_i] = ∑_n i=1 P[A_i], if A_i ∩ A_j = ∅, for all i, j, (additivity)

”P[A] is the probability that the event A happens.”

PROPERTIES: A ⊂ B ⇒ P[A] ≤ P[B]. P[A^c] = 1 − P[A], P[∅] = 0 P[B] = P[A ∩ B] + P[A^c ∩ B] P[ ⋃ n A_n] = 1 − P[ ⋂ n A^c_n].

SWITCH ON, SWITCH OFF formula: P[ n⋃ i=1 A_i] = n∑ k=1 (−1)^{k−1} ∑ 1≤i1<i2<...<ik≤n P[A_{i1} ∩ A_{i2} ∩ . . . ∩ A_{ik}]